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Brief outline of the collaboration !
on the transfer phenomena in viscoplastic fluids: !
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a b s t r a c t

We study the linear stability of Plane Poiseuille flow of an elastoviscoplastic fluid using a revised version of
the model proposed by Putz and Burghelea (A.M.V. Putz, T.I. Burghelea, Rheol. Acta 48 (2009) 673–689).
The evolution of the microstructure upon a gradual increase of the external forcing is governed by a
structural variable (the concentration of solid material elements) which decays smoothly from unity to
zero as the stresses are gradually increased beyond the yield point. Stability results are in close conformity
with the ones of a pseudo-plastic fluid. Destabilizing effects are related to the presence of an intermediate
transition zone where elastic solid elements coexist with fluid elements. This region brings an elastic
contribution which does modify the stability of the flow.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

During the past several decades, yield stress fluids found an
increasing number of practical applications for several major indus-
tries (which include cosmetics, foods, oil field, etc.) and they are
encountered in the daily life in various forms such as hair gels,
food pastes, cement, mud and more. Such materials can be loosely
and simplistically defined as materials that do not flow unless a
minimal stress (referred as ‘yield stress’) is applied onto them.
Understanding and controlling the hydrodynamic stability during
flows of yield stress fluids is important for practical applications
which involve flows of such materials through conduits. From a
fundamental standpoint, yield stress materials continue triggering
intensive debates and posing difficult challenges, of both theoret-
ical and experimental nature. Undoubtedly, the best known and
most cited debate is related to the very definition of such materials
and the existence of a ‘true yield stress’ [1,2]. It was argued in Refs.
[1,2] that the yield stress emerges as an artifact related to the inabil-
ity of the rheometric equipment to properly identify a viscous flow
regime in a range of negligibly small rates of deformation. Recent
studies claim to have solved the “yield stress debate” by arguing

∗ Corresponding author.
E-mail addresses: miguel.moyersgonzalez@canterbury.ac.nz

(M. Moyers-Gonzalez), Teodor.Burghelea@univ-nantes.fr (T.I. Burghelea),
mmjm@maths.leeds.ac.uk (J. Mak).

that prior to yielding the viscosity of the material is infinite which
demonstrates the existence of a true solid state [3,4].

1.1. Yielding of a Carbopol® gel and its relevance to
hydrodynamic studies

The existence of a “true” yield stress and the nature of the tran-
sition from a solid to fluid behaviour may look at a first glance
of little or no relevance to the hydrodynamic stability of the flow
of a yield stress material. Indeed, whereas the yielding transition
occurs at low values of the Reynolds number (typically Re < 1) a loss
of the hydrodynamic stability is typically observed at significantly
larger Re (typically Re > 1000). On the other hand, the base flows
usually considered in the linear analysis of the hydrodynamic sta-
bility of channel flows of yield stress fluids are characterized by a
significant stratification of the velocity gradients: large values near
the channel boundaries which are consistent with a yielded flow
region and vanishing values near the center-line, which are con-
sistent with a plug region. A recent experimental investigation of
the laminar-turbulent transition in the pipe flow of a yield stress
fluids demonstrates that the transition to turbulence occurs when
the Reynolds stresses balance the yield stress of the fluid, that is
when the plug is broken [5]. These findings corroborate well with
the idea that, in fact, the nature of the solid–fluid transition and
the yielding scenario may play an important role in the stability
problem. A rather new and certainly unexpected insight into the

0377-0257/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.jnnfm.2011.02.007
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(2) Thermorheological properties of a Carbopol gel under shear 
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a b s t r a c t

An experimental investigation of the thermo-rheological properties of aqueous solutions of a commercial
polyacrylic acid (Carbopol!) at various concentrations is presented. The rheological parameters of the
solutions are assessed by performing increasing/decreasing controlled stress stepped ramps and inter-
preting the results within the framework of a recent model which can correctly describe the irreversibil-
ity of deformation states in a range of low deformation rates, Putz and Burghelea [39]. For each polymer
concentration a temperature invariance of the elastic moduli, consistency and the power law index is
found. Below a critical temperature Tc , the measured yield stress can be described by an Arrhenius type
dependence. Above Tc an anomalous temperature dependence is observed which manifests itself through
an increase of the yield stress with the temperature. A qualitative but yet incomplete understanding of
this anomalous behavior can be obtained within the framework of the Eyring theory of flow as an acti-
vated process. A phenomenological interpretation for the emergence of the critical temperature Tc is
given. The concentration dependence of elastic moduli, consistency and the Arrhenius pre-factors consis-
tently indicate the existence of an overlap concentration cH which we interpret as an onset of jamming of
swollen polyacrylic acid molecules. A detailed comparison of the experimental findings with results from
the literature is presented and several open questions are stated.

" 2012 Elsevier B.V. All rights reserved.

1. Introduction

Physical and/or chemical gels which are a particular class of
viscoplastic materials have found during the past several decades
an increasing number of applications relevant to various key
industrial sectors which include cosmetics, food processing, phar-
maceutical, oil field engineering etc. Of particular interest are the
applications related to targeted drug delivery where gel capsules
made off various types of carbomer microparticles (commercial-
ized under the generic trade name Carbopol!) are used as vectors
to dispense low molecular weight chemical compounds, Hoare and
Kohane [19].

The relevance of the thermo-rheological investigations of phys-
ical gels is twofold. From a practical point of view, non-isothermal
flows of such materials are often encountered in industries such as
food industry, polymer processing etc. In addition, the character-
ization of non-isothermal flows of physical gels may also shed light
on various geophysical flows e.g. magma flows. From a fundamen-
tal standpoint, a systematic study of the temperature correlation of
the rheological properties of viscoplastic materials is of paramount

importance for the characterization of non-isothermal flows of
viscoplastic materials.

Carbopol! resins are synthetic polymers of acrylic acid initially
introduced in 1950s (B.F. Goodrich Co.). They are cross-linked with
various chemical compounds such as divinyl-glycol, allyl-sucrose,
and polyalkenyl polyether. In an anhydrous form, the average size
of the polymer molecules is of the order of hundreds of nanome-
ters. In the absence of crosslinks, the polymer particle can be
viewed as a collection of linear chains intertwined (in a coiled
state) but not chemically bonded. The Carbopol! particles are sol-
uble in polar solvents and, upon solvation, each individual polymer
molecule hydrates, partially uncoils, and swells about 1000 times.
Addition of a neutralizing agent, such as sodium hydroxide (NaOH),
leads to the creation of negative charges all along the polymer
backbone due to ionization of the carboxylic acid groups. Conse-
quently, swollen polymer molecules crosslink, forming a system
of microgel particles. The microgel system can sustain finite defor-
mations (behaving like an elastic solid) prior to damage. When lo-
cal deformations exceed a certain threshold, the gel network
breaks apart and the material starts to flow which is the commonly
accepted microscopic scale origin of the macroscopic yielding of
the material.

During the past two decades Carbopol! gels have been consid-
ered as ‘‘model yield stress fluids’’ by the rheologists interested in

0377-0257/$ - see front matter " 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.jnnfm.2012.07.005
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(3) Unsteady flows of a Carbopol gel (being reviewed at JNNFM)

Unsteady laminar flows of a Carbopol R⃝ gel in the presence of wall slip
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Abstract

We present a comparative experimental study of unsteady laminar flows of a yield stress shear thinning fluid
(Carbopol R⃝ - 980) in two distinct configurations: a parallel plate rheometric flow and a pressure driven pipe flow.
Consistently with the observations in the case of the rheometric flow, the in-situ characterization of the unsteady
pipe flow reveals three distinct flow regimes: solid (plug-like), solid-fluid and fluid. In both configurations and as
the flow forcing is gradually increased, the yielding emerges via an irreversible transition. The irreversibility of the
deformation states is coupled to the wall slip phenomenon. Particularly, the presence of wall slip nearly suppresses the
scaling of the deformation power deficit associated to the rheological hysteresis with the rate at which the material is
forced. An universal scaling of the slip velocity with the wall velocity gradients and a slip length which is independent
on the degree of the flow steadiness is observed in the pipe flow.

Keywords: physical gel, Carbopol R⃝, yielding, pipe flow, rheological hysteresis, wall slip

1. Introduction

Yield stress fluids represent a broad class of materials made of high molar mass microscopic constituents which
display a solid-like behaviour as long as the stress applied onto them does not exceed a critical value called the yield
stress, τy, and a fluid behaviour beyond this threshold.

The constantly increasing level of interest of both theoreticians and experimentalists in yield stress fluids has, in
our opinion, a two-fold motivation. From a practical perspective, such materials have found an increasing number of
practical applications for several major industries (which include foods, cosmetics, oil field, etc.) and they are encoun-
tered in the daily life in various forms such as food pastes, hair gels and emulsions, cement, mud, etc.. Understanding
the unsteady flows of yield stress fluids is important in practical settings including industrially relevant flows of waxy
crude oils [19, 30], transport of ice slurries [35], coating flows employed in food industry and geophysical flows.

From a fundamental perspective and even in the case of minimal thixotropic effects, yield stress materials con-
tinue triggering intensive debates and posing difficult challenges to both theoreticians and experimentalists. From a

Email addresses: Miguel.MoyersGonzalez@canterbury.ac.nz (Miguel Moyers-González), Teodor.Burghelea@univ-nantes.fr
(Teodor Burghelea)
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The QUEST:!
Understand the flows of viscoplastic materials 

through a multi scale approach

Viscoplastic Material: !
!

A material that behaves as a solid at low applied stresses and as a fluid 
beyond a threshold value of the applied stress  
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Yielding and flow of a gel at a macroscopic scale !
(Teo, Cathy, Miguel, Phil)

The common “religion” of yielding: H-B

Raazesh Sainudiin† Gibbs Field of a Viscoplastic Fluid



Deterministic Macroscopic Models
Stochastic Microscopic Model

Simulation

(a) (b)

Figure 3: (a) Flow curves measured with a polished geometry (!, ") and with a rough geometry (⋄, #). The full/empty symbols refer to the
increasing/decreasing branch of the flow curves. The full line is a Herschel-Bulkley fit that gives τy = 0.64 ± 0.003(Pa), K = 0.4 ± 0.002(Pasn),
n = 0.54±0.001. The controlled stress unsteady stress ramp is schematically illustrated in the insert. The symbols marking the highlighted regions
denote the deformation regimes and are explained in the text: (S) - solid, (S+F) - solid- fluid coexistence, (F) - fluid. (b) Dependence of the
hysteresis area on the characteristic forcing time t0 measured with a smooth geometry (!) and a rough one ("). The full line (−) is a guide for the
eye, P ∝ t−0.63

0 and the dash dotted line (−.−) is a guide for the eye, P ∝ t−0.03
0 .

The irreversibility of the deformation states observed within the solid and the intermediate deformation regimes
and initially reported by Putz et al in [27] has been recently confirmed by others, [11, 9, 10]. A similar irreversible
rheological behaviour has been found in rheological studies performed on various grades of Carbopol R⃝ gels using
various rheometers (and various geometries) at various temperatures, [17, 33].

We note that, during each of the rheological measurements reported in this manuscript and in our previous studies
[27, 17, 33], the Reynolds number was smaller than unity, therefore the experimentally observed irreversibility of the
deformation states illustrated in Fig. 3(a) should not be associated with inertial effects.

To gain further insights into the role of wall slip in the unsteady yielding of the Carbopol R⃝ gel, we have performed
the same type of rheological measurements with smooth parallel plates. The main effect of the wall slip is to shift
the solid-fluid coexistence regime to lower values of the applied stresses (see the squares (!, ") in Fig. 3(a)). The
apparent yield stress measured in the presence of wall slip τa

y is nearly an order of magnitude smaller than the yield
stress measured in the absence of slip, τy. The data acquired with and without wall slip overlap only within the fluid
regime, corresponding to shear rates γ̇ > γ̇c (with γ̇c ≈ 0.8s−1 see Fig. 3(a)). This critical value of the shear rate above
which the slip and no slip data overlap is comparable to the critical shear rate found by Bertola and his coworkers
below which no steady state flow could be observed by MRI, [3]. The existence of the critical shear rate γ̇c is also
consistent with the measurements of the velocity profiles performed by Salmon and his coworkers with a concentrated
emulsion sheared in a small gap Couette geometry, [31].

Additionally, we note that it is solely within the viscous deformation regime that all the data sets can be reli-
ably fitted by the Herschel-Bulkley model (the full line in Fig. 3(a)) which reinforces the idea that only within this
deformation range the Carbopol R⃝ gel behaves like a simple or ”model” yield stress fluid.

A next fundamental question that deserves being addressed is how the irreversible character of the rheological
flow curves observed within the solid-fluid coexistence regime in the form of a hysteresis loop is related to the rate
at which the deformation energy is transferred to the material or, in other words, to the characteristic forcing time t0.
It is equally important to understand if (and how) the presence of wall slip influences this dependence. To address
this points we compare measurements of the area of the hysteresis observed in the flow curves presented in Fig. 3(a)
P =

∫
γ̇ud∆τu − ∫ |γ̇d |d∆τd performed for various values of t0 for both slip and no-slip cases. Here the indices ”u,d”

refer to the increasing/decreasing stress branches of the flow ramp. As already discussed in Ref. [27] the area P has
the dimensions of a deformation power deficit per unit volume of sheared material. The results of these comparative
measurements are presented in Fig. 3(b). In the absence of wall slip, the deformation power deficit scales with the
characteristic forcing time as P ∝ t−0.63

0 (the full squares (") in Fig. 3(b)). A similar scaling has been found in the
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No slip, increasing stresses
No slip, decreasing stresses

Slip, increasing stresses
Slip, decreasing stresses

absence of wall slip for several Carbopol R⃝ solutions with various concentrations and at various temperatures in Ref.
[27], P ∝ t−1

0 . The difference in the scaling exponent found in the present study and the one initially reported Ref.
[27] may be related to differences in the grade of the Carbopol R⃝.

The existence of a rheological hysteresis for Carbopol R⃝ gels characterised by a decrease of the power deficit with
the characteristic forcing time consistent with both our initial finding reported in Ref. [27] and the data presented
in Fig. 3(b) was afterwards confirmed by others in independent experiments performed with different Carbopol R⃝

solutions and using different experimental protocols, [10].
The next question we address is what is the influence of the wall slip phenomenon on the rheological hysteresis

observed during stepped stress ramps and on its scaling with the characteristic forcing time t0. To address this points
similar measurements of the hysteresis area P for various values of t0 have been performed in the presence of wall
slip (the empty squares (!) in Fig. 3(b)). It is found that the wall slip affects both the magnitude of the deformation
power deficit and its scaling with the characteristic forcing time by nearly suppressing it: P ∝ t−0.03

0 (the dash-dotted
line (−.−) in Fig. 3(b)).

This new scaling of the rheological hysteresis loses with the degree of flow steadiness provides the first quantitative
evidence that a true steady state of deformation is practically impossible to achieve in the presence of wall slip. Indeed,
the low values of the scaling exponent indicates that reaching a steady state of the flow in the presence of wall slip
(the hysteresis vanishes) practically requires huge waiting times t0 which are significantly larger than any time scale
associated to a rheological test.

3.2. Unsteady yielding in a laminar unsteady pipe flow in the presence of wall
Following the comparative investigation of the yielding of a Carbopol R⃝ gel in a rheometric flow in the presence

and in the absence of wall slip presented in Sec. 3.1, the main question that arises is to what extent the findings on
the solid-fluid transition investigated in a classical rheometric flow could be transferred to flows that are more relevant
from a practical perspective, such as a laminar unsteady pipe flow in the presence of wall slip.

To characterise the solid-fluid transition in the unsteady channel flow in the presence of the wall slip, a time
series of flow fields has been acquired during a controlled increasing/decreasing pressure ramp (see Fig. 2(b)). This
controlled pressure ramp closely mimics the controlled stress ramps used to characterise the solid-fluid transition in a
rheometric flow.

Choosing a large value of the characteristic forcing time t0 allows one to study the limiting steady state case. For
t0 = 300 s a typical laminar viscoplastic plug-like flow is observed, Fig. 4(a).

The velocity fluctuations observed in the steady case are solely of an instrumental nature and do not exceed several
percents of the time averaged velocity in the bulk but approach 10% in the boundary, Fig. 4(b). The transverse profile
of the time averaged velocity displayed in Fig. 4(c) also reproduces well the laminar and steady flow behaviour of
a viscoplastic fluid in a tube. Following [8] and in the framework of the Herschel-Bulkley model the profile can be
formally 2 fitted by:

U(r) = Us +

(
n

n + 1

)(
1

2K
· ∆p

L

) 1
n

(R − Rp)
1
n +1

[
1 −

(
r − Rp

R − Rp

) 1
n +1

]
(1)

Here Us is the slip velocity and Rp is the radius of the un-yielded plug. The slip velocity was measured by either
extrapolating the fit given by Eq. 1 at the wall when a reliable fit could be obtained (i.e. at larger driving pressures
when the viscoplastic profile is developed) or by extrapolation of a spline interpolation function. The transverse
profiles of the time averaged velocity are reproducible upon increasing/decreasing the pressure drop consistently with
a reversible flow regime.

To characterise the flow response to a unsteady forcing (finite values of t0) we first monitor the time series of the
absolute value of the plug velocity

∣∣Up
∣∣ , Fig. 5 measured during a controlled pressure ramp for a finite value of the

characteristic forcing time, t0 = 7.5 s.
The spikes visible in the velocity time series presented in Fig. 5 are related to the switch of the driving pressure

realised by the displacement of the vertical translational stage (TS in Fig. 2(a)) which carries the inlet fluid container

2Note that the slip term Us is not accounted for in [8] which discusses the slip-free case and has been formally added here to describe the
measured transverse velocity profiles.
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absence of wall slip for several Carbopol R⃝ solutions with various concentrations and at various temperatures in Ref.
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NO SLIP

SLIP

Scaling of the hysteresis losses with the 
degree of flow steadiness 

An unsteady rheological test takes us from paradise to hell in several ways... 
!

- Rheological hysteresis 
!

- Gradual Solid-Fluid transition coupled to the wall slip 
!

- NO STEADY STATE REACHABLE IN THE PRESENCE OF WALL SLIP

(a) (b)

Figure 3: (a) Flow curves measured with a polished geometry (!, ") and with a rough geometry (⋄, #). The full/empty symbols refer to the
increasing/decreasing branch of the flow curves. The full line is a Herschel-Bulkley fit that gives τy = 0.64 ± 0.003(Pa), K = 0.4 ± 0.002(Pasn),
n = 0.54±0.001. The controlled stress unsteady stress ramp is schematically illustrated in the insert. The symbols marking the highlighted regions
denote the deformation regimes and are explained in the text: (S) - solid, (S+F) - solid- fluid coexistence, (F) - fluid. (b) Dependence of the
hysteresis area on the characteristic forcing time t0 measured with a smooth geometry (!) and a rough one ("). The full line (−) is a guide for the
eye, P ∝ t−0.63

0 and the dash dotted line (−.−) is a guide for the eye, P ∝ t−0.03
0 .

The irreversibility of the deformation states observed within the solid and the intermediate deformation regimes
and initially reported by Putz et al in [27] has been recently confirmed by others, [11, 9, 10]. A similar irreversible
rheological behaviour has been found in rheological studies performed on various grades of Carbopol R⃝ gels using
various rheometers (and various geometries) at various temperatures, [17, 33].

We note that, during each of the rheological measurements reported in this manuscript and in our previous studies
[27, 17, 33], the Reynolds number was smaller than unity, therefore the experimentally observed irreversibility of the
deformation states illustrated in Fig. 3(a) should not be associated with inertial effects.

To gain further insights into the role of wall slip in the unsteady yielding of the Carbopol R⃝ gel, we have performed
the same type of rheological measurements with smooth parallel plates. The main effect of the wall slip is to shift
the solid-fluid coexistence regime to lower values of the applied stresses (see the squares (!, ") in Fig. 3(a)). The
apparent yield stress measured in the presence of wall slip τa

y is nearly an order of magnitude smaller than the yield
stress measured in the absence of slip, τy. The data acquired with and without wall slip overlap only within the fluid
regime, corresponding to shear rates γ̇ > γ̇c (with γ̇c ≈ 0.8s−1 see Fig. 3(a)). This critical value of the shear rate above
which the slip and no slip data overlap is comparable to the critical shear rate found by Bertola and his coworkers
below which no steady state flow could be observed by MRI, [3]. The existence of the critical shear rate γ̇c is also
consistent with the measurements of the velocity profiles performed by Salmon and his coworkers with a concentrated
emulsion sheared in a small gap Couette geometry, [31].

Additionally, we note that it is solely within the viscous deformation regime that all the data sets can be reli-
ably fitted by the Herschel-Bulkley model (the full line in Fig. 3(a)) which reinforces the idea that only within this
deformation range the Carbopol R⃝ gel behaves like a simple or ”model” yield stress fluid.

A next fundamental question that deserves being addressed is how the irreversible character of the rheological
flow curves observed within the solid-fluid coexistence regime in the form of a hysteresis loop is related to the rate
at which the deformation energy is transferred to the material or, in other words, to the characteristic forcing time t0.
It is equally important to understand if (and how) the presence of wall slip influences this dependence. To address
this points we compare measurements of the area of the hysteresis observed in the flow curves presented in Fig. 3(a)
P =

∫
γ̇ud∆τu − ∫ |γ̇d |d∆τd performed for various values of t0 for both slip and no-slip cases. Here the indices ”u,d”

refer to the increasing/decreasing stress branches of the flow ramp. As already discussed in Ref. [27] the area P has
the dimensions of a deformation power deficit per unit volume of sheared material. The results of these comparative
measurements are presented in Fig. 3(b). In the absence of wall slip, the deformation power deficit scales with the
characteristic forcing time as P ∝ t−0.63

0 (the full squares (") in Fig. 3(b)). A similar scaling has been found in the
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Stress-induced fluidization of a simple yield stress fluid, namely a carbopol microgel, is addressed

through extensive rheological measurements coupled to simultaneous temporally and spatially resolved

velocimetry. These combined measurements allow us to rule out any bulk fracture-like scenario during

the fluidization process such as that suggested in [Caton et al., Rheol Acta, 2008, 47, 601–607]. On the

contrary, we observe that the transient regime from solid-like to liquid-like behaviour under a constant

shear stress s successively involves creep deformation, total wall slip, and shear banding before

a homogeneous steady state is reached. Interestingly, the total duration sf of this fluidization process

scales as sff 1/(s! sc)
b, where sc stands for the yield stress of the microgel, and b is an exponent which

only depends on the microgel properties and not on the gap width or on the boundary conditions.

Together with recent experiments under imposed shear rate [Divoux et al., Phys. Rev. Lett., 2010, 104,

208301], this scaling law suggests a route to rationalize the phenomenological Herschel-Bulkley (HB)

power-law classically used to describe the steady-state rheology of simple yield stress fluids. In

particular, we show that the steady-state HB exponent appears as the ratio of the two fluidization

exponents extracted separately from the transient fluidization processes respectively under controlled

shear rate and under controlled shear stress.

1 Introduction

Yield stress fluids (YSF) are widely involved in manufactured

products such as creams, gels, or shampoos. These materials are

characterized by a transition from solid-like to liquid-like above

the yield stress sc, which is of primary importance at both the

manufacturing stage and the end-user level.1 Recently it was

recognized that simple YSF, which mainly consist in emulsions,

foams, and carbopol microgels, can be clearly distinguished from

thixotropic YSF:2 in steady state the former ones can flow

homogeneously at vanishingly small shear rates under controlled

stress3,4 while the latter exhibit a finite critical shear rate.5,6 Still,

in spite of its importance for applications, the transient fluid-

ization process of simple YSF has remained largely unexplored

and previous works have focused either on global rheometry

under an applied stress1,7,8 or on time-resolved local velocimetry

under controlled shear rate.9–11 Thus, detailed local information

concerning the fluidization of a simple YSF under applied shear

stress are still lacking, which prevents to make clear connections

with observations under imposed shear rate and with steady-

state rheology.

In this article we report a temporally and spatially resolved

study of the stress-induced fluidization of carbopol microgels

through ultrasonic echography. Our aim is to address the

following basic questions: (i) What is the fluidization scenario

of such a simple YSF under imposed shear stress? (ii) How

does it compare to imposed shear rate experiments? (iii) Can

one make a connection between these transient fluidization

processes and the steady-state rheology, which is well described

by the Herschel-Bulkley (HB) law? 9,11–14 Here, we show using

an ultrasonic velocimetry technique that carbopol microgels

submitted to a constant shear stress s under rough boundary

conditions successively exhibit creep deformation, total wall

slip, and shear banding before reaching a homogeneous steady

state. A close inspection of the backscattered ultrasonic signals

allows us to rule out a scenario involving bulk fracture of the

material. The duration of the fluidization process decreases as

a power-law with the reduced shear stress s ! sc. This power

law only depends on the sample preparation protocol and not

on boundary conditions or on the cell gap. Together with

recent experiments under imposed shear rate,11 this provides for

the first time a direct link between the yielding dynamics of

a simple YSF and the HB law which accounts for its steady-

state rheology.
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The rheological hysteresis for a Carbopol gel is a new (and still subject of some 
controversy) observation:

Other groups observed it as well

Rheol Acta
DOI 10.1007/s00397-009-0365-9
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The solid–fluid transition in a yield stress
shear thinning physical gel

Andreas M. V. Putz · Teodor I. Burghelea

Received: 28 May 2008 / Accepted: 23 April 2009
© Springer-Verlag 2009

Abstract We present an experimental investigation of
the solid–fluid transition in a yield stress shear thin-
ning physical gel (Carbopol® 940) under shear. Upon
a gradual increase of the external forcing, we observe
three distinct deformation regimes: an elastic solid-like
regime (characterized by a linear stress–strain depen-
dence), a solid–fluid phase coexistence regime (char-
acterized by a competition between destruction and
reformation of the gel), and a purely viscous regime
(characterized by a power law stress-rate of strain de-
pendence). The competition between destruction and
reformation of the gel is investigated via both system-
atic measurements of the dynamic elastic moduli (as
a function of stress, the amplitude, and temperature)
and unsteady flow ramps. The transition from solid be-
havior to fluid behavior displays a clear hysteresis upon
increasing and decreasing values of the external forcing.
We find that the deformation power corresponding to
the hysteresis region scales linearly with the rate at
which the material is being forced (the degree of flow

A. M. V. Putz
Department of Mathematics,
University of British Columbia,
1984 Mathematics Road, Vancouver,
British Columbia, Canada, V6T 1Z2
e-mail: putza@math.ubc.ca

T. I. Burghelea (B)
Institute of Polymer Materials,
University of Erlangen-Nürnberg,
Martensstrasse 7, 91058 Erlangen, Germany
e-mail: Teodor.Burghelea@ww.uni-erlangen.de

unsteadiness). In the asymptotic limit of small forcing
rates, our results agree well with previous steady state
investigations of the yielding transition. Based on these
experimental findings, we suggest an analogy between
the solid–fluid transition and a first-order phase tran-
sition, e.g., the magnetization of a ferro-magnet where
irreversibility and hysteresis emerge as a consequence
of a phase coexistence regime. In order to get further
insight into the solid–fluid transition, our experimental
findings are complemented by a simple kinetic model
that qualitatively describes the structural hysteresis
observed in our rheological experiments. The model
is fairly well validated against oscillatory flow data
by a partial reconstruction of the Pipkin space of the
material’s response and its nonlinear spectral behavior.

Keywords Yield stress fluids · Solid–fluid transition ·
Hysteresis

Introduction

During the past few decades, physical gels have found
an increasing number of applications in both industry
(cosmetics, food processing, pharmaceutics, etc.) and
fundamental research (targeted drug delivery, biotech-
nology, etc.). More recently, injectable physical gels
are used for medical implants, tissue regeneration, and
noninvasive intervertebral disc repair (Hou et al. 2004).
From the rheological point of view, such gels are usually
referred to as yield stress materials, that is they are
able to sustain finite deformations prior to flowing. At
the microscopic level, such materials are made of high-
molecular-weight constituents (typically in the range
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 RECONCILE THE “HEAVEN” AND THE “HELL”: THE POOR MAN APPROACH AND BEYOND 

σ(Pa) 
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Can this novel yielding picture be validated at a microscopic scale 
(and automatically validated from a thermodynamical standpoint)? !

Yielding and flow of a gel at a microscopic scale:!
 !

A Gibbs field model for the microscopic yielding 
of a gel!

!
!

Raaz, we are all ears!
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Stochastic Microscopic Model – 1
G = regular graph ( 2D toroidal square lattice)

Sn = {0, 1, 2, . . . , n − 1}2 = set of nodes or sites

En ⊂ S2
n = set of edges between pairs of sites

(0, 0) (0, 1) (0, 2) (0, 3) (0, 4)

(1, 0) (1, 1) (1, 2) (1, 3) (1, 4)

(2, 0) (2, 1) (2, 2) (2, 3) (2, 4)

(3, 0) (3, 1) (3, 2) (3, 3) (3, 4)

(4, 0) (4, 1) (4, 2) (4, 3) (4, 4)
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Microscopic Models (Stochastic) – 2

each site s ∈ Sn represents a polymer molecule

each edge 〈s, t〉 ∈ En represents a potential bond between
neighbouring molecules at sites s and t.

Ns = {t : |t − s| = 1} denotes neighbours of a site s

Raazesh Sainudiin† Gibbs Field of a Viscoplastic Fluid



Deterministic Macroscopic Models
Stochastic Microscopic Model

Simulation

Microscopic Models (Stochastic) – 2

each site s ∈ Sn represents a polymer molecule

each edge 〈s, t〉 ∈ En represents a potential bond between
neighbouring molecules at sites s and t.

Ns = {t : |t − s| = 1} denotes neighbours of a site s

Raazesh Sainudiin† Gibbs Field of a Viscoplastic Fluid



Deterministic Macroscopic Models
Stochastic Microscopic Model

Simulation
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Microscopic Models (Stochastic) – 3

x(s) ∈ Λ = {0, 1} denote the phase of the molecule at site s

phase 0 corresponds to being unbonded or isolated from all its
neighbours

phase 1 corresponds to possibly being bonded with at least
one of its neighbours
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Phases at Sites and Bonds

We say a bond exists between molecules at sites s and t and
denote it by

y(〈s, t〉) =

{
1 if t ∈ Ns and x(t)x(s) = 1

0 if t ∈ Ns and x(t)x(s) = 0

every site configuration x ∈ Xn := ΛSn has an associated bond
configuration y ∈ Yn := ΛEn

Note that Y (x) : Xn → Yn is neither injective nor surjective
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Energy from Potentials of Local Interactions

Our neighbourhoods {Ns : s ∈ Sn} have only two types of cliques.
Therefore, the Gibbs potential over the two types of cliques are:

V{s}(x) =
σ − σ0

k
x(s) =

{
0 if x(s) = 0
σ−σ0

k if x(s) = 1

where k is the Boltzmann constant, σ is the external stress
applied and σ0 is a stress threshold, and

V〈s,t〉(x) = −B

k
x(s)x(t) =





0 if (x(s), x(t)) = (0, 0)

0 if (x(s), x(t)) = (1, 0)

0 if (x(s), x(t)) = (0, 1)

−B
k if (x(s), x(t)) = (1, 1)

where 〈s, t〉 is the two element clique with t ∈ Ns and B is the
internal energy of a bond-pair (between two polymer molecules).
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Total, Internal and Free Energy – 1

Thus, the energy function corresponding to this potential is

E(x) =
∑

C

VC (x) =
∑

s∈Sn

V{s}(x) +
∑

〈s,t〉∈En

V〈s,t〉(x)

=
1

k


−B

∑

〈s,t〉∈En

x(s)x(t) + (σ − σ0)
∑

s∈Sn

x(s)




Let the expectation of a function g : Xn → R, w.r.t. π, be

〈g〉 :=
∑

x∈Xn

g(x)π(x)
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Total, Internal and Free Energy – 2

then the internal energy of the system is

U = 〈kE〉 =
∑

x∈Xn

kE(x)π(x)

and the free energy of the system is

F = −kT ln(Z )

Our model satisfies the standard thermodynamic equality:

U = −T 2 ∂

∂T

(F
T

)
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Energy E and Gibbs Distribution π over Site Configurations

Let E(x), the energy of a site configuration x be

E(x) =
1

k


−B

∑

〈s,t〉∈En

x(s)x(t) + (σ − σ0)
∑

s∈Sn

x(s)




then the probability distribution of interest on the site
configuration space Xn is

π(x) =
1

ZT
exp

(
− 1

T
E
)
,

where ZT is the normalising constant or partition function

ZT =
∑

x∈Xn

exp

(
− 1

T
E
)
.
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Two Informative Statistics of a Configuration x – 1

The number of “bondable” polymers

a(x) =
∑

s∈Sn

x(s),

The average number of bondable polymers per site is

ā := |Sn|−1〈a〉 = n−2
∑

x∈Xn

a(x)π(x) = n−2
∑

x∈Xn

(∑

s∈Sn

x(s)

)
π(x)
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Two Informative Statistics of a Configuration x – 2

The number of bonds

b(x) =
∑

〈s,t〉∈En

y(〈s, t〉) =
∑

〈s,t〉∈En

x(t)x(s)

and the average number of bonds per edge (or pair of sites) is

b̄ := |En|−1〈b〉 = (2n2)−1
∑

x∈Xn

b(x)π(x)

=
n−2

2

∑

x∈Xn


 ∑

〈s,t〉∈En

x(t)x(s)


π(x)

One of our primary interests is to study ā and b̄ as a function of
extrenally applied stress σ.
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Gibbs Sampler – 1

We want to simulate configurations x ∈ Xn that are distributed
according to π (for fixed σ, σ0, k,B,T )

We construct an Xn-valued Markov chain {Xm}m≥0, where
(Xm(s), s ∈ Sn) and Xm(s) ∈ Λ, with stationary distribution
π, i.e.,

lim
m→∞

dTV (Pr(Xm), π) = 0

We can obtain Monte Carlo simulations from {Xm} for large
m to approximate samples from π.

This Monte Carlo Markov chain (MCMC) is called the Gibbs
sampler.
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Gibbs Sampler – 2

Next we derive the algorithm for the Gibbs sampler.

The local energy at site s of configuration x is obtained by
summing the Gibbs potential VC (x) over all C 3 s, i.e., over
cliques C containing site s

Es(x) =
∑

C3s
VC (x)

= V{s}(x) +
∑

t∈Ns

V〈s,t〉(x)

=
1

k


(σ − σ0)x(s)− B

∑

t∈Ns

x(s)x(t)




=
x(s)

k


(σ − σ0)− B

∑

t∈Ns

x(t)



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Gibbs Sampler – 3

Let (λ, x(S \ s)) denote the configuration that is in phase λ at s
and identical to x everywhere else.
Then the local specification is

πs(x) =
exp(− 1

T Es(x))∑
λ∈Λ exp(− 1

T Es(λ, x(S \ s)))
=

{
θ

1+θ if x(s) = 0
1

1+θ if x(s) = 1

where

θ = exp


− 1

T

1

k


B

∑

t∈Ns

x(t)− (σ − σ0)





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1

1+θ if x(s) = 1

where

θ = exp


− 1

T

1

k


B

∑

t∈Ns

x(t)− (σ − σ0)





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Gibbs Sampler in Action

This gives the following simple algorithm:

INPUT:

initial configuration x0,
σ (external stress),
model parameters: threshold σ0, internal energy of a bond-pair
B, room temperature T ,
Number of Hits / Site (exposure time under σ)

OUTPUT: a configuration under the influence of σ

x ← x0

Loop over Number of Hits / Site × |Sn|

pick a site s at random
x(s)← 1 with probability 1

1+exp
(
− (B×Number of bonds at s)−(σ−σ0)

TK

)
x(s)← 0 therwise
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When B = 0
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B 6= 0
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The End
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