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Biodata of Keynote Speakers 
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Prof. Higuchi, Tomoyuki is currently the Director-General 
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obtained his B.E. (1984), M.E. (1986), and D.E. (1989) 
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Data Assimilation in 2011. His research interest is in the 

areas of spatial and time series modeling. He is also 

executive editor of Annals of the Institute of Statistical 

Mathematics (AISM) and an ordinary member of the 

Board of Directors of the Asian Regional Section of the 

International Association for Statistical Computing (IASC-

ARS). 
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Mathematics and Professor (Affiliate) of Department of 
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1992 at the University of Hong Kong, and Ph.D. degree in 
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Research Fellow of Computer Sciences Laboratory at 
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Assistant/Associate Professor (1997-2005) of the 

University of Hong Kong before joining Hong Kong 

Baptist University. 

Professor YANG, Hailiang 

 

Prof. Yang, Hailiang is from the Department of Statistics 

and Actuarial Science in the University of Hong 

Kong where he received his undergraduate and 

postgraduate degrees from Inner Mongolia University in 

1982 and University of Alberta in 1993. He is an Associate 

of the Society of Actuaries. His research areas include 

insurance risk models, ruin theory, optimal dividends 

strategies, option pricing under regime switching models, 

optimal asset allocation and equity linked insurance 

products. Prof. Yang, Hailiang has published numerous 

papers related to his field. 
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Keynote Lecture: Stream Computing and Emulation in 

a World of the Edge Heavy Data 
 

Professor HIGUCHI, Tomoyuki 

 
The Institute of Statistical Mathematics 
higuchi@ism.ac.jp 

 

Abstract. Improvements to the temporal and spatial resolution of video imagery 

have led to data being generated at a further high rate. The rate of data generation 

continues to grow in places where information systems interfere with the real 

world. This phenomenon is also called the edge-heavy data problem. Stream 

computing is a computing technology that applies an information processing to 

massive sensor data on the spot, instead of transferring raw data to the cloud in its 

entirety. In this talk, we introduce a basic concept of stream computing, and 

explain computational algorithms for realizing it. These techniques essentially rely 

on sequential Bayesian filtering method. Its effectiveness is highly appreciated in a 

research community of data assimilation that is a fundamental tool to make a 

bridge between computational simulation and large-scale observation. Several 

examples of data assimilation which are carried out by our research group are 

demonstrated. A simple way of reducing computational burden necessary for data 

assimilation, which is called emulation, is addressed. 
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Keynote Lecture: Eigenvalues of Non-Negative 

Tensors: Algorithms and Applications 
 

Professor NG, Michael Kwok-Po 

 
Department of Mathematics, Hong Kong Baptist University 
mng@math.hkbu.edu.hk 

 

Abstract. In this talk, we discuss recent research development on the eigenvalues 

of non-negative tensors. We also discuss and develop some algorithms for 

applications in data mining, community discovery and information retrieval. 

Experimental results are reported to illustrate the usefulness of these algorithms. 

 

 

 

 

 

 

Keynote Lecture: Valuing Equity-linked Death 

Benefits and Other Contingent Options 
 

Professor YANG, Hailiang 

 
Department of Statistics and Actuarial Science, The University of Hong Kong 
hlyang@hku.hk 

 

Abstract. Motivated by the Guaranteed Minimum Death Benefits in various 

deferred annuities, we investigate the calculation of the expected discounted value 

of a payment at the time of death. The payment depends on the price of a stock at 

that time and possibly also on the history of the stock price. If the payment turns 

out to be the payoff of an option, we call the contract for the payment a (life) 

contingent option. Because each time-until-death distribution can be approximated 

by a combination of exponential distributions, the analysis is made for the case 

where the time until death is exponentially distributed, i.e., under the assumption 

of a constant force of mortality. The time-until-death random variable is assumed 

to be independent of the stock price process which is a geometric Brownian 

motion or jump-diffusion. A substantial series of closed-form formulas is 

obtained, for the contingent call and put options, for lookback options, and for 

barrier options. (This talk is based on joint papers with Hans U. Gerber and Elias 

S. W. Shiu). 
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A Comparative Study of Outlier Detection

Methods in Multiple Linear Regression Models

Yung-Seop Lee1, Hee-Kyung Kim2, and Chun Gun Park3

1 Department of statistics, Dongguk University-Seoul, Seoul, Korea,
yung@dongguk.edu,

2 Department of statistics, Dongguk University-Seoul, Seoul, Korea,
3 Department of mathematics, Kyonggi University, Suwon, Korea.

Abstract. Outliers cause serious problems in statistical analyses such as estimation,
inference, and model selection (Weisberg, 1985). In multiple linear regression model
many outlier detection methods have been developed to overcome these problems.
Some of them are focus on directly detecting outliers without estimating mean func-
tion (Hadi and Simono, 1993; Penna and Yohai, 1995). On the other hand, some other
approaches are indirect methods which use residuals from a robust regression estimate
to identify the outliers (Rousseeuw, 1984; Rousseeuw and Leroy, 1987; Simpson et al,
1992 ). As indirect methods, Least Median of Squares (LMS) (Rousseeum, 1984), Least
Trimmed Squares (LTS) (Rousseeuw and Leroy, 1987), S estimators (Rousseeuw and
Yohai, 1984), MM estimator (Yohai, 1987), GM estimator (Simpson et al, 1992), and
S1S estimator (Coakley and Hettmansperger, 1993) were proposed. She et al (2011)
proposed outlier detection methods using nonconvex Penalized regression and extended
the technique to high-dimensional data. These existing indirect methods require the
mean function estimated and then detect outliers. It is known that such raw residuals
can fail to detect outliers at leverage points. Our main goal of this article is to include
a newer outlier detection method (Park and Kim, 2014) to the comparative analysis
done in earlier studies and study the performance of these methods under some situ-
ations which are designed with leverage points and outliers. This article is organized
as follows. In Section 2, we briefly describe a newer outlier detection method which
is developed with leave-one-out and a first difference based error variance estimator.
Section 3 contains conclusions.

1 Introduction

Outliers cause serious problems in statistical analyses such as estimation, infer-
ence, and model selection (Weisberg, 1985). In multiple linear regression model
many outlier detection methods have been developed to overcome these prob-
lems. Some of them are focus on directly detecting outliers without estimating
mean function (Hadi and Simono, 1993; Penna and Yohai, 1995). On the other
hand, some other approaches are indirect methods which use residuals from a
robust regression estimate to identify the outliers (Rousseeuw, 1984; Rousseeuw
and Leroy, 1987; Simpson et al, 1992 ). As indirect methods, Least Median of
Squares (LMS) (Rousseeum, 1984), Least Trimmed Squares (LTS) (Rousseeuw
and Leroy, 1987), S estimators (Rousseeuw and Yohai, 1984), MM estimator
(Yohai, 1987), GM estimator (Simpson et al, 1992), and S1S estimator (Coak-
ley and Hettmansperger, 1993) were proposed. She et al (2011) proposed out-
lier detection methods using nonconvex Penalized regression and extended the
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technique to high-dimensional data. These existing indirect methods require the
mean function estimated and then detect outliers. It is known that such raw
residuals can fail to detect outliers at leverage points. Our main goal of this
article is to include a newer outlier detection method (Park and Kim, 2014) to
the comparative analysis done in earlier studies and study the performance of
these methods under some situations which are designed with leverage points
and outliers. This article is organized as follows. In Section 2, we briefly describe
a newer outlier detection method which is developed with leave-one-out and a
first difference based error variance estimator. Section 3 contains conclusions.

2 Methods

2.1 Multiple regression model

Let y = (y1, y2, . . . , yn)T be a response variable which is a n × 1 vector, xj =
(xj1, . . . , xjn)T , j = 1, . . . , p be a explanatory variable, X = (1,x1, . . . ,xp) be
a n × (p + 1) matrix with rank(X) = p + 1 and β be a regression coefficient
parameter, (p + 1) × 1 column vector. Define z = Xβ and z = (z1, . . . , zn)T .
Without loss of generality, we assume that the elements of z are ordered as
z1 < z2 < · · · < zn. Then multiple linear regression model without outliers is
written as

y = Xβ + σε;
= z + σε, (1)

where β is the unknown regression coefficient parameter, σ2 is the unknown
variance parameter, and ε ∼ N(0, In). Unknown parameter β can be estimated
using ordinary least squares (OLS) and then ŷ = Xβ̂ can be obtained. Let
w = (w1, w2, . . . , wn)T be a response variable with outliers. Define a column
vector, d, consists of di which are either zero or nonzero constant values, that
is, di = 0 represents the ith observation is not outlier and di 6= 0 means the
ith observation is outlier. We further define δi as follows; We then write the
multiple regression model with outliers as following:

w = y + d
= Xβ + δ, (2)

where d = (d1, . . . , dn)T and δ = d+σε. Unknown parameter β can be estimated
using OLS and then ŵ = Xβ̂ can be obtained. Unknown variance parameter
σ2 can be estimated using the difference-based error variance estimator,

σ̂2
R =

1

2(n− 1)

n∑

i=2

(wi − wi−1)
2.
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The mean, variance, and mean squared error of the difference-based error vari-
ance estimator under (2), can be easily derived. See Park et al (2012) for more
detail. In special cases where the errors are following a normal distribution
with zero mean and variance σ2, γ3 = 0 and γ4 = 3. Hence variance becomes
V ar(σ̂2

R) = {4σ2sTA2s + 2σ4tr(A2)}/tr(A)2.

2.2 Leave-one-out difference-based error variance estimator

First we obtain the mean of leave-one-out difference-based error variance esti-
mator when there are outliers. Consider the model (2),

w = Xβ + δ
= z + δ

and assume z1 < z2 < . . . < zn is ordered. Then the mean of leave-one-out
difference-based error variance estimator, σ̂2

R(i), obtained by deleting ith obser-
vation is

E(σ̂2
R(i)) =

1

2(n− 2)

n∑

j=2

(zj − zj−1)
2 +

1

n− 2
(zi+1 − zi)(zi − zi−1)

+
1

2(n− 2)

n∑

j=2

(dj − dj−1)
2 +

1

(n− 2)
(di+1 − di)(di − di−1)

+
1

(n− 2)

n∑

j=2

(zj − zj−1)(dj − dj−1) +
1

(n− 2)
(zi+1 − zi)(di − di−1)

+
1

(n− 2)
(di+1 − di)(zi − zi−1) + σ2.

Since the mean of leave-one-out difference-based error variance estimator de-
pends on location where the outlier is located in consecutive order, we further
derive the mean of leave-one-out difference-based error variance estimator under
the following four cases: Case 1 is no outlier in three consecutive orders; Case
2 is one outlier in left side of the three consecutive orders; Case 3 is one outlier
in the middle of the three consecutive orders; Case 4 is one outlier in the right
of the three consecutive orders. These results are also summarized in Theorem
1.
Theorem 1
Assume the Model 2. The mean of leave-one-out difference-based error variance
estimator is obtained under the following four cases:

– Case 1: no outlier in three consecutive order, (i− 1, i, i+ 1), i = 2, . . . , n− 1

E(σ̂2
R(i)) =

1

2(n− 2)

n∑

j=2

(zj − zj−1)
2 +

1

2(n− 2)

n∑

j=2

(dj − dj−1)
2

Proceedings of the International Conference on Mathematics, Statistics and Financial Mathematics 2014 (ICMSFM2014)
with IASC-ARS Sessions, Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 6



+
1

(n− 2)

n∑

j=2

(dj − dj−1) + σ2 +
1

(n− 2)
(zi+1 − zi)(zi − zi−1);

– Case 2: one outlier in left side of the three consecutive orders, that is, one
outlier at (i − 1)th order in three consecutive order, (i − 1, i, i + 1), i =
2, . . . , n− 1

E(σ̂2
R(i)) =

1

2(n− 2)

n∑

j=2

(zj − zj−1)
2 +

1

2(n− 2)

n∑

j=2

(dj − dj−1)
2

+
1

(n− 2)

n∑

j=2

(dj − dj−1) + σ2 +
1

(n− 2)
(zi+1 − zi)(zi − zi−1)

− di−1

(n− 2)
(zi+1 − zi);

– Case 3: one outlier in the middle of the three consecutive order, that is, one
outlier at (i)th order, (i− 1, i, i+ 1), i = 2, . . . , n− 1

E(σ̂2
R(i)) =

1

2(n− 2)

n∑

j=2

(zj − zj−1)
2 +

1

2(n− 2)

n∑

j=2

(dj − dj−1)
2

+
1

(n− 2)

n∑

j=2

(dj − dj−1) + σ2 +
1

(n− 2)
(zi+1 − zi)(zi − zi−1)

+
di

(n− 2)
{(zi+1 − zi)− (zi − zi−1)} −

d2i
(n− 2)

;

– Case 4: one outlier in the right of the three consecutive orders, that is, one
outlier at (i+ 1)th order, (i− 1, i, i+ 1), i = 2, . . . , n− 1

E(σ̂2
R(i)) =

1

2(n− 2)

n∑

j=2

(zj − zj−1)
2 +

1

2(n− 2)

n∑

j=2

(dj − dj−1)
2

+
1

(n− 2)

n∑

j=2

(dj − dj−1) + σ2 +
1

(n− 2)
(zi+1 − zi)(zi − zi−1)

+
di+1

(n− 2)
(zi − zi−1).

2.3 Procedure of difference-based outlier detection

Our difference-based outlier detection approach consists of four parts; Part I is
to obtain order of w which is summarized in Step 1-Step 2; Part II is to select
clean data using both leave-one-out and leave-half-out difference-based error
variance estimators, which is summarized in Step 3; and Part III is to detect
outliers using clean data which is explained in Step 4. The procedure of our
approach is described in the following:
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– Step 1: Input data and fit the model

wi = β0 + β1x1i + . . .+ βpxpi + σεi + di;

– Step 2: Determine the order of w’s using Xβ̂ and rearrange by the order of
ŵ, that is

w(1) < . . . < w(n);

– Step 3: Select clean data (70%) using leave-one-out and first difference based
error estimator

– Step 4: Detect outlier using 70% clean data.

3 Conclusion

In this paper, we propose a difference-based outlier detect approach which does
not require to estimate mean model in multiple regression. Our approach is de-
veloped using a difference-based error variance estimator. Our approach is the
leave-one-out type estimator based on difference-based error variance. The ex-
isting outlier detect approach using leave-one-out approach are highly affected
by other outliers, while ours does not because our approach does not use the
regression coefficient estimator. To the best of our knowledge, there is no such
method for outlier detection purpose. We compare our approach with several
existing methods using simulation study, suggesting outperformance of our ap-
proach under some situation such as leverage points and outliers.
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Abstract. In modern era - online user face the several problems like unwanted data over 

the unwanted web pages, security issues, retrieval time consumption, unwanted 

advertisement, etc., To overcome the web page retrieval problem, the novel approach 

„Fuzzy GCO Based Web Page Retrieval‟ has been proposed to retrieve the web pages 

through the fuzzy value of relevance semantic relationship between user queries, 

keywords- web page weight calculation and the distance value between web pages. 

Leveraging of Semantic web technology, the fuzzy values are calculated through 

Geometric Interpretation (G), Cross web page (C), Optimal Properties of Proposed 

Distance (O). Finally, the user satisfactory value has been calculated to rank the web 

pages through semantic fuzzy relationship value.  

Keywords: Geometric Interpretation (G), Cross web page (C), Optimal 

Properties of Proposed Distance (O), fuzzy relationship values. 

 

1. Introduction 

 

The user can retrieve the information from the web browser through the user 

query. Some web pages delivered to the user based on content and browser 

count. The browser count and content have been calculated by view time of the 

web page. The most hit web content opened as first link in the web browser. 

By applying this method, the newly uploaded useful content cannot open 

within first few links. The users spend more time to get the relevant document. 

To conquer this issue, an Annotation based retrieval system was introduced; it 

satisfies the user query with partial manner. But it retains the same problem. To 

overcome this problem, the fuzzy relationship values have been calculated for 

retrieved web pages and arrange it in decreasing order. 

Most of the researcher proposed the page ranking algorithm, retrieval 

algorithm, personalization algorithm and  analyzing tool, for an example 

Bettina Berendt, Myra Spiliopoulou [1]survived the  web Usage Miner (WUM) 

tool specifications, to analyze the web pages. WUM Tool is used to retrieve the 

web pages through the web browser from different search engines. To justify 

that advanced web pages have been developed based on the Form based Web 

pages. The web pages retrieved based on the page ranking scheme. The rank 

allocated to the web pages based on the number of times the user visited. 
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Analyze the cloning method in retrieval of web pages. The web pages opened 

in web browser with dynamic clustering approach through state transition 

probabilities [2]. 

Page ranking system allocates the value to all the web pages. The large data 

have stored in the web database and indexing allocates for all data. The text 

document characterization is stored in the web database [3]. The different types 

of Markov models for prediction process in the web search can understand the 

frequency has been calculated for the web pages through this approach. The 

user keyword has been predicted based on the user query [4]. 

The individual user accesses the web pages as web personalization. The 

function of the new concept Conceptual Log (C-log), then it is interacting with 

web server logs. The concept based semantic data has been retrieved from the 

web page [5]. The web personalized information by applying the Markov 

model in calculating with maximum entropy value. Some general drawbacks 

are occurred to capture the web personalization in the web page [6]. 

The Web pages linked with some other web pages through the hub concept. 

The user query is classified in to different categories. The solution of the user 

query is different one for the proposed method. The web pages are categorized 

such that authoritative web pages and the normal web pages [7]. The different 

types of models present the documents with probabilistic approach. Markov 

chain stochastic process is used to calculate the probability value for all 

documents [8] [9]. 

The web pages are implemented automatically. The different types of user 

queries are classified the web page in differently [10]. Basically two algorithms 

are used in the block level link analysis algorithm such that hit algorithm and 

the Block Level hit algorithm. These algorithms make the hyperlinks and 

convert the web pages into blocks.  

Based on the survey, on-line user require the optimal solution, this paper 

proposed the novel methodology to retrieve the web page, to acquire 

appropriate results the fuzzy relationship value has been calculated. To find 

fuzzy relationship values, the web page Geometric Interpretation weight, cross 

web page, optimal properties of proposed distance has been calculated based 

on the user query. Finally add these three values to get an optimal relational 

value of the  web page, which one have more relational value that will open as 

first web page to the user, before that apply the stop word removal algorithm 

on user query to remove the unnecessary words. 

 

2. Proposed system 

 
Fig.1 Fuzzy GCO Based Web Page Retrieval System Architecture Model 

notifies that the user post the query in search engine. The search engines gather 
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the related results from the web database then it sends the web pages as results 

to the user with decreasing ordered rank.  

 
 

Fig. 1 Fuzzy GCO Based Web Page Retrieval System 

 
 An objective of this work is, to modify the search engine, which will 

provide the relevant document to the user request with more accuracy, it should 

also support the prediction mechanism with captured the user‟s requesting key 

words. To modify the working principle of search engine the following 

methods are adapted. 

 

2.1 Probability Value Calculation for Web pages 

 

The programmer develops the search engine which is based on the page 

ranking system, cluster based Markov models. The user calculates the 

probability value for all web pages using the Markov Semantic Indexing (MSI). 

At first, the user retrieves the web pages through the annotation based retrieval 

and makes the relationship with user keywords and the annotation based web 

pages. Calculate the relationship value between the user keywords and the web 

pages and calculate the distance value between the web pages. These two 

values are applied to the Markov chain property and make the calculation of 

finding the probability value for all web pages. Finally sort the probability 

value with descending order and allocates the rank with ascending order, that 
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web pages have more probability value. Further, based on the rank system, the 

web pages will be retrieved on the web browser. This calculation operation 

should be done in the design of the web search engine.    

 

2.2 Annotation based retrieval 

 

Annotation based retrieval specifies that automatically web pages retrieved 

based on the user typed keywords. The search engine analyze the user keyword 

and it compare with the stored documents in the web data base. Here, the web 

pages specify that web documents. The web documents has been retrieved 

dynamically from the web data base, based on the user typed query. The search 

engine checks the query with the data base using keywords. The keywords 

have been generated in the user typed query.  Annotation based retrieval does 

not contain any algorithm or formula to retrieve the web documents itself. By 

having the keywords only, the search engine search the document in the entire 

data base and retrieve the results to the user. 

 

2.2.1Geometric Interpretation (G) 

 

Geometric interpretation specifies the web page weight value to retrieve the 

web documents which is based on the user query. A single user query may 

have more than one keyword in itself. The keyword considered as the 

component. A single user query may have multiple components. The search 

engines calculate the web page weight value separately to each component and 

apply the formula to calculate the web pages 

 

Wp =
Wr

Wt
       (1) 

 

In equation (1), WP specifies web page weight value; Wr specifies relevant web 

pages based on the user query. Wt specifies total number of web pages on the 

particular search engine. The above equation may suit if the user query have 

single component. If the user queries have two or more components, the above 

equation does not suited directly. 

 

P A, B =
P(A∩B)

P(A∪B)
       (2) 

 

Equation (2) describes, if the user query have two components itself then apply 

the equation (2) to find web page weight value between the components. In 

Equation (2), A and B are two different components  P(A ∩ B) , It specifies 

that intermediary relationship between the two components. P A ∪ B  ,It 
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specifies that entire relationship between the two components. To find the 

P A ∪ B  value, the search engine can use the formula 

 

P A ∪ B = P A + P B − P A ∩ B       (3) 

 

Apply the equation (3) in equation (2), and then write the equation 

 

P A, B =
P(A∩B)

P(A)+P(B)− P(A∩B)
              (4) 

 

Equation (4) used to find the web page weight value between the two 

components then may use the same formula to find web page weight value 

between multiple components. 

 

W1                               W3                     W2 

  

 
 

 

 

 

Fig.2, Simple Diagram for Calculating Geometric Interpretation 

 

In Fig.2, The users have two components A & B. Two components specify two 

different keywords. The two different key words are occurred in the single 

statement as user typed query. The Search engine should calculate the web 

page weight value for these two different queries. At first, the search engines 

find the web page weight value W1 for A component and find the web page 

weight value W2 for B component in separately. Next, find the web page 

weight value W3 for between the two components. Finally the search engine 

finds the entire web page weight value for both components by applying the 

Equation (4). 

The user has proved the results in Geometric Interpretation and the 

optimality properties of proposed distance. For example, if the user enter the 

query “How to cook briyani” in search engine and retrieve some results 

through the annotation based retrieval. At first, apply the stop word removal 

techniques to remove unwanted character. In the query, `to‟ is the unwanted 

character and remove the character from this word. 

Based on the user query, the user has three different keywords such that 

how, cook briyani. These three keywords consider as the three different 

components. First, the search engine calculates the web page weight value 

separately for each component. Then, it combined the keywords like How-

A B 
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briyani, cook-briyani, how-cook to find the web page weight value. Finally, the 

search engine calculates the web page weight value for the full user query.  
 

 

Table1. Web page weight value for retrieved content 

 

S.No. 

Retrieved Content 

lower  

bound 

of  

Wp 

Value 

Wp Value Upper  

bound 

of 

Wp 

Value 

1.  How to cook biryani 0.483 0.484 0.485 

2.  How to make a chicken biryani 0.301 0.302 0.303 

3.  How to cook vegetarian biryani 0.165 0.166 0.167 

4.  How to prepare biryani 0.0569 0.0579 0.0589 

5.  How to make muslim biryani 0.0469 0.0479 0.0489 

6.  How to cook briyani in tamil 0.0211 0.0221 0.0231 

7.  How to cook mutton biryani 0.307 0.308 0.309 

8.  How to cook briyani rice 0.2769 0.2779 0.2789 

9.  Chicken briyani recipe 0.323 0.324 0.325 

10.  How to cook veg biryani 0.142 0.143 0.144 

11.  How to cook egg biryani 0.124 0.125 0.126 

12.  How to cook briyani in hindi 0.024 0.025 0.026 

13.  Easy chicken biryani 0.294 0.295 0.296 

14.  How to cook basmathi rice for briyani 0.0172 0.0182 0.0192 

 

The above Table specifies the values that web page weight for relevant web 

document. In this paper the specified values are taken as fuzzy numbers for 

example, a user query is “How to cook briyani”. The user gets 30 relevant 

documents and calculates the web page weight for 30 documents, for analytic 

purpose we taken only 14 fuzzy values. The user has assumed the maximum 

documents in the search engine 1, 00,000 lakhs documents. 

 Fuzzy numbers are uncertainty numbers so we need to find the crisp values 

through defuzzification [10] process. Defuzzification represent the average 

value of the trapezoidal fuzzy numbers, a universally accepted Robust‟s 

Ranking Technique is used for GCO. 
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and ai is the level cut of the fuzzy number ã. similarly convert other (Wp,Wd, 

Wc ) fuzzy values in to crisp values, these values are used to find the 

relationship value for every retrieved content. 

2.2.2 Optimal Properties of Proposed Distance (O)  

Optimal properties derived from the Markov chain properties. These properties 

are used to calculate the web page distance value. Optimality properties 

measure distance value for retrieved web documents. Here, a web page notifies 

the web documents. 

1. Removal of Stop Word: Removal of Stop Word removes the unwanted 

characters from the user query. Unwanted characters like `space‟, `:‟, `;‟, `!‟, `-

„, `_‟ These characters may be occurred in the user query. These characters can 

be removed by the stop word removal techniques and calculate the distance 

value after eliminating the unwanted characters. 

2. Distance Calculation: Measure the distance value for retrieved web 

documents. The user considered the user query length and the retrieved web 

document length and used the formula to calculate the distance value 

 

Wd =  
D A + D(B)

Td
              (5) 

 

In Equation (5), Wd notifies retrieved web document‟s distance total value. 

D (A) notifies user query total length, D (B) notifies retrieved web content total 

length. Td notifies that maximum query length in the search engine. D (B) 

value will be changed based on the retrieved web document. 
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Table 2.Web page distance value for retrieved content 

 

Retrieved Content 

lower  

bound 

of Wd 

Value 

 

Wd 

Value 

Upper  

bound 

of Wd 

Value 

How to cook biryani 0.0008 0.0078 0.0148 

How to make a chicken biryani 0.0047 0.0117 0.0187 

How to cook vegetarian biryani 0.0057 0.0127 0.0197 

How to prepare biryani 0.0022 0.0092 0.0162 

How to make muslim biryani 0.0037 0.0107 0.0177 

How to cook briyani in tamil 0.0042 0.0112 0.0182 

How to cook mutton biryani 0.0037 0.0107 0.0177 

How to cook briyani rice 0.0027 0.0097 0.0167 

Chicken briyani recipe 0.0027 0.0097 0.0167 

How to cook veg biryani 0.0022 0.0092 0.0162 

How to cook egg biryani 0.0022 0.0092 0.0162 

How to cook briyani in hindi 0.0042 0.0112 0.0182 

Easy chicken biryani 0.0017 0.0087 0.0157 

How to cook basmathi rice for biryani 0.0081 0.0151 0.0221 

 

Table 2 describes that, the results for web document distance value. The 

user has given 30 document results for the query “How to cook briyani”. The 

user removes some unwanted characters and space in the document name to 

calculate the web page distance. Equation (5) is applied to measure the web 

page distance. 

 

2.2.3 Cross Web Page Calculation(C) 

 

The user enters the query in the search engine. The search engines have given 

the results to the user based on the user query. Lot of keywords is available in 

the user query. The search engine searches the web contents using the 

keywords. Basically keywords are classified into different category. Some of 

keywords have same meaning but names. The search engine should consider 

this problem. Because, the search engine search the content based on keywords. 

The user  have found some solution to overcome this problem and find some 

words which is having two names in same meaning.  

 

𝑊𝑐 =  
𝐾𝑠

𝑇
+ 1 −  1 − 𝜇 (1 −

𝐾𝑑

𝑇
)       (6) 
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in equation (6), Wc- specifies the total cross web page weight and Ks- specifies 

the total number of similar keywords weight, Kd- specifies the total number of 

dissimilar keywords weight, here dissimilar keywords means another alternate 

word for same keyword, T- specifies total number of keywords in the search 

engine and the symbol µ represents mean value of sample. 

The similar and dissimilar keywords weight value by applying the equation 

(7). First, the user should analyze that the keywords have same meaning and 

different name. The user have identified some keywords have different name in 

same meaning.  

                                         
Table 3. Different Keywords Weight Value 

 

Keywords 
(Ks /T) 

Value 

Another 

Word for  

Keyword 

(Kd/T) 

Value 

Buy 0.1250 Purchase 0.4220 

Big 0.1350 Large 0.0127 

Quickly 0.2230 Speedily 0.0020 

Middle 0.4260 Between 0.0085 

Look 0.1080 See 0.0247 

Mountain 0.2860 Hills 0.1880 

Mobile 0.2080 Cell phone 0.0002 

Happy 0.7140 Pleasure 0.1160 

Rich 0.2260 Spicy 0.0004 

At present 0.3370 Current time 0.0318 

Glass 0.3310 Mirror 0.0014 

Lady 0.3060 Women 0.0072 

Silent 0.0886 Pease 0.0018 

Pause 0.0771 Break 0.0032 

Cook 0.1010 Make 0.5210 

 

Table 3 shows that different keywords and each keyword have one alternate 

and that keyword weight value. In an above referred table the fourth column 

notify that dissimilar keywords weight value. The search engine applies these 

two values in Equation (6) then it will get the cross web page value. 

 

3. Calculating the fuzzy Relationship value 

 
By having the above three values, the search engine may find the relationship 

value for every retrieved content by using the formula 
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Vr =  α ∗ Wp +  β ∗ Wd +  γ ∗ Wc       (7) 

 

In Equation (7) Vr notify the relationship value for retrieved web content. 

 

4 Conclusion 

 
This work hybrid the features of three different methods like Geometric 

interpretation, Cross web page calculation, Optimality properties of proposed 

distance. This Geometric Interpretation (G), Cross Web Page calculation(C), 

optimal properties of proposed distance (O) used for web page retrieval 

through the fuzzy relational value of web pages. Analytical results provide the 

detail of web page weight, cross web page calculation for keywords and web 

page distance value for optimal retrieval of web page. In future this work has 

extended to image and on-line video retrievals. 
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Abstract Optimal spatial prediction is challenging when the number of observations is
large. A large data set also comes with a non-stationary structure more often than not.
Fixed rank kriging (FRK) is a popular method that handles both massive observations and
non-stationarity. A family of non-stationary covariance functions is constructed based on a
set of basis functions, and it allows for quite a few computational simplifications in spatial
prediction. Its number of parameters, however, is too large to obtain stable estimation
using least-squares methods. Even worse, a least-squares method leads to overfitting, i.e.,
it prefers larger-basis-number models which make estimation more unstable. We propose
a penalized least-squares estimation, resulting in a simple shrinkage-based modification
of FRK by cutting down the eigenvalues of a spatial covariance matrix. Our method can
effectively control estimation variability via tuning the shrinkage parameter, and it also
alleviates the overfitting problem. Original FRK is then a special setting of our method
with a zero shrinkage parameter. Moreover, a fast estimation and prediction method still
exists, which avoids taking a high-dimensional matrix inversion. Some numerical examples
are given to demonstrate the effectiveness of the proposed method.

1 Introduction

Geostatistical models are becoming increasingly required in many environmental,
atmospheric, and geophysical sciences. Optimal spatial prediction is challenging
when the number of observations is large. A large data set also comes with a
non-stationary structure more often than not. It’s of great interest to develop a
geostatistical model that is flexible to account for spatial covariances among ob-
servations. Consider a sequence of independent spatial processes, {y(s, t) : s ∈ D};
t = 1, . . . , T , defined on a d-dimensional spatial domain D ⊂ Rd, where T > 1. The
processes are assumed to have a common spatial covariance function, C(s, s∗) =
cov(y(s, t), y(s∗, t)). Suppose that we observe data zt ≡ (z(s1, t), . . . , z(sn, t))

′;
t = 1, . . . , T , at s1, . . . , sn ∈ D with additive noise εt according to

zt = yt + εt; t = 1, . . . , T, (1)

where yt ≡ (y(s1, t), . . . , y(sn, t))
′, εt ∼ (0, σ2In) is uncorrelated with yt, and εt’s

are mutually uncorrelated. We assume that σ2 is known. The goal is to estimate
C(·, ·) based on the data z1, . . . , zT , from which the best linear unbiased prediction
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of {y(s, t) : s ∈ D} for t = 1, . . . , T , can be obtained. Note that neither the
stationary assumption is made nor a parametric structure is assumed for C(·, ·).
Throughout the paper, the mean of y(·, ·) is assumed known and, without loss of
generality, to be 0.

The model (1) involves an n×n matrix var(yt) to be estimated, whose inverse
should be computed for prediction, and this make the analysis infeasible when n is
large. [2] proposed a framework based on spatial random effect models, which han-
dles both massive observations and non-stationarity. A family of non-stationary
covariance functions is constructed based on a set of basis functions, and it allows
for quite a few computational simplifications in spatial prediction. Kernel convo-
lution is another widely used approach ([7]; [8]; [5]). These methods require no
matrix inversion, but their performance depends on locations of knots and the
form of the kernel, whose choices are not completely clear (see e.g., [3]).

Although the fixed rank kriging (FRK) approach in [2] can be very fast, its
number of parameters is too large to obtain stable estimation using least-squares
methods. Even worse, a least-squares method leads to overfitting, i.e., it prefers
larger-basis-number models which make estimation more unstable. We propose a
penalized least-squares estimation, resulting in a simple shrinkage-based modifi-
cation of FRK by cutting down the eigenvalues of a spatial covariance matrix.
Original FRK is then a special setting of our method with a zero shrinkage pa-
rameter.

[6] developed a regularization method mainly for multivariate geostatistics.
In this paper, we shall emphasize its use in univariate problems, and get more
understanding about when the shrinkage-based estimation works well. The rest of
the paper is organized as follows. Section 2 starts by introducing our model and
the proposed shrinkage method. A simulation example is demonstrated in Section
3. Finally Section 4 ends with some discussion.

2 Method

2.1 Spatial Random Effect Models

We consider a spatial random effect model for the latent process y(·, ·) (e.g.,[2];
[9]; [4]), which relies on a given set of basis functions f1(·), . . . , fK(·). The model
assumes that y(·, ·) can be well represented as

y(s, t) = µ(t) + w′tf(s) + ξ(s, t) = µ(t) +
K∑

k=1

wk(t)fk(s) + ξ(s, t), (2)

where f(s) = (f1(s), . . . , fK(s))′ consists ofK ≤ n known basis functions, f1(·), . . . , fK(·)
such that F ≡ (f(s1), . . . , f(sn))′ is an n×K matrix of rankK, wt = (w1(t), . . . , wK(t))′;
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t = 1, . . . , T , are random effects obeying wt ∼ N(0,M), and ξ(s, t) ∼ N(0, v2) is a
fine-scale white-noise process. Both wt and ξ(s, t) are assumed to be uncorrelated
between t’s. For simplicity, Σ is set to be In, µ(t) and σ2 are assumed known and,
without loss of generality we set µ(t) = 0 throughout the paper. Given the bases
{fk(·) : k = 1, . . . , K}, the parameters that need to be estimated are M and v2,
where M is required to be non-negative definite and is denoted by M � 0.

2.2 Parameter Estimation

Let Z = (z1, . . . , zT )′. Then the sample covariance matrix S = ZZ′/T is an unbi-
ased estimate of V. However, S is a poor estimate of V when n is large or T is
small, because of high estimation variability. Although the proposed model helps
to reduce estimation variability, the unknown parameters in M still have high
complexity unless K is very small. To reduce the estimation variability further
while suitably controlling the bias, we consider a shrinkage approach. Specifically,
we propose to estimate M and v2 by shrinking the eigenvalues of FMF′ in terms
of the following objective function:

φ(M, v2) =
1

2

∥∥FMF′ + v2In + σ2In − S
∥∥2
F

+ τ ‖FMF′‖∗ , (3)

over all M � 0 and v2 ≥ 0, where ‖X‖2F = trace(X′X) is the squared Frobenius

norm of X, and ‖X‖∗ = trace
(
(X′X)1/2

)
is the nuclear norm of X. The penalty

‖FMF′‖∗ is simply the trace of FMF′ or the sum of the eigenvalues of FMF′.
Therefore, this penalty shrinks eigenvalues and force some small eigenvalues to be-
come zeros exactly. The minimizers of (3) are denoted as

(
M̂τ , v̂

2
τ

)
. Clearly, original

FRK is then a special setting of our method with a zero shrinkage parameter.
The following proposition shows that the minimizer of (3) has a simple closed

form, whose proof is a direct result from Appendix in [6].

Proposition 1 Let L = F(F′F)−1/2, and PDKP′ be the eigen-decomposition of
L′(S − σ2In)L, where D = diag(d1, . . . , dn) and |d1| ≥ · · · ≥ |dK∗ | > 0 =
|dK∗+1| · · · = |dn|. Then for any τ ≥ 0, the minimizers of (3) are given by

v̂2τ = arg min
v2≥0

{
v2(nv2 − 2 trace(S− σ2In))−

K∗∑

k=1

(dk − τ − v2)2+

}
, (4)

M̂τ = (F′F)−1/2PK∗ diag
(
(d1 − τ − v̂2τ )+, . . . , (dK∗ − τ − v̂2τ )+

)
P′K∗(F

′F)−1/2,
(5)

where x+ ≡ max(x, 0).
Note that v̂2τ in (4) can be efficiently computed by a golden section search in

[0, d1] when d1, . . . , dK∗ are available. Since (F′F)−1/2 and L′(S−σ2In)L are K×K
matrices, the computational complexity for M̂τ is largely reduced when K � n.
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2.3 Spatial Prediction

Suppose that M is estimated by M̂τ and v2 is estimated by v̂2τ for some τ ≥ 0. Then
for s ∈ D and t = 1, . . . , T , the estimated best linear unbiased predictor (EBLUP)
of y(s, t) and the corresponding estimated mean squared prediction error are given
by

ŷ(s, t) =
(
f(s)′M̂τF

′
+ v̂2τδ

′)V̂−τ zt,

v̂ar (ŷ(s, t)− y(s, t)) = f(s)′M̂τ f(s) + v̂2τ −
(
f(s)′M̂τF

′
+ v̂2τδ

′)V̂−τ
(
FM̂τ f(s) + v̂2τδ

)
,

where δ ≡ (I(s = s1), . . . , I(s = sn))′ and V̂τ = FM̂τF
′ + v̂2τIn + σ2In. From (5),

we have

FM̂τF
′ = LPK∗ diag

(
(d1 − τ − v̂2τ )+, . . . , (dK∗ − τ − v̂2τ )+

)
P′K∗L

′, (6)

which implies

V̂τ = LPK∗ diag
(
(d1 − τ − v̂2τ )+, . . . , (dK∗ − τ − v̂2τ )+

)
P′K∗L

′ + v̂2τIn + σ2In.

Applying the Sherman-Morrison-Woodbury formula ([10]), the Moore-Penrose in-
verse of V̂τ is




1

v̂2τ + σ2
In −

1

v̂2τ + σ2
LPK∗diag

(
d̂1

d̂21 + v̂2τ + σ2
, . . . ,

d̂K∗

d̂2K∗ + v̂2τ + σ2

)
P′K∗L

′; if v̂2τ + σ2 > 0,

LPK∗

(
diag

(
d̂1, . . . , d̂K∗

))−
P′K∗L

′; if v̂2τ + σ2 = 0,

where d̂k ≡ (dk − τ − v̂2τ )+; k = 1, . . . K∗. Since L
and P′K∗ are much smaller than V̂τ if K � n, we can compute V̂−τ zt and ŷ(s, t)
in O(K2n), and gain considerable computation efficiency.

When σ2 is unknown, we propose to estimate it by minimizing ‖FMF′ + σ2In − S‖2F
over all M � 0. Based on similar procedure of Proposition 1, we obtain

σ̂2 = arg min
σ2≥0

1

2

{
σ2(nσ2 − 2 trace(S))−

K∑

k=1

(γk − σ2)2+

}
, (7)

where γk’s are the eigenvalues of (F′F)−1/2F′SF(F′F)−1/2 with γ1 ≥ · · · ≥ γK .

2.4 Choice of the Shrinkage Parameter

An L-fold cross-validation is applied to choose the shrinkage parameter τ . We
first randomly decompose {s1, . . . , sn} into L disjoint subsets D1, . . . ,DL with
|D1|, . . . , |DL| being equal or as close as possible. Let ŷ(`)(s, t; τ) be the EBLUP of
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y(s, t) based on only the data observed at {s1, . . . , sn} \D` for s ∈ D, t = 1, . . . , T
and ` = 1, . . . , L. Then the proposed L-fold CV criterion is

CV(τ) =
L∑

`=1

T∑

t=1

∑

s∈D`

{
z(s, t)− ŷ(`)(s, t; τ)

}2
.

The final shrinkage parameter is τ̂ , which minimizes CV(τ) over τ ≥ 0.

3 Example

We considered a class of Fourier basis functions in R with f1(s) = 1 and

fk(s) =

{
cos(πks); if k ∈ {2, 4, . . . },
sin(π(k − 1)s); if k ∈ {3, 5, . . . }.

Similar to [1], we generated the process y(s, t) on D = [0, 1] according to (2) with
K = 10, n = 256 and v2 = 0.041, where M was chosen such that ‖FMF′ −
V0‖F is minimized, and V0 is an n × n matrix with its (i, j)-th component
exp(−|i−j|/25). Figure 1 shows the resulting spatial covariance function C(s, s∗) =
cov(y(s, t), y(s∗, t)).

The data {zt : t = 1, . . . , T} were simulated at si = i/256; i = 1, . . . , n,
according to (1) with σ2 = 0.082. We considered three values of T = 3, 5, 10.
For each T , we applied the proposed method developed in Sections 2.2 and 2.3
with the shrinkage parameter τ̂ selected by CV, where different values of K =
8, 10, 12, 14, 16 were considered and σ2 was assumed known. The proposed method
is compared with a simple kriging method that estimates C(s, s∗) using maximum
likelihood (ML) based on the stationary exponential covariance model. The results
in terms of the mean squared prediction error (MSPE),

MSPE =
T∑

t=1

ˆ

s∈D

∣∣y(s, t)− ŷ(s, t)
∣∣2
2
, (8)

are summarized in Table 1 based on 200 simulation replications, where ŷ(s, t) is
a generic estimate of y(s, t). The MSPEs based on the proposed method with
τ = 0 and those based the true covariance function of C(s, s∗) are also shown for
comparison.

Basically, our method based on either τ̂ or τ = 0 performs better than the
exponential model. When T is small and K is large, the proposed method based on
τ̂ performs better than that based on τ = 0, indicating the advantage of shrinkage.
On the other hand, when T is large or K is small, CV tends to select τ̂ = 0, making
the shrinkage less useful.
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Figure 1. One-dimensional spatial covariance function of y(s, t).

Table 1. MSPE performance of various methods based on different values of T and K, where the values
in parentheses are the corresponding standard errors.

Methods T = 3 T = 5 T = 10

True 0.0457 (0.0001) 0.0457 (0.0001) 0.0457 (0.0001)

Exponential 0.0550 (0.0002) 0.0550 (0.0002) 0.0546 (0.0001)

K = 10 0.0461 (0.0002) 0.0461 (0.0001) 0.0460 (0.0001)

CV
K = 12 0.0469 (0.0001) 0.0468 (0.0001) 0.0469 (0.0001)
K = 14 0.0475 (0.0002) 0.0475 (0.0001) 0.0476 (0.0001)
K = 16 0.0484 (0.0002) 0.0484 (0.0002) 0.0483 (0.0001)

K = 10 0.0461 (0.0002) 0.0461 (0.0001) 0.0460 (0.0001)

τ = 0
K = 12 0.0469 (0.0001) 0.0469 (0.0001) 0.0469 (0.0001)
K = 14 0.0477 (0.0002) 0.0476 (0.0001) 0.0476 (0.0001)
K = 16 0.0486 (0.0002) 0.0485 (0.0002) 0.0483 (0.0001)
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4 Discussion

Our penalized least-squares estimation proposal results in a simple shrinkage-based
modification of FRK by cutting down the eigenvalues of a spatial covariance ma-
trix. As shown in the example in Section 3, our method can effectively control
estimation variability via tuning the shrinkage parameter, especially when T is
small and K is large. Moreover, a fast estimation and prediction method still
exists, which avoids taking a high-dimensional matrix inversion.

We did not really deal with the basis choice issue in this work, though various
number of basis numbers are compared in the example. This issue can be a very
challenging problem and deserves further research.
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Abstract. In recent “Big data” era, huge amount of individual data sets are avail-
able and should be analyzed for getting useful information. In many cases, they can
be divided into some naturally defined groups, and the information of each group is
expressed by several statistics calculated from the original data in the group. We con-
sider that individual data consists of real and categorical variables and use up to second
moments of data to express their characteristics. We call such set of descriptive statis-
tics as “aggregated symbolic data”, and define a dissimilarity measure between two of
them based on log-likelihood ratio test statistics. We illustrate the usefulness of our
dissimilarity by clustering real data examples.

1 Introduction

Nowadays we have often huge amount of complex data sets called “Big data”
from various fields. We are often required to handle them and get useful in-
formation from them. As the number of data is too huge and the structure of
variables are complicated, we need to develop new statistical methods for han-
dling them. When we have too many individual data, it is almost impossible
to examine each individual data. It often happens that individual data can be
divided into some naturally defined groups, for example, species of living thing.

Symbolic data analysis [1–3] is one of techniques to handle such data for
expressing and analyzing groups. In the traditional symbolic data analysis, sev-
eral statistics calculated by using information about marginal distributions are
mainly utilized. Among traditional symbolic data interval data was extensively
studied. Various techniques for analyzing interval data such as principle com-
ponent analysis, regression analysis, clustering analysis were developed.

In this paper, we consider the case where individual data has both real
variables and categorical variables. We consider up to second order moments of
data in a group as symbolic data, and call them “aggregated symbolic data”
(ASD). By using the definition of ASD we propose a new dissimilarity measure
between two groups because we hope to discriminate ASD.
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2 Individual data and aggregated symbolic data

Let we have n individual data and they are divided into G meaningful groups.
Let group 1 has n(1) individuals, ... , group G has n(G) individuals, so n(1) +
n(2) + · · · + n(G) = n. We assume that each individual data is expressed by p
real variables and q categorical variables. We denote the value of variable j of
individual i in group g be x

(g)
ij . For j = 1, . . . , p, x

(g)
ij takes a real value, and

for j = 1, . . . , q, x
(g)
i,p+j takes one of mj categorical values, for example, “1”,...,

“mj”. Since it is difficult to deal with original categorical variables as it is, we

use dummy variable to express them. We define a dummy variable x
(g,k)
ij whose

value is 1 when the value of categorical variable k of individual i in group g
is “j”, otherwise 0. Therefore, individual data of group g is expressed by an
n(g) × (p+m1 + · · ·+mq) matrix

X(g) =




x
(g)
11 · · · x(g)1p x

(g,1)
11 · · · x(g,1)1m1

· · · x(g,q)11 · · · x(g,q)1mq

...
...

...
...

...
...

x
(g)

n(g)1
· · · x(g)

n(g)p
x
(g,1)

n(g)1
· · · x(g,1)

n(g)m1
· · · x(g,q)

n(g)1
· · · x(g,q)

n(g)mq


 .

Clearly an n(g) ×mk matrix

X
(g,k)
2 =




x
(g,k)
11 · · · x(g,k)1mk
...

...

x
(g,k)

n(g)1
· · · x(g,k)

n(g)mk




expresses k-th categorical variable of the group, X
(g)
2 = [X

(g,1)
2 · · ·X(g,q)

2 ] ex-

presses q categorical variables and X
(g)
1 expresses p real variables where X(g) =

[X
(g)
1 X

(g)
2 ].

When n(g) is large, we hope to describe the characteristics of X(g) con-
cisely without losing too much information. For real variables, simple descrip-
tive statistics are means, variances and covariances, that is, first and second
moments of data. We use the same statistics for our data.

First order moments of X(g) is calculated by 1′
n(g)X

(g) where 1n(g) is an n(g)

dimensional vector whose elements are all 1. If we define x̄
(g)
l is a mean of real

variable l and p̂
(g,k)
j = 1

n(g)

∑n(g)

i=1 x
(g,k)
ij is an empirical marginal probability of

j-th value of categorical variable k, it is clear

1′n(g)X
(g) = n(g)[x̄

(g)
1 · · · x̄(g)p p̂

(g,1)
1 · · · p̂(g,1)m1

· · · p̂(g,q)1 · · · p̂(g,q)mq
].

Second order moments of X(g) is given byX(g)′X(g) = S(g). S(g) is divided

into four submatrix: S
(g)
ij = X

(g)′
i X

(g)
j . S

(g)
11 is a product sum matrix of p real
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variables, S
(g)
21 is a matrix expressing sum of real variables for each categorical

value, and

S
(g)
22 =




S(g,11) · · · S(g,1q)

...
...

S(g,q1) · · · S(g,qq)




is a Burt matrix where

S(g,k1k2) = X
(g,k1)′
2 X

(g,k2)
2 =




s
(g,k1k2)
11 · · · s(g,k1k2)1ml

...
...

s
(g,k1k2)
mk1

1 · · · s(g,k1k2)mk1
mk2




is a contingency table for categorical variables k1 and k2 [4].
We use n(g),1′

n(g)X
(g),S(g) as aggregated symbolic data to describe the group

g.

3 Dissimilarity measure between two groups

When we have groups of individual data, we often hope to define a dissimilarity
measure among them. We define it by using the statistics to test the same
stochastic structure between two groups. We have to note that the statistics
should include just ASD, not individual data in our situation.

If two groups of data are similar, their data generating systems have same
stochastic structures, that is, parameters of two stochastic generating processes
are same. We call this assumption is a “same parameter model”. If two groups
have different stochastic structures, parameters can take different values for two
groups. This assumption is called a “different parameter model”. A dissimilar-
ity between two groups can be expressed by a statistic for testing the same
parameter model against the different parameter model. We use log-likelihood
ratio statistic for this purpose.

As we have up to second moments, we can consider relationships between
just two variables. We decide to ignore relationships among more than two vari-
ables. As we have real variables and categorical variables, we have three kinds
of combinations: two categorical variables, one categorical variable and one real
variable, and two real variables. Consider
[x

(g)
i1 · · ·x(g)ip x(g,1)i1 · · ·x(g,1)im1

· · ·x(g,q)i1 · · ·x(g,q)imq
] be an i-th realization of the random

variable [X
(g)
1 · · ·X(g)

p X
(g,1)
1 · · ·X(g,1)

m1
· · ·X(g,q)

1 · · ·X(g,q)
mq

] whose stochastic struc-
ture describes the characteristics of group g.

3.1 Likelihood ratio test statistic for two categorical variables

First, we consider two categorical variables k1 and k2. This means that we
consider two random variables [X

(g,k1)
1 · · ·X(g,k1)

mk1
]′, [X(g,k2)

1 · · ·X(g,k2)
mk2

]′. We can
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describe the stochastic structure of these random variables by parameters
Pr(X

(g,k1)
j1 = 1, X

(g,k2)
j2 = 1) = p

(g,k1k2)
j1j2 . This also means that a cell occurrence

s
(g,k1k2)
j1j2 follows a multinomial distribution with probability p

(g,k1k2)
j1j2 .

If we assume a different parameter model, the maximum likelihood estima-
tors of p

(g,k1k2)
j1j2 is s

(g,k1k2)
j1j2 /n(g). Thus the maximum log-likelihood is

l̂
(g1g2,k1k2)
1 =

2∑

a=1



log


 n(ga)!
∏mk1
j1=1

∏mk2
j2=1 s

(ga,k1k2)
j1j2 !


+

mk1∑

j1=1

mk2∑

j2=1

s
(ga,k1k2)
j1j2 log

s
(ga,k1k2)
j1j2

n(ga)



 .

If parameters of distributions of g1 and g2 take the same set of values{
p
(g1g2,k1k2)
j1j2

}
, maximum likelihood estimators of p

(g1g2,k1k2)
j1j2 is

p̂
(g1g2,k1k2)
j1j2 =

s
(g1,k1k2)
j1j2

+s
(g2,k1k2)
j1j2

n(g1)+n(g2)
. Therefore the maximum log-likelihood for the

same parameter model is

l̂
(g1g2,k1k2)
0 =

2∑

a=1

log





n(ga)!
∏mk1
j1=1

∏mk2
j2=1 s

(ga,k1k2)
j1j2 !





+

mk1∑

j1=1

mk2∑

j2=1

(s
(g1,k1k2)
j1j2 + s

(g2,k1k2)
j1j2 ) log

s
(g1,k1k2)
j1j2 + s

(g2,k1k2)
j1j2

n(g1) + n(g2)
.

Thus, log-likelihood ratio tests statistic for two categorical variables is de-
fined by

d
(g1,g2)
(cc) = −2

q∑

k1=1

q∑

k2=1

mk1∑

j1=1

mk2∑

j2=1



(s

(g1,k1k2)
j1j2 + s

(g2,k1k2)
j1j2 ) log

s
(g1,k1k2)
j1j2 + s

(g2,k1k2)
j1j2

n(g1) + n(g2)





+2
q∑

k1=1

q∑

k2=1

mk1∑

j1=1

mk2∑

j2=1



s

(g1,k1k2)
j1j2 log

s
(g1,k1k2)
j1j2

n(g1)
+ s

(g2,k1k2)
j1j2 log

s
(g2,k1k2)
j1j2

n(g2)





3.2 Likelihood ratio test statistic for a real variable and a
categorical variable

Here we consider the interaction between a real variable l and a categorical
variable k. Under the condition that the categorical variable takes value “j”,
we assume that the real variable follows a normal distribution whose mean is
µ
(g,k)
(j)l and the variance σ

(g)
ll . If we assume a different parameter model, maxi-

mum likelihood estimators of parameter µ
(g,k)
(j)l is µ̂

(g,k)
(j)l = 1

n
(g,k)
j

x
(g,k)′
j x

(g)
l where

x
(g,k)′
j = [x

(g,k)
1j . . . x

(g,k)

n(g)j
] and x

(g)
l = [x

(g)
1l . . . x

(g)

n(g)l
]′. Note that these values are

all given in S
(g)
12 and S

(g)
22 . We should note that σ

(g)
ll is a parameter which is not

related with a categorical variable k. This value is given in S
(g)
11 described in the
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next subsection. The marginal distribution of X
(g)
l is clearly given by a normal

mixture distribution
∑mk
j=1 ϕ(x

(g)
l |µ(g,k)

(j)l , σ
(g)
ll )p

(g,k)
j where p

(g,k)
j =

∑mk2
j2=1 p

(g,kk2)
jj2 .

If we assume a different parameter model, the maximum log-likelihood is

l̂
(g1g2,lk)
1 =

2∑

a=1




−n

(ga)

2
log(2πσ

(ga)
ll )− 1

2σ
(ga)
ll

∑

i|x(ga,k)
ij =1

(x
(ga)
il − µ̂(ga,k)

(j)l )2





where
∑
i|x(ga,k)

ij =1
denotes the summation for i when x

(ga,k)
ij = 1.

In a same parameter model, we assume µ
(g1,k)
(j)l = µ

(g2,k)
(j)l = µ

(g1g2,k)
(j)l and use

different σ
(g1)
ll and σ

(g2)
ll . Then the total maximum log-likelihood can be calcu-

lated as

d
(g1,g2)
(rc) =

p∑

l=1

q∑

k=1

mk∑

j=1

n
(g1,k)
j n

(g2,k)
j(

n
(g1,k)
j + n

(g2,k)
j

)2


n

(g2,k)
j

σ
(g1)
ll

+
n
(g1,k)
j

σ
(g2)
ll


 (µ̂

(g1,k)
(j)l − µ̂

(g2,k)
(j)l )2

3.3 Likelihood ratio test statistic for two real variables and overall
dissimilarity

At last, we consider two real variables. If we have up to second order moments,
it is usual to assume a bivariate normal distribution. However, as was shown in
the previous subsection, each real variable follows a normal mixture distribution
under our models. However, we still use bivariate normal distribution as an
approximation of the normal mixture distribution. This is verified because we
decide to consider just two variables at a time and use up to second moments
of individual data.

As we have p real variables, we assume they are distributed by a multivariate
normal distribution whose mean is µ(g) and covariance matrix Σ(g) = [σ

(g)
ij ]. So

the log-likelihood function of them are written by

l(µ(g), Σ(g)) = −n
(g)p

2
log(2π)− n(g)

2
log |Σ(g)|

−1

2

n(g)∑

i=1

(x
(g)
i − µ(g))′

(
Σ(g)

)−1
(x

(g)
i − µ(g))

whereX
(g)
1 = [x

(g)
1 · · ·x(g)

n(g) ]
′. Maximum likelihood estimators of µ(g) andΣ(g) are

µ̂(g) = 1
n(g)

∑n(g)

i=1 x
(g)
i and Σ̂(g) = 1

n(g)

∑n(g)

i=1 (x
(g)
i − µ̂(g))(x

(g)
i − µ̂(g))′ for g = g1, g2

if we adopt a different parameter model.
If we assume a same parameter model, groups g1 and g2 have the same

set of parameter values
{
µ(g1g2), Σ(g1g2)

}
. In this case, the maximum likelihood
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estimators of µ(g1g2) and Σ(g1g2) are µ̂(g1g2) = n(g1)µ̂(g1)+n(g2)µ̂(g2)

n(g1)+n(g2)
and Σ̂(g1g2) =

n(g1)Σ̂(g1)+n(g2)Σ̂(g2)

n(g1)+n(g2)
+ δ(g1,g2)δ(g1,g2)′ where δ(g1,g2) =

√
n(g1)n(g2)

n(g1)+n(g2)
(µ̂(g1) − µ̂(g2)).

Therefore log-likelihood ratio test statistic of real variables is

d
(g1,g2)
(rr) = (n(g1) + n(g2)) log |Σ̂(g1g2)| − n(g1) log |Σ̂(g1)| − n(g2) log |Σ̂(g2)|.

By combining three above log-likelihood ratio test statistics, we obtain over-
all dissimilarity between two groups:

d(g1,g2) = d
(g1,g2)
(rr) + d

(g1,g2)
(cc) + d

(g1,g2)
(rc) .

4 Examples

Table 1 is a 2004 car data given by Unwin [5], which contains about 400 records
with 10 real and 4 categorical variables. A categorical variable “Country” is
added by us. We divide the real estate data into 6 groups by the values of
“Country”, and calculate dissimilarity of ASD proposed above and used them
for hierarchical clustering.

Table 1. Part of car data in all over the world in 2004

Vehicle Name Country Price(USD) · · · Length(cm) Type · · · Drive

Chevrolet Aveo 4dr US 11690 · · · 167 Sedan · · · front

Hyundai Santa Fe GLS Korea 21589 · · · 177 Sedan · · · front

Saab 9-5 Aero Sweden 40845 · · · 190 Wagon · · · AWD

Honda Odyssey LX Japan 24950 · · · 201 Mini Van · · · front

Nissan Murano SL Japan 28739 · · · 188 Wagon · · · rear

Jaguar XKR coupe 2dr UK 81995 · · · 187 Sports Car · · · rear

BMW X3 3.0i Germany 37000 · · · 180 SUV · · · AWD

.

.

.

.

.

.

.

.

. · · ·
.
.
.

.

.

. · · ·
.
.
.

As a result of the hierarchical clustering of ASD using our dissimilarity
measure and complete linkage technique, the dendrogram (Figure 1) is given.
Germany and UK produced rather luxurious cars, US and Japan produced
rather different kind of cars.
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Fig. 1. Hierarchical clustering result of car data by using overall dissimilarity among 6 ASD

Next example is a real estate data in the special wards of Tokyo, Japan,
which contains about 790,000 records with 5 real and 76 categorical variables.
We divide the data into 23 groups by the categorical variable “Ward”, and
calculate dissimilarity of ASD and performed hierarchical clustering.

Table 2. Part of real estate data in special wards of Tokyo

No. Ward Rent(JPY) Area(m2 ) · · · Deposit months Bed rooms Floor · · · Immediately

1 Arakawa 82500 26.83 · · · 0.00 1 3 · · · Yes

2 Meguro 51000 9.96 · · · 1.00 0 2 · · · Yes

.

.

.

.

.

.

.

.

.

.

.

. · · ·
.
.
.

.

.

.

.

.

. · · ·
.
.
.

4594 Minato 372000 114.93 · · · 2.00 3 5 · · · No

.

.

.

.

.

.

.

.

.

.

.

. · · ·
.
.
.

.

.

.

.

.

. · · ·
.
.
.

17277 Chuo 270000 89.72 · · · 2.00 3 14 · · · Yes

.

.

.

.

.

.

.

.

.

.

.

. · · ·
.
.
.

.

.

.

.

.

. · · ·
.
.
.

494893 Itabashi 55000 20.16 · · · 0.50 1 5 · · · Yes

.

.

.

.

.

.

.

.

.

.

.

. · · ·
.
.
.

.

.

.

.

.

. · · ·
.
.
.

The resulted dendrogram was given in Figure 2. Chuo and Minato wards
are both located in the center of Tokyo and the dissimilarity between these two
wards and other wards are far, because there are very high-grade properties in
these two wards.
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Fig. 2. Hierarchical clustering result of real estate data by using overall dissimilarity among 23 ASD

5 Concluding remark

As a kind of symbolic data, we propose aggregated symbolic data for groups
of individual data which include real and categorical variables by using up to
second moments. We define a dissimilarity between two aggregated symbolic
data by using several log-likelihood ratio test statistics. We use this dissimilarity
to two real data sets and obtain appropriate results.

References

1. Billard, L. and Diday, E.: Symbolic data analysis: Conceptual statistics and data mining, John
Wiley & Sons Ltd, Chichester, UK, (2006).

2. Bock, H.-H., Diday, E.: Analysis of symbolic data: exploratory methods for extracting statistical
information from complex data, Springer-Verlag, Berlin, (2000).

3. Diday, E., Noirhomme-Fraiture, M.: Symbolic Data Analysis and the SODAS Software, John Wiley
& Sons Ltd, Chichester, UK, (2008).

4. Greenacre, M. and Blasius, J.: Multiple correspondence analysis and related methods, Chapman
& Hall/CRC, London, (2006).

5. Unwin, A., Theus, M. and Hofmann, H.: Graphics of large datasets: Visualizing a
million, Springer, New York, (2006). (Car data is available at http://stats.math.uni-
augsburg.de/GOLD/data/2004Cars.txt)

Proceedings of the International Conference on Mathematics, Statistics and Financial Mathematics 2014 (ICMSFM2014)
with IASC-ARS Sessions, Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 34



Clusterwise linear regression model

for modal multi-valued data

Hiroyasu Abe1, Kensuke Tanioka, and Hiroshi Yadohisa

Doshisha University, Kyoto 610-0394, Japan
eio1001@mail4.doshisha.ac.jp

Abstract. In this paper, we propose a clusterwise linear regression model for modal
multi-valued data that extends the linear regression model proposed by Billard and
Diday. In both the original model and our proposed model, modal multi-valued data
are described as proportions of categories. Furthermore, the original model is considered
to be a multivariate multiple regression model for modal multi-valued data. Data are
generated by calculating percentages of individuals described by categorical values,
where individuals are aggregated by each concept. One of the advantages for such
aggregation is that we can treat each concept equally, even if the number of individuals
in each concept is different. Note that in our proposed clusterwise linear regression
model, more than one linear regression structure is assumed.

1 Introduction

In recent years, data tables have become extremely large. Symbolic data analy-
sis is one approach to analyzing such large datasets. In symbolic data analysis, a
“concept”is defined as the set of individuals targeted for analysis. Concepts can
be expressed using symbolic variables whose values represent the description of
structures, including intervals, histograms, multi-value sets, and distributions.
One of the advantages of symbolic data analysis is that data interpretation
can be simplified by transforming targets from large numbers of trivial indi-
vidual data points to a smaller number of concepts. For example, individual
transactions in access log data comprise very large data files and are typically
used only for sampling; however, if the target of analysis (i.e., the concept) is
changed to age groups, the number of data points becomes substantially smaller
and interpretation becomes easier because each group has a specific concept of
age.

In this paper, we focus on modal multi-valued variables that describe a
concept; more specifically, we focus on linear regression models for this type
of variable. The values of a modal multi-valued variable together form a set of
discrete values that can be assigned to the variable and corresponding weight
values, for example, relative frequency. Because a dependent modal variable is
considered to be a group of dependent variables, linear regression models for
symbolic variables are the same as multiple linear regression models.

Linear regression models, however, have the following problem. If data have
two or more regression structures, one regression line cannot be fitted to the
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data. To solve this problem, we propose a clusterwise regression model for modal
multi-valued data. In our analysis, some multiple linear regression models for
the dependent weight matrix are estimated and some clusters of the concepts are
identified in terms of the residual. Furthermore, our clusterwise linear regression
model typically handles one dependent vector; however, our proposed model
treats some dependent vectors, i.e., via a dependent matrix.

2 Modal multi-valued variables

Modal multi-valued variables are represented by weights that are attached to
each discrete value that can be assigned to the variable. Here the weight signifies
the relative frequency for each discrete value. Let p be the number of modal
multi-valued variables for each concept c (c = 1, . . . , N), and let qj be the
number of possible values for the jth variable. The symbolic value of the cth
concept for the jth modal multi-valued variable (c = 1, . . . , N ; j = 1, . . . , p)
is represented as

ξcj = {{γj1, wcj1}, . . . , {γjqj
, wcjqj

}},

where γjk (j = 1, . . . , p; k = 1, . . . , qj) is the kth possible value for the jth
symbolic variable and wcjk (c = 1, . . . , N ; j = 1, . . . , p; k = 1, . . . , qj) is the
relative frequency of the cth concept for γjk. Thus, we have

∑qj

k=1 wcjk = 1 (c =
1, . . . , N ; j = 1, . . . , p).

In this paper, we rewrite the modal multi-valued variable using a matrix
representation as Wj = (wcjk), which is an N × qj matrix whose elements are
the weights for the jth modal multi-valued variable. We represent all datasets
as W = (W1, . . . , Wp). Table.1. provides example modal multi-valued data.

Table 1. Example modal multi-valued data

concept
variable 1 variable 2

γ11 γ12 γ21 γ22 γ23

1 0.2 0.8 0.3 0.3 0.4
2 0.4 0.6 0.7 0.1 0.2
3 0.9 0.1 0.5 0.4 0.1

3 Linear regression model for modal multi-valued data

As described above, a modal multi-valued variable is represented as multiple
variables; therefore, a linear regression model for a modal multi-valued variable
is the set of regression models for weights of each corresponding value of the
given variable[1].
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Let Y be the N×r weight value matrix that represents one dependent modal
multi-valued variable, and let Xj = (xj1, . . . , xjqj

) be the jth N × qj weight
value matrix that represents the jth independent modal multi-valued variable.
Because the sum of the elements for each row in Xj (j = 1, . . . , p) is 1,

which indicates that Xj is rank deficient, we use X†
j = (xj1, . . . , xjqj−1) (j =

1, . . . , p) in the model. Let X† = (X†
1, . . . , X†

p) be the N × (q − p) (q =∑p
j=1 qj) weight value matrix that represents p independent modal multi-valued

variables, and let X⋆ = JNX† be the columnwise mean-centered matrix. Here
JN = IN − 1/N1N1′

N is the N × N centering matrix, IN is the N × N identity
matrix, and 1N is the vector of N ones. The linear regression model for modal
multi-valued data is then

Y = X†B + 1Nβ′
0 + E

= X⋆B + 1Nβ′
0 + 1/N1N1′

NX†B + E

= X⋆B + 1Nα′
0 + E

= X∗B∗ + E,

where B is the (q − p) × r coefficient matrix, β0 is the r intercept vector,
X∗ = (1N X⋆), α0 = β0 + 1/NB′X†′1N , B∗ = (α0 B′)′, and E is the N × r
error matrix. This form of the model is the same as that of the multiple linear
regression model[3]. The solution of B∗ is derived as the objective function

Q = ∥E∥2 = ∥Y − X∗B∗∥2

is minimized. Here ∥ · ∥ denotes the Frobenius norm. Consequently, the solution
is

B∗ = (X∗′X∗)−1X∗′Y .

4 Clusterwise linear regression model

Our clusterwise linear regression model assumes that there are groups of individ-
uals and each of the groups has a different linear regression model. The groups
and coefficients for each of the groups are derived via an iterative method. In
this section, we describe the model for classical data.

Let p be the number of classical variables for each individual i (i = 1, . . . , n).
Given vector y for a dependent variable with length n and an n × p matrix X
for independent variables, the model is

yg = Xgβg + 1ngβg0 + eg

= X⋆
gβg + 1ngβg0 + 1/ng1ng1

′
ng

Xgβg + eg

= X⋆
gβg + 1ngαg0 + eg

= X∗
gβ∗

g + eg (g = 1, . . . , G),
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where G is the number associated with the group and yg, X∗
g , β∗

g , and eg are the
dependent vector with length ng, the ng × p independent matrix, the coefficient
vector with length p + 1 and the error vector with length ng of the gth group,
respectively. Here ng is the number of individuals in the gth group, therefore∑G

g=1 ng = n. Furthermore, X∗
g is the columnwise centered matrix with vector

of ng one, that is, X∗
g = (1ng X⋆

g ) = (1ng JngXg), and β∗
g is the coefficient

vector corresponding to X∗
g , that is, β∗

g = (αg0 βg1 · · · βgp) = (αg0 β′
g) and

αg0 = βg0 + 1/ng1
′
ng

Xgβg = βg0 +
∑p

j=1 βgjx̄gj. The separation of the G groups
and βg (g = 1, . . . , G) are derived as the objective function

Q =
G∑

g=1

∥eg∥2

=
G∑

g=1

∥yg − X∗
gβ∗

g∥2

=
G∑

g=1

∑

i∈Sg

{
ygi −

(
p∑

j=1

βgjxgij + βg0

)}2

is minimized.
Our estimation algorithm is as follows.

Step1: Default separation Sg (g = 1, . . . , G) is selected at random.
Step2: β∗

g (g = 1, . . . , G) is estimated.
Step3: For the ith (i = 1, . . . , n) individual, residual errors rgi = yi −∑p

j=1 βgjxij − βg0 (g = 1, . . . , G) are calculated.
Step4: The ith individual is assigned to the arg ming rgith group.
Step5: Repeat Step2 through Step5 until convergence.

5 Clusterwise linear regression model for modal
multi-valued data

Our clusterwise linear regression model for modal multi-valued data is the com-
bination of models described in Section 3 and 4 above. In this section, we use
the same notation as that in Section 3; i.e., we assume that the dependent
and independent modal multi-valued variables Y and X† are given. Then, the
model is

Yg = X∗
gB∗

g + Eg (g = 1, . . . , G), (1)

where Yg, X∗
g , B∗

g , and Eg are the Ng ×r dependent matrix, the Ng ×(q−p+1)
independent matrix, the (q − p + 1) × r coefficient matrix, and the Ng × r error
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matrix of the gth group, respectively. Furthermore, Ng is the number of concepts
in the gth group.

As seen in equation (1), the regression models for all r dependent weight
variables are homogeneous within the same group of individuals. One cluster
structure and Bg (g = 1, . . . , G) are derived via an iterative method as the
objective function

Q =
G∑

g=1

∥Eg∥2

=
G∑

g=1

∥Yg − X∗
gB∗

g∥2

=
G∑

g=1

∑

c∈Sg

r∑

ℓ=1

{
ygcℓ −

(
p∑

j=1

qj−1∑

k=1

βgℓjkxgcjk + βgℓ0

)}2

is minimized.
The estimation algorithm is as follows.

Step1: Default separation Sg (g = 1, . . . , G) is selected at random.
Step2: B∗

g (g = 1, . . . , G) is estimated.
Step3: For the cth (c = 1, . . . , N) concept, residual errors rgc =

∑r
ℓ=1 rgcℓ =

∑r
ℓ=1

(
ycℓ −∑p

j=1

∑qj−1
k=1 βgℓjkxcjk − βgℓ0

)
(g = 1, . . . , G) are calcu-

lated.
Step4: The cth individual is assigned to the arg ming rgcth group.
Step5: Repeat Step 2 through Step 5 until convergence.

6 Numerical example

To verify the features of our proposed method, we show the estimation results of
our model using example data. The data contain one dependent modal variable
and one independent modal variable. We assumed that the dependent variable
could be assigned one of three possible values, γY ℓ (ℓ = 1, 2, 3), and the
independent variable could be assigned one of two possible values, γXk (k =
1, 2)．Data for the estimation are dependent on weight matrix Y = (y1 y2 y3)
in which each column corresponds to the relative frequency of γY ℓ (ℓ = 1, 2, 3),
and independent matrix X = (x1 x2) in which each column corresponds to the
relative frequency of γXk (k = 1, 2). The number of concepts is N = 60, and
data are generated from three true multiple linear regression models (i.e. the
black lines shown in Fig.1) with 20 concepts. Because we need only one of the
dependent weight vectors, x1 is used for the estimation.
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Results of the estimation process are shown in Fig.1; the vertical axis rep-
resents the weight value of each γY 1, γY 2, and γY 3, and the horizontal axis
represents that of γX1. The colors represent estimated clusters, whereas the
tick marks represent true clusters.

From Fig.1, the estimation almost properly identifies the cluster structure
and linear regression lines. We observe in the left plot that the red and blue
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Fig. 1. Regression lines for example data

lines are similar; however, because of the structure of the other two dependent
variables, estimation is completed for vector y1. If vector y1 is only used for
estimating the cluster structure, it will fail to identify the true cluster structure.
In other words, using our proposed method, multiple variables are treated as a
single symbolic variable.

7 Conclusion

In this paper, we proposed a clusterwise linear regression model for modal multi-
valued data. Applying our model to example numerical data, we showed that,
in our model, the dependent symbolic variables are treated as a single variable
although the symbolic variable is represented as multiple variables. Future work
includes empirical analysis using our proposed model.
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Abstract. Random effects in generalized linear mixed models (GLMM) are used to
explain the serial correlation of the longitudinal categorical data. The random effects
covariance matrix is assumed to be constant over subjects and to be restricted such
as AR(1) structure because of the positive definiteness of the matrix. However, these
assumptions are too strong and can result in biased estimates of the fixed effects.
In this paper we propose a Bayesian GLMM for long series of longitudinal binary
data with regression models for parameters of the random effects covariance matrix.
The covariance matrix is factored into generalized moving average parameters and
innovation variances using the moving average Cholesky decomposition.

1 Bayesian Moving Average Regression Model for
Random Effects Covariance Matrix

We now present Bayesian GLMMs with the random effects covariance matrix
using the moving average Cholesky decomposition.

1.1 Moving Average Cholesky Decomposition of Random Effects
Covariance Matrix

Let Yit be the binary response for subject i (i = 1, · · · , N) at time t (t = 1, · · · , T )
and let xit be the corresponding vector of covariates. We assume that each Yit
is conditionally independent given random effects bit, the responses for different
subjects are independent, and the GLMM is given by

logitpit(bit) = xTitβ + bit (1)

where pit(bit) = P (Yit = 1|bit) and β is the p×1 vector of regression coefficients.
We assume that

bi = (bi1, · · · , bini)T ∼ N(0, Σi) (2)

where Σi is the random effects covariance matrix and bi is a vector of random
effects values for subject i.
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To model Σi in (2), we assume that, for t = 2, · · · , ni,

bit =
t−1∑

j=1

li,tjeij + eit, (3)

where li,tj are generalized moving average (GMA) coefficients, and ei ∼ N(0, Di)
for ei = (ei1, · · · , eini)T . Note that bi1 = ei1. Then we rewrite (3) in matrix form
as

bi = Liei

where Li is a unique lower triangular having ones on its diagonal and li,tj at its
(t, j)th position for j < t. Then the covariance matrix for bi is

Σi = LiDiL
T
i .

The constraint on theses parameters for Σi to be positive definite is that the
IV need to be positive.

The parameters, GMA and IV, can be modeled using time and/or subject-
specific covariate vectors zi,tj and hi,t by setting

li,tj = zTi,tjη, log(σ2
i,t) = hTi,tλ, (4)

where η and λ are a× 1 and b× 1 vectors of unknown dependence and variance
parameters, respectively. Thus, this approach reduces the number of parame-
ters for the covariance matrix using regression models for the IV and GMA
parameters.

1.2 Prior Distributions

Using the MA Cholesky decomposition, we form priors that are diffused. The
diffused prior distributions for β, η, and λ are given by

β ∼ N(0, σ2
βI), (5)

η ∼ N(0, σ2
ηI), (6)

λ ∼ N(0, σ2
λI), (7)

where σ2
β, σ2

γ, and σ2
λ are large values (for example, 100).

1.3 Bayesian Analysis via MCMC

We derive the likelihood function for the GLMM expressions (1) and (2). We
let ω = (βT , ηT , λT ). The joint distribution of sample and the random effects in
(1) and (2) is given by

L(ω; y, b) =
N∏

i=1

ni∏

t=1

pit(bit, β)yit (1− pit(bit, β))1−yit φ(bi|η, λ) (8)
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where pit(bit, β) = P (Yit = 1|bit, β, xit) and φ(bi; η, λ) is a multivariate normal
density with mean vector 0 and covariance matrix Σi which is simplified as

φ(bi|η, λ) = (2π)−
ni
2

ni∏

t=1

(
σ2
i,t

)− 1
2 exp

(
−1

2
bTi L

−T
i D−1i L−1i bi

)
.

From the distribution (8) and prior distributions (5)-(7), the joint distribu-
tion is given by

P (y, b, β, η, λ) ∝ φ(β;σ2
β)φ(η;σ

2
η)φ(λ;σ

2
λ)

[
N∏

i=1

{
ni∏

t=1

(pcit(bit, β))
yit (1− pcit(bit, β))1−yit

}
φ(bi|η, λ)

]
.

Full conditional posterior distributions are required to implement the MCMC
algorithm (Gelman et al., 2004). Since all full conditionals are intractable an-
alytically and not easily generated from, we have to construct suitable pro-
posals for a Metropolis-Hastings step (Hastings, 1970; Gamerman, 1997). In
practice, Gibbs sampling is implemented using WinBUGS (http://www.mrc-
bsu.cam.ac.uk/bugs/winbugs/contents.shtml). The MCMC algorithm simulates
direct draws from the above full conditionals iteratively until convergence is
achieved.

In Bayesian modeling, there are several model selection criteria such as pos-
terior predictive loss, Bayes factor and deviance infromation criterion (DIC)
(Daniels and Hogan, 2008). In this paper, we use DIC for Bayesian model com-
parison (Spiegelhalter et al., 2002). Let θ be a vector of all parameters and let
L(θ|y) be the likelihood of y = (y1, · · · , yN)T . Then the DIC is given as

DIC = D(θ) + pD

where D(θ) = −2 logL(θ|y) measures the deviance evaluated at the posterior
mean of the parameters (goodness-of-fit) and pD = Dev(θ)−D(θ̃) measures the
effective dimension (penalty of complexity) of model. The DIC is then defined
analogously to AIC and models with smaller DIC should be preferred to models
with larger DIC. The advantages of DIC over other criteria, for Bayesian model
selection, is that the DIC is easily calculated from the MCMC samples. In
contrast, AIC and BIC require calculating the likelihood at its maximum values,
which are not easily available from the MCMC simulation.
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Abstract. We consider the nonlinear regression analysis with a scalar response and
multiple predictors. An unknown regression function is approximated by radial basis
function models. It is known that ordinal nonlinear estimation leads to overfitting. The
purpose is to construct a smooth estimator for general robust regression. The proposed
method is conducted by a two step procedure. First, the sufficient dimension reduction
methods are applied to the response and radial basis functions for transforming the
large number of radial bases to a small number of linear combinations of the radial
bases without loss of information. In the second step, a multiple linear regression model
between a response and the transformed radial bases is assumed and the ordinal is
applied. Thus the final estimator is also obtained as a linear combination of radial
bases. As the result, the proposed method leads to that the estimator has the curve
with goodness and smoothness. Our method can be widely used in several regression
problems such as quantile regression, robust regression and binary regression.

1 Introduction

1.1 Nonlinear regression model

Nonlinear regression has been developed to understand the relationship between
an response Y and a d-dimensional predictor x = (x1, · · · , xd)

T ∈ Rd. The
general multiple regression model is defined as

Y = f(x) + ε,

where f : Rd → R is an unknown regression function and, in many cases, ε
has symmetrical density. The function f is usually defined as the minimizer
of E[ρ(Y − a)|X = x], where ρ(u) is convex and has a unique minimum at
u = 0. When ρ(u) = u2 is used, we obtain f(x) = E[Y |x], and when ρ(u) = |u|
is used, f(x) becomes the conditional median of Y given x. These are often
called the mean regression and the median regression, respectively The purpose
of regression is often to estimate f using the sample {(Yi, xi) : i = 1, · · · , n} of
(Y, x). In nonlinear regression, one of most popular approaches, the regression
function f is assumed as radial basis function models

f(x) =
K∑

k=1

ckϕk(x) = cT ϕ(x),
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where ϕ1, · · · , ϕK are known radial basis functions; c1, · · · , cK are unknown pa-
rameters, where c = (c1 · · · cK)T and ϕ(x) = (ϕ1(x) · · · ϕK(x))T . We estimate
ck instead of f directly. A radial basis function is defined in Rd and has a value
that depends only on the distance between the predictor x and the knot κk and
hence ϕk can be written in the form ϕk(x) = ϕ(||x − κk||). In generally, the
coefficient c can be estimate as the minimizer of

∑n
i=1 ρ(Yi − f(xi)). Although

it is known that the above estimation may lead to wiggly estimator when K
is large. Hence we should estimate c in order to avoid overfitting. As one of
majority methods, the penalized method is useful. However in quantile and ro-
bust regression, te computation becomes difficult and the smoothing parameter
selection method has not yet been developed. Therefore we suggest the alter-
native method to obtain smooth curve. In this conference, we use the method
of sufficient dimension reductions (SDR) to constrain c but not penalization.

1.2 Sufficient dimension reduction

We briefly describe the usage of the sufficient dimension reduction methods.
We consider a continuous one dimensional response Y and a continuous d-
dimensional predictor X = (X1, · · · , Xd). If there exists a J × d(J ≤ d) matrix
C such that

Y ⊥⊥X|CX,

then C is called an SDR subspace. This means that the conditional distribution
of Y |X equals that of Y |CX. If C exists, then the dimension of the predictor can
be reduced from d to J . In other words, it is sufficient to consider the univariate
regression when J = 1. The SDR method estimates C or subspaces of C. For
typical SDR methods, Li [6] proposed the sliced inverse regression (SIR), Cook
and Weisberg [4] suggested the sliced average variance estimation (SAVE) and
Li [7] studied the principal Hessian directions (PHD). SDR methods have been
developed in nonlinear regression. The nonlinear SDR methods consider

Y ⊥⊥ϕ(X)|Bϕ(X), (1)

where ϕ : Rd → RK is the nonlinear K-dimensional function and B is the
J × K(K ≤ J) matrix. The purpose is to estimate B.

The sufficient dimension reduction methods to estimate CDR space can be
formulated as the eigenvalue problem:

Mβj = λjGβj, j = 1, · · · , J, (2)

where the K square matrix M is symmetric and nonnegative definite, the K
square matrix G is positive definite, vectors β1, · · · ,βK are eigenvectors satis-
fying βT

i Gβj = 1 for i = j, and 0 for otherwise, and λ1 ≥ · · · ≥ λK ≥ 0 are
corresponding eigenvalues. Then the matrix B is obtained as B = [β1, · · · , βJ ].
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Specifying M and G, several dimension reduction methods such as SIR, SAVE,
PHD and others can be obtained. Let Σ = E[{ϕ(X) − E[ϕ(X)]}2] and Z =
Σ−1(ϕ(X)−E[ϕ(X)]) be a covariance matrix of ϕ(X) and standardized version
of ϕ(X). We then obtain

SIR: M = Cov(E[ϕ(X) − E[ϕ(X)]|y]) and G = Σ.
SAVE: M = Σ1/2E[{I − Cov(Z|y)}2]Σ1/2 and G = Σ.
PHD: M = Σ1/2Σ2

yzΣ
1/2 and G = Σ, where Σyz = E[{Y − E[Y ]}ZZT ].

Actually, since βj is unknown, we should estimate βj using sample version
of above M and G. The estimation algorithm have been clarified in Li [6], Cook
and Wiesberg [4], Li [7] and Cook [2]. Many useful SDR methods other than the
above have been proposed by many authors. For example, the iterative PHD
(Cook and Li, [3]), contour regression (Li et al., [8]), directional regression (Li
and Wang, [?]), sparse SDR (Li, [9]), sparse SIR (Zhu et al., [11]) and coordinate
independent sparse SDR (Chen et al., [1]) and so on. However we focus only on
SIR, SAVE and PHD in this conference since the selection of SDR method is
very difficult (although the heuristic search can be done).

1.3 Organization

We estimate the regression function f using nonlinear SDR methods. If B sat-
isfying (1) exists, then the conditional distribution of Y |ϕ(X) equals that of
Y |Bϕ(X). In other words, the regression function f(x) can be expressed as
f(x) = wT Bϕ(x), where w ∈ RJ is an unknown vector. First we estimate B
using the nonlinear SDR method. We next estimate w in the models of multi-
ple linear regression. Thus the final estimator of f is established by a two step
procedure. The SDR method constrains the behavior of the coefficients of the
radial bases similarly to penalization. As such, the proposed two step estima-
tion can avoid overfitting the estimate even if K is large. The efficiency of the
proposed estimator is confirmed by numerical study in this paper.

This paper is organized as follows. Section 2 describes the nonlinear re-
gression setting and Section 3 provides the two step estimation using the SDR
method. In Section 4, we discuss the proposed method for binary response.
Section 5 address a numerical simulation and an application are addressed.
Conclusion and further study are provided in Section 6.

2 Nonlinear surface regression

For the dataset {(Yi,X i) : i = 1, · · · , n} with an one dimensional response Yi

and a d-dimensional predictor X i, consider the nonlinear radial basis regression
models:

Yi =
K∑

k=1

ckϕk(x) + εi,
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where c1, · · · , cK are unknown parameters, ϕ1, · · · , ϕK are known radial basis
functions and εi’s are i.i.d. random error having symmetry density. In this
paper, we use the thin plate spline basis for ϕk(x). For k = 1, · · · , K, the thin
plate spline is of the form

ϕk(x) = ϕ(||x − κk||) =

{
||x − κk||2m−d, d odd,
||x − κk||2m−d log ||x − κk||, d even,

where κ1, · · · ,κK are the locations of fixed d-dimensional knots and m is an
integer satisfying 2m − d > 0 that controls the smoothness of ϕ. Then we
estimate c = (c1, · · · , cK)T and construct the estimator of f as for x ∈ Rd,

f̂(x) =
K∑

k=1

ĉkϕk(x) = ĉT ϕ(x),

where ĉ = (ĉ1, · · · , ĉK)T is the estimator of c and ϕ(X) = (ϕ1(X), · · · , ϕK(X))T .
In general, the estimator ĉ = (ĉ1, · · · , ĉK)T of c is obtained as the minimizer of

n∑

i=1

ρ(Yi − cT ϕ(xi)), (3)

where ρ is the convex function on R with the unique minimizer at the origin.
When ρ(u) = u2, f(x) is the conditional mean of Y given X = x and f̂(x)
is the its estimator. When ρ(u) = |u|, then f̂(x) is the estimator of the condi-
tional median function. Thus specifying ρ, we capture several types of regression
function and we can obtain the robust estimator of f .

In general, the estimator f̂(x) will have a wiggly curve if K is large. So we
should improve the estimation method in order to obtain a smooth estimator.
Many authors used the penalization method to avoid the overfitting curve in
mean regression. But in median or other robust regression, the algorithm of
penalization is complicated and the smoothing parameter selection methods
have been developed. Therefore we suggest the new estimation method without
penalization in next section.

3 Estimation via sufficient dimension reduction method

To avoid such overfitting, we estimate c by the two step procedure using the SDR
method. We define the function F : RJ+1 → R for 1 ≤ J ≤ K, z1, · · · , zn, ε ∈ R
as

F (z1, z2, · · · , zJ , ε) =
J∑

j=1

wjzj + ε,
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where w1, · · · , wJ ∈ R are unknown parameters. Then the following nonlinear
model

Yi = F (βT
1 ϕ(xi), · · · ,βT

J ϕ(xi), εi) (4)

can be considered, where β1, · · · ,βJ are unknown vectors of dimension K. This
model implies that Y depends on X only through J linear combinations of
the radial basis vector. For j = 1, · · · , J , the estimator β̂j of βj is obtained
using an SDR method such as SIR, SAVE, PHD and so on. Next we substitute
β̂j(j = 1, · · · , J) into (4) and solve

min
w1,···,wJ

n∑

i=1

ρ

(
Yi −

J∑

j=1

wjβ̂
T

j ϕ(Xi)

)
(5)

with respect to w = (w1, · · · , wJ)T . Finally we estimate f by

f̂(x) =
J∑

j=1

ŵjβ̂
T

j ϕ(x) = ŵT B̂ϕ(x)

where ŵ = (ŵ1, · · · , ŵJ)T is the minimizer of (5) and B̂ = [β̂1, · · · , β̂J ]T . In
other words, the estimator of c is constructed by ĉ = B̂T ŵ.

4 Extension to binary response

The proposed methods can be applied to the binary response data. We consider
the data {(Yi, X i) : i = 1, · · · , n}, where Yi ∈ {0, 1} and X i is similar to
that given in Section 2. Then we model the relationship between response and
predictor as

P (Yi = 1|X i = xi) = f(xi), P (Yi = 0|X i = xi) = 1 − f(xi).

Since Y1, · · · , Yn are independently distributed as the Bernoulli distribution, the
density g of yi can be written as

g(yi|xi) = f(x)yi{1 − f(x)}1−yi ,

Here we assume that

f(xi) =
exp[cT ϕ(xi)]

1 + exp[cT ϕ(xi)]
,

that is, the logistic regression is considered. To estimate c, the maximum likeli-
hood using Fisher-scoring is useful in the logistic regression. The Fisher-scoring
iteration algorithm is detailed in many books of statistical analysis and hence
we omit it in this paper.
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Cook and Lee (1999) have proposed the SDR method for binary response.
So we estimate c using SDR method for binary data and Fisher-scoring. We
briefly introduce SIR, SAVE and PHD for binary data. Let s1 ≥ sJ denote
the eigenvalues of a matrix M and let β1, · · · ,βJ denote the corresponding
eigenvectors (J ≤ K). By specifying M , SIR, SAVE and PHD can be obtained.
The estimator ŝj and β̂j of sj and βj are obtained by sample version of M . Let
µj = E[Z|y = j] and Σj = V [Z|y = j] for j = 0, 1. Further, π = P (Y = 1),
µµ1 − µ0 and ∆ = Σ1 − Σ0. When M = µµT is used, SIR is obtained. We
note that since {rank}(µµT) = 1, the reduced dimension is J = 1. When
M = (1 − π)(I − Σ0)(I − Σ0)

T + π(I − Σ1)(I − Σ1)
T , where I is the identity

matrix, we obtain SAVE. The PHD for binary data is defined as M = π(1 −
π){∆ + (1 − 2π)µµT }.

In the first step estimation, using SDR method, the dimension of the radial
basis functions {ϕ1(x), · · · , ϕK(x)} is reduced to row dimensional linear com-

bination {β̂
T

1 ϕ(x), · · · , β̂T

J ϕ(x)} for J ≤ K. The second step, we consider the
logistic regression using

f(xi) =
exp[wT B̂ϕ(xi)]

1 + exp[wT B̂ϕ(xi)]
,

where B̂ is same that given in Section 3 and w = (w1, · · · , wJ)T and estimate
w by maximum likelihood method. As the final estimator of f(x), we obtain

f̂(x) =
exp[ŵT B̂ϕ(x)]

1 + exp[ŵT B̂ϕ(x)]
,

where ŵ is the maximum likelihood estimator of w.

5 Numerical study

We will report the application to the real data in conference. But we omit in
this paper.

6 Conclusion

This paper suggested nonlinear multiple regression using the sufficient dimen-
sion reduction method in the context of M -estimation. The proposed method
was conducted via a two step algorithm. First we applied the sufficient dimen-
sion reduction method to the response and the radial basis function. We next
estimate the regression function under multiple linear regression models. The
first dimension reduction method controls the relationship between a response
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and a radial basis function to avoid overfitting. In the second step, the model is
regarded as a linear combination of the radial bases transformed in the first step.
As the further study, it would be beneficial to extend the works in this paper
to the partial linear model with the indicator predictor. We may also consider
various extensions of the model concerned with extreme value response and so
on.
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Abstract 
In this paper, a computational approach for solving the nonlinear dynamic 
estimation problem is proposed. Our aim is to estimate the nonlinear state 
dynamics. In our approach, the linear expectation model, which is added with the 
adjusted parameters, is introduced. On this basis, the differences between the 
original system and the model used can be measured repeatedly. Since the output 
is measureable from the original problem, it is fed back into the model, in turn, 
updates the estimation solution of the model used iteratively. As the convergence 
achieved, the model solution converges to the true solution of the original 
problem, in spite of model-reality differences. For illustration, an example is 
studied and the solution shows the efficiency of the approach proposed.  
Keywords: nonlinear dynamic estimation, iterative solution, model-reality 
differences, adjusted parameters, output measurement       

 
 

1 Introduction  
 
Estimating the state dynamics accurately from a nonlinear dynamical system 
that is disturbed by Gaussian white noise sequences is a challenging task. This 
estimation is due to the fluctuation behavior appeared in the dynamic system 
that gives an unpredictable response, and makes the dynamic system even 
more complex. In this point of view, the Kalman filtering theory, which 
consists of the measurement and time updates, is proposed to give the optimal 
state estimate for the linear stochastic dynamic systems [1, 2, 3].  

The idea of the Kalman filtering theory is then extended to nonlinear 
dynamical systems since most of engineering problems are nonlinear in nature, 
see for examples [4, 5, 6]. In implementation of the extended Kalman filter 
(EKF), the Jacobian matrices derived on the state and the measurement output 
equations are evaluated with the current predicted states. This linearization 
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would not give the optimal state estimate and the divergence could be 
happened towards the wrong estimated solution [7, 8].  

To improve the EKF, the unscented Kalman filter (UKF) is investigated [9]. 
In such study, the probability density is approximated by a deterministic 
sampling of points using the unscented transformation [10, 11]. The UKF is 
more robust and more accurate than the EKF for the estimation errors. 
However, the UKF does not perform well for the bad initial state and its 
robustness is less than the optimization based state estimators, for instance, the 
moving horizon estimator [12]. Practically, state estimation with the Kalman 
filtering theory has been widely applied in engineering and sciences, which 
covers target tracking [13], robotic manipulators [14], reservoir modeling [15], 
biomedical applications [16], sensor data [17], and control systems with 
model-reality differences [18, 19].  

In this paper, we propose an efficient computation approach, which is based 
on the association of the Kalman filtering theory and the principle of model-
reality differences, for solving nonlinear dynamic estimation problem of 
stochastic system. In our approach, the adjusted parameters are introduced into 
the linear dynamic system, both for state and output equations. During the 
computation procedure, the output, which is measured from the real plant, is 
fed back into the model used, in turn, updates the model trajectory iteratively. 
In this way, the differences between the real plant and the model used are 
calculated at each iteration step. Consequently, the optimal solution of the 
model used approaches to the true optimal solution of the original estimation 
problem in spite of model-reality differences. On this basis, an iterative 
algorithm is then established for the estimation problem of nonlinear stochastic 
dynamical systems.          

The rest of the paper is organized as follows. In Section 2, the estimation 
problem of a nonlinear stochastic dynamical system is described. For 
simplicity, a linear model-based estimation problem, which is added with the 
adjustable parameters, is formulated. In Section 3, an expanded estimation 
problem, which takes into account the differences between the real system and 
the model used, is introduced. The resulting iterative algorithm that is based on 
the Kalman filtering theory and the principle of model-reality differences is 
then derived for solving the nonlinear dynamics estimation problem. In Section 
4, an illustrative example is studied for the efficiency. Finally, some 
concluding remarks are made.         
 
2 Problem Statement 
 
Consider a general class of difference equations given below:  
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    ( 1) ( ( ), ) ( )x k f x k k G kω+ = +              (1a) 
        ( ) ( ( ), ) ( )y k h x k k kη= +                   (1b) 

 
where ( ) ,nx k ∈ℜ 0,1,..., ,k N= and ( ) ,py k ∈ℜ 0,1,..., ,k N= are, respectively, 

the state sequence and the output sequence. ( ) ,qkω ∈ℜ 0,1,..., 1,k N= −  and 

( ) ,pkη ∈ℜ 0,1,..., ,k N=  are stationary Gaussian white noise sequences with 

zero mean and their covariance matrices are, respectively, given by q qQω
×∈ℜ  

and ,p pRη
×∈ℜ which are positive definite matrices. n qG ×∈ℜ is the process 

coefficient matrix, nnf ℜ→ℜ×ℜ:  represents the plant dynamics and 
pnh ℜ→ℜ×ℜ:  is the output measurement channel.  

The initial state is  
 

0(0)x x=  

 
where 0

nx ∈ℜ  is a random vector with mean and covariance are, respectively, 

given by  
 

0 0[ ]E x x=  and T
0 0 0 0 0[( )( ) ]E x x x x M− − = . 

 
Here, 0

n nM ×∈ℜ  is a positive definite matrix. It is assumed that initial state, 

process noise and measurement noise are statistically independent.   
Suppose the state mean propagation is given by  

   
( 1) ( ( ), )x k f x k k+ = ,       0(0)x x=       (2a) 

     ( ) ( ( ), )y k h x k k=        (2b) 
 

where ( ) ,nx k ∈ℜ 0,1,..., ,k N= and ( ) ,py k ∈ℜ 0,1,..., ,k N= are, respectively, 
the expected state sequence and the expected output sequence. Then, the aim is 
to find a sequence of the optimal state estimate ˆ( ) ,nx k ∈ℜ 0,1,..., ,k N=  such 
that the following weighted least squares error (WLSE) is minimized, 
   

   T 1

0

1
( ) (( ( ) ( )) ( ( )) ( ( ) ( ))

2

N

mse x
k

J x x k x k M k x k x k−

=

= − −∑  

      T 1( ( ) ( )) ( ( )) ( ( ) ( )))yy k y k M k y k y k−+ − −       (3) 
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where ( ) ,n n
xM k ×∈ℜ 0,1,..., ,k N= and ( ) ,p p

yM k ×∈ℜ 0,1,..., ,k N= are, 

respectively, the state error covariance matrix and the output error covariance 
matrix. It is assumed that all functions in (1), (2) and (3) are continuously 
differentiable with respect to their respective arguments.    

This problem is regarded as the nonlinear dynamic estimation problem, and 
is referred to as Problem (P). Since the exact state trajectory of Problem (P) is 
impossible to be obtained, and solving Problem (P) by using the nonlinear 
filtering theory is computationally demanding. In view of these, a linear model, 
which is referred to as Problem (M), is simplified from Problem (P) as follows:  

 

       T 1

( )
0

1
min ( ) (( ( ) ( )) ( ( )) ( ( ) ( ))

2

N

mse x
x k

k

J x x k x k M k x k x k−

=

= − −∑  

      T 1( ( ) ( )) ( ( )) ( ( ) ( )))yy k y k M k y k y k−+ − −    

 subject to            (4) 

1( 1) ( ) ( )x k Ax k kα+ = + ,        0(0)x x=       

     2( ) ( ) ( )y k Cx k kα= +  

      
where 1( ) ,nkα ∈ℜ 0,1,..., 1,k N= − and 2( ) ,pkα ∈ℜ 0,1,..., ,k N= are the 

adjusted parameters, n nA ×∈ℜ and p nC ×∈ℜ are, respectively, the state 
transition matrix and the output coefficient matrix. Note that both of these 
matrices can be obtained from the linearization of the plant dynamics and the 
measurement channel, respectively, at the known initial state.      

Because of the different structure between these problems, only solving 
Problem (M) will not give the optimal solution of Problem (P). However, with 
adding the adjusted parameters into the model used, the differences between 
the original system and the model used can be calculated repeatedly once the 
solution of model used is obtained at each iteration step. On the other hand, the 
output, which is measurable from the real plant, is fed back into the model used 
in constructing the matching scheme, in turn, updates the model solution 
iteratively. In such a way, the repetitive solution converges to the true optimal 
solution of the original dynamic estimation problem, in spite of model-reality 
differences.    
 
3 A Model-Reality Differences Approach  
 
Now, let us define an expanded dynamic estimation problem, which is referred 
to as Problem (E), given by  
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       T 1

( )
0

1
min ( ) (( ( ) ( )) ( ( )) ( ( ) ( ))

2

N

mse x
x k

k

J x x k x k M k x k x k−

=

= − −∑  

      T 1( ( ) ( )) ( ( )) ( ( ) ( )))yy k y k M k y k y k−+ − −   

       
21

12 ( ) ( )r x k z k+ −� �   

 subject to            (5) 
   1( 1) ( ) ( )x k Ax k kα+ = + ,  0(0)x x=   

                   2( ) ( ) ( )y k Cx k kα= +  

     1( ) ( ) ( ( ), )Az k k f z k kα+ =  

     2( ) ( ) ( ( ), )Cz k k h z k kα+ =  

       ( ) ( )z k x k=   
 

where ( ) ,nz k ∈ℜ 0,1,..., ,k N= is introduced to separate the expected state 
estimate in the state estimation from the respective signal in the parameter 
estimation, and || ||⋅  denotes a usual Euclidean norm. The term of 

21
12 ( ) ( )r x k z k−� �  with 1r ∈ℜ  is introduced to improve the convexity and to 

facilitate the convergence of the resulting iterative algorithm. It is important to 
note that the algorithm is designed such that ( ) ( )z k x k=  is satisfied upon 
termination of the iterations, assuming that the convergence is achieved. The 
state estimate ( )z k  is used for the computation of parameter estimation and the 
matching scheme, while the corresponding state estimate ( )x k  will give the 
optimal state sequence for state estimation. Thus, the optimal state estimation 
and parameter estimation are mutually interactive.   

Then, we write the augmented cost function as 
  

1
T 1

0

1
( ) (( ( ) ( )) ( ( )) ( ( ) ( ))

2

N

mse x
k

J x x k x k M k x k x k
−

−

=

′ = − −∑   

T 1( ( ) ( )) ( ( )) ( ( ) ( )))yy k y k M k y k y k−+ − −

 21
12 ( ) ( )r x k z k+ −� �  

T
1( 1) ( ( ) ( ) ( ) ( 1))p k Ax k Bu k k x kα+ + + + − +  

T
2( ) ( ( ) ( ) ( ))q k Cx k k y kα+ + −  

T
1( ) ( ( ( ), ( ), ) ( ) ( ) ( ))k f z k v k k Az k Bv k kµ α+ − − −  

T
2( ) ( ( ( ), ) ( ) ( ))k h z k k Cz k kπ α+ − −    

T( ) ( ( ) ( ))k z k x kβ+ −                      (6) 
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where ( ) ,np k ∈ℜ ( ) ,pq k ∈ℜ ( ) ,nkµ ∈ℜ ( ) ,pkπ ∈ℜ  and ( ) nkβ ∈ℜ are the 
appropriate multipliers to be determined later.  
 
3.1 Optimal state estimate  
 
By taking the first-order necessary condition ( ) 0msedJ x′ =  for arbitrary 

( ),dx k the coefficients of ( )dx k  must vanish. After carrying out some algebraic 
manipulations, the optimal state estimate, which is based on the measurement 
update, is yielded by  
 
                      ̂( ) ( ) ( )( ( ) ( ))fx k x k K k y k y k= + −                             (7) 

 
and the optimal state estimate, which is based on the time update, is presented 
by    

           1ˆ( 1) ( ) ( )x k Ax k kα+ = + ,         0(0)x x=       (8) 

 
with the current output measurement, that is,  

     
   2( ) ( ) ( )y k Cx k kα= +         (9) 

where 
T 1( ) ( ) ( )f x yK k M k C M k −=       (10) 

  1( ) ( ) ( ) ( ) ( )T
x x y xP k M k M k C M k CM k−= −     (11) 

      T T( 1) ( )xM k AP k A GQ Gω+ = + ,  0)0( MM x =     (12) 

          T( ) ( )y xM k CM k C Rη= +       (13) 

 
Here, ( ) n p

fK k ×∈ℜ  is the filter gain matrix, ( ) ,p p
yM k ×∈ℜ  ( ) n nP k ×∈ℜ  and 

nn
x kM ×ℜ∈)(  are positive definite matrices [7, 8, 20, 21]. Notice that by 

adding the adjusted parameters, the state information (7) gives the minimum 
output error. It also improves the trajectory of the expected state sequence (8) 
and the corresponding measured output sequence (9) in the estimation of the 
original state dynamics.  

In addition, the deterministic dynamic system, which is the combination of 
(7) and (8), is propagated to generate the following optimal state sequence and 
the corresponding measured output sequence,  

 
( 1) ( ) ( )( ( ) ( ))px k Ax k K k y k y k+ = + − 1( ),kα+       0(0)x x=        (14a) 

     ( ) ( )y k Cx k= 2( )kα+                       (14b) 
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where  
( ) ( ),p fK k AK k=      0,1,..., 1k N= −               (15)   

 
is the predictor gain.  

As a result, the modified model-based dynamic estimation problem, which 
is referred to as Problem (MM) and satisfies the conditions (7), (8) and (9), is 
defined as follows:  

 

       T 1

( )
0

1
min ( ) (( ( ) ( )) ( ( )) ( ( ) ( ))

2

N

mse x
x k

k

J x x k x k M k x k x k−

=

= − −∑  

      T 1( ( ) ( )) ( ( )) ( ( ) ( )))yy k y k M k y k y k−+ − −   

       
21

12 ( ) ( )r x k z k+ −� �   

 subject to           (16) 

1( 1) ( ) ( )x k Ax k kα+ = + ,  0(0)x x=     

                                         2( ) ( ) ( )y k Cx k kα= +  

 
3.2 Parameter estimation  
 
Furthermore, the coefficients of ( )d kµ  and ( )d kπ  are vanished as the first-

order necessary condition ( ) 0msedJ x′ =  for arbitrary ( )d kµ  and ( ).d kπ That is, 

the adjusted parameters are computed from  
                             
                                           1( ) ( ( ), ) ( )k f z k k Az kα = −                                  (17a) 

                               2( ) ( ( ), ) ( )k h z k k Cz kα = −                        (17b)                                         

 
Hence, the differences between the real system and the model used are 
calculated.  

The matching scheme is then established based on the separable variable  
 

( ) ( )z k x k=  
 

where the optimal state estimate is employed to calculation of the adjusted 
parameters afterward. Notice that the following multipliers satisfy the first-
order necessary condition ( ) 0msedJ x′ = ,  

 
( ) ( 1) 0,k p kµ = + = ( ) ( ) 0,k q kπ = = 1( ) ( ( ) ( ))k r x k z kβ = −  

 
in which the calculus of variation is applied [20, 22, 23].  
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3.3  Iterative algorithm  
 
From the discussion above, the result can be summarized as an iterative 
algorithm, which takes into account the model-reality differences during the 
computation procedure. Therefore, the following calculation steps in the 
iterative algorithm are presented: 
 
Iterative algorithm  
Step 0 Compute a nominal solution. Assume 1( ) 0,kα = 2( ) 0,kα = and 1 0,r =  

calculate ( ),fK k ( ),P k ( ),xM k ( )yM k  and ( )pK k  from (10), (11), (12), 

(13) and (15), respectively. Then, solve Problem (M) defined by (4) to 
obtain ( )x k  and ( ).y k  Set 0,i = 0 0( ) ( )z k x k=  and 0 0ˆ( ) ( ) .y k y k=    

Step 1 Compute the adjusted parameters 1( ) ,ikα 0,1,..., 1,k N= − and 2( ) ,ikα  

0,1,..., ,k N=  from (17). This step is called the parameter estimation 
step.     

Step 2 With the specific 1( ) ,ikα 2( ) ,ikα ( )iz k  and ˆ( ) ,iy k  solve Problem (MM) 

defined by (16). This step is called the state estimation step.  
3.1 Use (14a) to obtain the new optimal state estimate ( ) ,ix k  

0,1,..., .k N= . 

3.2 Use (14b) to obtain the new optimal output estimate ( ) ,iy k  
0,1,..., .k N=    

Step 3 Test the convergence and update the optimal state estimate of     
Problem (P). In order to provide a mechanism for regulating 
convergence, a simple relaxation method is employed:  

 
    1( ) ( ) ( ( ) ( ) )i i i i

zz k z k k x k z k+ = + −               (18a) 

            1ˆ ˆ ˆ( ) ( ) ( ( ) ( ) )i i i i
yy k y k k y k y k+ = + −              (18b) 

 
where , (0,  1]z yk k ∈ are scalar gains. If 1( ) ( ) ,i iz k z k+ = 0,1,..., ,k N= and 

1ˆ ˆ( ) ( ) ,i iy k y k+ = 0,1,..., ,k N=  within a given tolerance, stop; else set 
1i i= +  and repeat from Step 1.    

 
Remarks:  
(a) The off-line calculation is done, as stated in Step 0, to calculate 

( ),fK k ( ),P k ( ),xM k  ( )yM k and ( ).pK k  Then, these parameters are 
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used for solving Problem (M) in Step 0 and for solving Problem (MM) 
in Step 2, respectively.  

(b) The variables 1( )ikα  and 2( )ikα  are zero in Step 0. Their calculated 

values, as stated in Step 1, change from iteration to iteration.  
(c) Problem (P) is not necessary to be linear, and the WLSE is the 

quadratic cost function for both Problem (P) and Problem (M).  
(d)  The default value of the scalar gains ( , )z yk k  is 0.9, and this value can 

be chosen from 0.1 to 0.9 for an optimal number of iteration.  
(e) The convergence of ( )z k  and ˆ( )y k  in Step 3 is verified by comparing 

the following 2-norm with the given tolerance 
 

 1 1 2
2

0

|| || || ( ) ( ) ||
N

i i i i

k

z z z k z k+ +

=
− = −∑             (19a) 

 1 1 2
2

0

ˆ ˆ ˆ ˆ|| || || ( ) ( ) ||
N

i i i i

k

y y y k y k+ +

=
− = −∑             (19b) 

 
4 Illustration 
  
Consider a nonlinear dynamical system [24] in Problem (P) given below:  
  
           1 1 2( 1) 0.99 ( ) 0.2 ( )x k x k x k+ = +  

2
2 1 2

2

0.5 ( )
( 1) 0.1 ( ) ( )

1 ( ( ))

x k
x k x k k

x k
ω+ = − + +

+
 

                                    1 2( ) ( ) 3 ( ) ( )y k x k x k kη= − +  

 
where the initial condition 0(0)x x=  is a random vector with mean and 

covariance are, respectively, given by   
 

0

1.0

0.8
x

 
=  
 

 and 
0 0

0 1
M

 
=  
 

. 

 
The stationary Gaussian white noise sequences are ( )kω  and ( )kη  with zero 
mean and their respective covariance matrices are given by  
 

0 0

0 1
Qω

 
=  
 

   and   1Rη = . 
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The simplified model in Problem (M) is given below:  
 

       1 1 2 11( 1) 0.99 ( ) 0.2 ( ) ( )x k x k x k kα+ = + +  

2 1 2 12( 1) 0.1 ( ) 0.95 ( ) ( )x k x k x k kα+ = − + +  

1 2 2( ) ( ) 3 ( ) ( )y k x k x k kα= − +  

 
with the initial condition  
 

1(0) 1.0x = , 2(0) 0.8x = ,  0,1,...,20k =  

 
and the adjusted parameters T

1 11 12( ) ( ( ) ( ))k k kα α α=  and 2( )kα .  

Table 1 shows the simulation result, where there is a 46 percent of the error 
reduction done by the algorithm proposed. Here, the final WLSE, which is 
0.2863, is preferred since this value is smaller than the mean square error 
(MSE) of the EKF that is 0.4468. In Figure 1, the dynamics of the plant and 
state estimate are shown, where the state estimate tracks the plant dynamics 
slightly. In Figure 2, the behavior for the model output is similar equivalently 
to the original output, which shows the effectiveness of the algorithm proposed.  
  

Table 1. Simulation Result 
 

Number of iteration Elapsed time Initial WLSE Final WLSE 
37 0.032799 0.5293 0.2863 

 
 

 
 

Fig. 1. State Trajectories 
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Fig. 2. Output Trajectories  

 
5 Concluding Remarks 
 
The efficient computation approach for solving the nonlinear dynamic 
estimation problem was discussed in this paper. To solve this problem, the 
simplified linear model-based estimation problem with adding the adjusted 
parameters is introduced. During the computation procedure, the differences 
between the real system and the model used could be taken into account. The 
real output, which is measured from the real plant, is fed back into the model 
used in order to update the optimal solution of the model. This is done 
iteratively. As a result, the iterative solution converges to the true optimal 
solution of the original estimation problem despite model-reality differences 
when the convergence is achieved. For illustration, an example was studied and 
the results showed the efficiency of the algorithm proposed. In conclusion, the 
applicable of the algorithm proposed to nonlinear dynamic estimation problem 
is highly recommended.   
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Abstract The Difference System of Sets (DSS) are combinatorial structures 

that are a generalization of cyclic difference sets that arise in connection with 

code synchronization.  

The paper discussed some recent combinatorial constructions of the  

difference systems of sets (DSS) from the partitioning of  the multiplicative 

group   ( )   for any prime number   to difference sets of quadratic 

residue (Paley type) for     (     ) and the set  of quadratic residues for 

      (     )   The DSS obtained are perfect and regular which gives 

optimal codes with respect to the Levenshtein bound.   
The paper developed a program for constructing DSS from partitioning  

the multiplicative group   ( ) of any prime   to difference sets of quadratic 

residues (Paley type) for     (     ).  
 

 Key words: difference system of sets, cyclic difference sets, code 

synchronization 

 

 

1 Introduction    

 

When we transmit data, we are concerned about sending a message over  

a channel that could be affected by the noise.  We wish to be able to 

encode and decode the information in a manner that will allow the 

detection, and possibly the correction, of errors caused by noise.  . 

Below is a simple model of a communications system for transmitting  

and receiving coded messages (Figure 1).  Uncoded message may be 

composed of letters or characters, but usually they consist of binary   – 

tuples. These messages are encoded into codewords, consisting of binary   

- tuples by a device called an encoder.  The messages is transmitted and 

then decoded.  We will consider the occurrence of errors during 

transmission.  An error occurs if there is a change in one or more bits in the 
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codeword.  A decoding scheme is a method that either converts an 

arbitrarily received   - tuples to a meaningful decoded message or gives an 

error message for that   - tuple.   If the received message is a codeword 

(one of the special   - tuples allowed to be transmitted), then the decoded 

message must be the unique message that will encoded into the codeword.  

For received non coded words, the decoding scheme will give an error 

indication and try to correct the error and reconstruct the original message. 

The goal is to transmit error-free messages as cheaply and quickly as 

possible. 

 

 
Figure 1. Communication system for transmitting and receiving coded 

message 

Tonchev [8] considered the process of transmitting data over a channel,  

where the data being sent can be thought of as a stream of symbols from a 

finite alphabet     *         +  The data stream consists of 

consecutive messages, each message being a sequence of n consecutive 

symbols: 

 ,     -,     -  

where          and         are two consecutive messages.     

Therefore in order that the message decoded by the receiver resembles,  

as close as possible, the original message, the code should be synchronized.  

The synchronization problem that arises at the receiving end is the task of 

partitioning correctly the data stream into messages of length of n, as 

opposed to conceiving incorrectly a sequence of   symbols being the 
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concatenation of the end of one message with the beginning of another 

message as a single message. 

 ,            -   

The comma-free codes, first introduced in [Crick et al], are designed to  

solve the code synchronization problem.  The comma-free index  ( ) 
allows one to distinguish a code word from a joint of two code words (and 

hence provides  for synchronization of code words) provided that at most 

⌊ ( )  ⁄ ⌋ errors have occurred in the given code word. 

Levenstein [4],[5],and[6] introduced difference systems of sets for the  

construction of codes with prescribed comma-free index that allow for the 

synchronization in the presence of errors, that is, the redundancy  ( ) of a 

code counts the number of positions added  for error detection and 

corrections.  Hence, it is required that the redundancy is as small as 

possible.  Thus degree of resemblance will depend on how good the code is 

in relation to the channel. 

A difference systems of sets (DSS) with parameters(  {           }  )  

is a collection of   disjoint set    *     + | |              
such that the multi-set  

 

                              {   (     )|              }                  (1) 

 

contains every number                                A DSS is 

perfect if every number    (       ) appears exactly   times in the 

multi-set of differences (1).  A DSS is regular if all subsets    are of the 

same size that is,                   The notation used for the 

regular DSS on   points with   subsets of size   is (       ). 
Since DSS are a generalization of cyclic difference sets, Tonchev [8]  

direct constructions of perfect and regular DSS is obtained by using general 

partitions of cyclic difference sets, will be discussed in Sect 2.  

In Sect.3, a general algorithm for constructing DSS obtained from cyclic  

difference sets with given parameters         will be described. The out 

put of the program and tables of DSS found by using this algorithm are 

given in Sect.4 

 

2 DSS as partitions of difference sets 
In this section, we consider partition of the multiplicative group   ( )   

of a finite field of prime order   defined by a subgroup of   ( )  and its 

cosets, and the difference sets of Paley type, or equivalently, by partitioning 

the set of quadratic residues   modulo a prime number     (     )   
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Let   *          + be a (     ) difference sets([1],[2],[7]}, that is a  

subset of   residues modulo   such that every positive residue modulo   

occurs exactly   times is the multi-set of differences. 

 

       {     (     )|             }              (2) 

 

Then the collection of singletons    *  +        *  + is a perfect  

regular DSS with parameters (                ).  Thus, DSS 

are a generalization of cyclic difference sets. 

   The following lemma generalizes this simple construction by using more  

 general partitions of difference sets 

 

 Lemma 2.1 (Tonchev [8]).  Let   *       + | |   , be a cyclic 
(     ) difference set. Assume that   is partitioned into   disjoint subsets 

          that are the base blocks of a cyclic design   with block sizes 

   |  |           such that every two points are contained in at 

most    blocks.  Then the sets            forms a DSS with 

parameters(                 ).  The DSS *  +   
   

 is perfect if and 

only if   is a pairwise balanced design with every two points occurring 

together in exactly   blocks. 

 

We consider partition of the multiplicative group   ( ) of a finite field  

of prime order   defined by a subgroup of   ( )  and its cosets as the first 

application of Lemma 2.1 in the following theorem. 

 

Theorem 2.2 (Tonchev [8])  Let        for some         and let  

  be a primitive element of the finite field order     ( ).  The collections 

of sets: 

   * 
             +,                   

      

is a perfect regular (             ) DSS. 

Example 2.3 Let                     and     as its 

primitive element.  The DSS from Theorem 2.2 has      and the three 

sets    of size 6 are 

 

     *              +     *              +      *              + 
 

Hence, the collection             is a perfect regular (         ) DSS   
 

The next theorem gives perfect regular DSS’s obtained as partitions of  
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differences of quadratic- residues (QR), or Paley type.  It uses partition of a 

subgroup of the multiplicative group of a finite field of prime order 

   (     )  
 

Theorem 2.4 (Tonchev[8]).  For every prime         (     ) 
there exists a perfect regular DSS with parameters (        
(      )  ⁄ )   The set of quadratic residues is defined as 

 

                                              {   |    (   )  ⁄ }                     (3) 

 

and   let       {( 
   )|     } be the cyclic subgroup of   of order 

m. We defined the collection of sets              to be cosets of    in    
 

                                    
            

 (   )       
 

Example 2.5 Let          ,              as its primitive 
element.  The sets          defined as in Theorem 2.4 are: 
 
      *                     + and    *      + 
 

and the three sets of    of size   are 

 

       *      +    *     +    *       + 
 

Hence, the collection               is a perfect regular (         ) DSS. 

 

3 An algorithm for constructing DSS 
In this section, we describe an algorithm in constructing DSS obtained as  

partition of the multiplicative group  
  ( )   of a finite field of prime order   and differences of quadratic 

residues or Paley type.  

The following are the minimum system requirements for a computer to 

run the C++ language,and how the program operates algorithm.  

 

3.1 Minimum system requirements 

The minimum systems requirements for a computer to run the C++  

language is at least it has Windows 98 operating system, the executable file 

(DSSv6.exe) may be run in DOS mode and the program(DSSv6.cpp) was 

developed using Bloodshed C++. 
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3.2 How the Algorithm/Program Works? 

Generally, the algorithm follows the concept of modular programming.  

There are five modules or procedures (main() was excluded): accept(), 

testrange(), testprime(), primitive(), and findalpha() and findalpha2(). 

 

3.2.1  Accept() procedure 

This procedure signals the user to input an integer. 

3.2.2  Testrange() procedure 

After the user inputted an integer, this procedure checks whether the  

Input integer is accepted or not. Theoretically, the program can accept any 

positive integer greater than or equal to 3. However, since C++ data 

structures have limitations (the input integer is declared as integer data 

type– having a value range of -32,768 to 32767), the program cannot accept 

any integer greater than 32,767. Moreover, even though the program can 

accept such integer, the output of the program will clutter the screen. 

Having said this, it is advisable we choose arbitrarily 3,571 as the highest 

allowable input. 

 

3.2.3 Testprime() procedure 
Once an accepted input was found (that is, within the range), the previous  

procedure calls testprime() to determine whether an input is composite or 

prime. For example, if the user inputs 8. 8 is within the range yet a 

composite number. If this is the case, testprime() will call accept() for 

another valid input. On one hand, if the user inputs 7, which is within the 

range and a prime number, the primitive() produce will be called. 

 

3.2.4  Primitive() procedure 

Primitive() procedure allows the user to input the number of sets (q) of 

the DSS. The user will be asked whether if he wants to compute for 

partition of any prime n (multiplicative group of a finite field) or Partition of 

quadratic residues. The procedure will keep on running until the user input a 

correct q. This is shown in the given code below: 
ret: gotoxy(0,2); cout<<"\t---------------------------------------------------------------------";  

 cout<<"\n\tWhich one do you want to perform?\n\n";                                 

cout<<"\t[1] Partition of any prime n (multiplicative group of a finite field)\n"; 

cout<<"\t[2] Partition of quadratic residues\n";  cout<<"\t[3] Exit"; 

cout<<"\n\n\tChoice:  "; cin>>ch;                         

if(ch>3 || ch<1) {  cout<<"\tInvalid choice! Try again.\n"; Sleep(1000);                   

 gotoxy(18,8);  cout<<"  "; gotoxy(8,10);  cout<<"\t\t\t\t"; goto ret;  } else { 

if(ch==1){  cout<<"\t-----------------------------------------------------------------";  

here:  gotoxy(0,10);  cout<<"\n\tEnter the value of q:  "; cin>>q; 
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            while(((n-1)%q)!=0) { 

              cout<<"\t"<<q<<" does not divide "<<n-1<<". Press enter to try again."; 

              cin.sync(); cin.get(); gotoxy(8,12);  cout<<"\t\t\t\t\t\t\t"; goto here; } 

           m=(n-1)/q; findalpha(); }    

  else if(ch==2) { if((n%4)==3){ cout<<"\t---------------------------------------------------"; 

      enterq:  gotoxy(0,10); cout<<"\n\tEnter the value of q:  "; cin>>q; 

        while((n-1)%(2*q)!=0) { 

          cout<<"\t"<<q*2<<" does not divide "<<n-1<<". Press enter to try again."; 

          cin.sync(); cin.get(); gotoxy(8,12);  cout<<"\t\t\t\t\t\t\t"; goto enterq;  } 

       m=(n-1)/(2*q); findalpha2(); } 

else { cout<<"\tInvalid input! Press enter to try again.\t\n"; cin.sync(); cin.get(); 

main(); } } else { exit(0);  } getche(); 

 

3.2.5  Findalpha() procedure 

 This procedure finds the smallest primitive element of the integer n. The 

variable alpha is initialized to 2 as the smallest possible primitive element 

of the input integer n. Special case is given if n=3 since the 3 mod 2 = 1. For 

any other integers, the program will find alpha from 2 up to n-1. The 

program will halt if a primitive element is found; otherwise, alpha will be 

increased by 1. alpha is found if flag is less than 2. flag determines whether 

there is duplication of elements when alpha raised to (1 up to n-1) mod (n-

1). If there is a duplication of elements, therefore, alpha is not the “true” 

alpha. As mentioned earlier, alpha will be increased by 1 until it reaches (n-

1) or until flag is less than 2.  

 The code is given below. 
 alpha=2; 

 do{ element[0]=alpha;  result=alpha*alpha;             //trivial base 

   if(result >= n)  element[1]=result % n; 

    else{  if(n==3){ element[1]= result % n; } else{ element[1]=result; } } 

   for(i=2;i<=(n-1)&&(flag<2);i++){ 

          result=(result*alpha)%n; element[i]=result; 

  if(result==1)  flag++; } if(flag<2)  {found=1;}   else { alpha++; flag=0; } 

  } while(found!=1); cout<<"\nThe primitive element is "<<alpha<<".";      

 

The code below generates the sets Q0, Q1,…,Qq-1. 
for(int i=(q-1);i<(n-1);i=i+q) {       //find the initial set Q0 

         Q0[a]=element[i];  cout<<Q0[a]; 

        if((i+q)<(n-1)){  cout<<","; } a++; } 

for(int q2=0,t=q;q2<=(q-2);q2++,t++) { 

          cout<<"Q"<<q2+1<<"={"; 

   for(int m1=0,k=0;m1<m;m1++,k++)  {    //find the sets  Q1,Q2,Q3,…,Qq-1 

if(t>=(n-1){)  t=t%(n-1); } dss[q2][m1]=element[t];  t=t+q;  

cout<<dss[q2][m1];  if((k+1)<m)  cout<<","; } l++; cout<<"} \n "; } 

 

If the user choose the partition of quadratic residues, findalpha2() will be 

called. The code is given below. 
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     char ans;  int result,flag=0; int element[n-1];  alpha=2; 

        do { element[0]=alpha;  result=alpha*alpha;             //trivial base 

 if (result >= n)  {element[1]=result % n;} else{ element[1]=result;} 

       for(i=2;i<=(n-1)&&(flag<2);i++) { result=(result*alpha)%n;   

    element[i]=result;  if(result==1)  flag++; } 

           if(flag<2) { found=1;}  else { alpha++;  flag=0;  } 

} while(found!=1);  cout<<"\nThe primitive element is "<<alpha<<"."; 

     cout<<"("<<n<<", "<<m<<", "<<q<<", "<<(n-2*m-1)/4<<")\n\n"; 

     int b=0; int Q[m]; int a=0; cout<<"\n";  cout<<"Q={"; 

     for(int i=1;i<(n-1);i=i+2)  { Q[a]=element[i]; cout<<Q[a]; 

 if(i<n-2) cout<<",";   a++; } cout<<"}\n"; double dss[q][m]; 

           int k,t,l=0,counter=0;  for(int q2=0,t=(q-1);q2<=(q-1);q2++,t=q-1+l){  

           cout<<"Q"<<q2<<"={"; for(int m1=0,k=0;m1<m;m1++,k++) {  

         if(t>=m*q)  t=t%q;  dss[q2][m1]=Q[t]; t=t+q;  cout<<dss[q2][m1]; 

       if((k+1)<m)  cout<<","; } l++; cout<<"}\n"; } 

        cout<<"Press B to go back to main menu: \t\t\t\t\t"; ans=getche(); 

        if(ans=='b' || ans=='B') { first=1; main(); } else { first=1; ver=0; proc1(); } 

 

4  Tables of DSS 
   In this section, Tables 1 and 2 of DSS partitioned from any prime   

and set of quadratic residues generated by the algorithm described in Sec. 

3.  Here only partitions that satisfy the necessary conditions of Theorem 

2.2 and Theorem 2.4 are shown.  

 

Table 1. DSS partitioned from any prime   
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Table 2. DSS partitioned from set of quadratic residues  
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Abstract. Let 𝐴𝑝  be the class of 𝑝 −valent functions  𝑓 𝑧  of the form 𝑓 𝑧 = 𝑧𝑝 +
 𝑎𝑝+𝑛𝑧

𝑝+𝑛∞
𝑛=1  which are analytic in the open unit disc 𝐷 =  𝑧:  𝑧 < 1  and 𝑝 𝜖 ℕ =

 1,2,3, …  . In this paper, two classes 𝑀𝑠 𝑝, 𝐴, 𝐵  and 𝑁𝑠(𝑝, 𝐴, 𝐵) are considered which 

are consisting of functions 𝑓(𝑧) 𝜖 𝐴𝑝  and satisfying 
2𝑧𝑓 ′  𝑧 

𝑝[𝑓 𝑧 −𝑓 −𝑧 ]
≺

1+𝐴 𝑧 

1+𝐵(𝑧)
 and  

2 𝑧𝑓 ′  𝑧  ′

𝑝 𝑓 𝑧 −𝑓 −𝑧  ′
≺

1+𝐴 𝑧 

1+𝐵(𝑧)
 respectively with  −1 ≤ 𝐵 < 𝐴 ≤ 1and 𝑧 𝜖 𝐷. The Fekete-Szegö 

inequality for functions 𝑓(𝑧) belongs to these classes are obtained.  

 

 

1 Introduction 

 
Let 𝑈  be the class of functions which are analytic in the open unit disc  

𝐷 =  𝑧:  𝑧 < 1  given by  

 

𝑤 𝑧 =  𝑏𝑛𝑧
𝑛

∞

𝑛=1

                                                                      1  

 

and satisfying the conditions 

 

𝑤 0 = 0,  𝑤 𝑧  < 1,         𝑧 ∈ 𝐷. 
 

Let 𝐴𝑝  denote the class of functions 𝑓 which are analytic and  𝑝 −valent in  𝐷 

of the form 

 

𝑓 𝑧 = 𝑧𝑝 +  𝑎𝑝+𝑛𝑧
𝑝+𝑛

∞

𝑛=1

,    𝑝 𝜖 ℕ =  1,2,3, …  , 𝑧 ∈ 𝐷.                                (2) 

 

Also, let 𝑀𝑠(𝑝) be the subclass of 𝐴𝑝  consisting of functions given by (2) 

satisfying 

 

Proceedings of the International Conference on Mathematics, Statistics and Financial Mathematics 2014 (ICMSFM2014)
with IASC-ARS Sessions, Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 75



𝑅𝑒  
𝑧𝑓 ′ 𝑧 

𝑝 𝑓 𝑧 −  𝑓 − 𝑧  
 > 0,     𝑧 ∈ 𝐷 

 

and 𝑁𝑠(𝑝) be the subclass of 𝐴𝑝  consisting of functions given by (2) satisfying 

 

𝑅𝑒  
[𝑧𝑓 ′ 𝑧 ]′

𝑝[𝑓 𝑧 − 𝑓 −𝑧 ]′
 > 0,     𝑧 ∈ 𝐷. 

 

Further, let 𝑓, 𝑔 ∈ 𝑈. Then we say that 𝑓  is subordinate to 𝑔 , and we write 

𝑓 ≺ 𝑔 , if there exixts a function 𝑤 ∈ 𝑈  such that 𝑓 𝑧 = 𝑔 𝑤 𝑧   for all 

𝑧 ∈ 𝐷. Specially if 𝑔 is univalent in 𝐷, then 𝑓 ≺ 𝑔 if and only if 𝑓 0 = 𝑔(0) 

and 𝑓(𝐷) ⊆ 𝑔(𝐷). 

 

In term of subordination, let 𝑀𝑠(𝑝, 𝐴, 𝐵) denote the class of functions of the 

form (2) and satisfying the condition 

 

2𝑧𝑓′(𝑧)

𝑝[𝑓 𝑧 − 𝑓 −𝑧 ]
≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 , −1 ≤ 𝐴 < 𝐵 ≤ 1,    𝑧 ∈ 𝐷 

 

and 𝑁𝑠(𝑝, 𝐴, 𝐵) denote the class functions of the form (2) and satisfying the 

condition 

 

2[𝑧𝑓 ′ 𝑧 ]′

𝑝[𝑓 𝑧 − 𝑓 −𝑧 ]′
≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 , −1 ≤ 𝐴 < 𝐵 ≤ 1,    𝑧 ∈ 𝐷. 

 

By definition of subordination, it follows that 𝑓 ∈ 𝑀𝑠(𝑝, 𝐴, 𝐵) if and only if 

 

2𝑧𝑓′(𝑧)

𝑝[𝑓 𝑧 − 𝑓 −𝑧 ]
=

1 + 𝐴 𝑤 𝑧  

1 + 𝐵[𝑤 𝑧 ]
 ,      𝑤 ∈ 𝑈                     (3) 

 

and 𝑓 ∈ 𝑁𝑠(𝑝, 𝐴, 𝐵) if and only if 

 

2 𝑧𝑓 ′ 𝑧  ′

𝑝 𝑓 𝑧 − 𝑓 −𝑧  ′
=

1 + 𝐴 𝑤 𝑧  

1 + 𝐵 𝑤 𝑧  
 ,      𝑤 ∈ 𝑈.                        (4) 
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2 Preliminary Result 

 
The following lemma is required to prove our main result. 

 

Lemma 1 ([1]) If 𝑤(𝑧) is given by (1), then 

 

 

 𝑏1 ≤ 1  ,    𝑏2 ≤ 1 −  𝑏1 
2 

 

3    Main Result 

 
Theorem 1 If 𝑓 𝑧 ∈ 𝑀𝑠 𝑝, 𝐴, 𝐵  and 𝜇 is a complex number, then 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

 
 
 

 
 
𝑝(𝐴 − 𝐵)

2
 ,                   𝑖𝑓  𝜆 − 𝜇 ≤ 𝑣

𝑝2 𝐴 − 𝐵 2

 𝑝 + 1 2
 𝜆 − 𝜇  , 𝑖𝑓  𝜆 − 𝜇 ≥ 𝑣

  

 

where 

𝜆 =
𝐵 𝑝 + 1 2

2𝑝 𝐵 − 𝐴 
 and                                      (5) 

 

𝑣 =
 𝑝 + 1 2

2𝑝(𝐴 − 𝐵)
                                              (6) 

 

Proof: Since 𝑓 𝑧 ∈ 𝑀𝑠 𝑝, 𝐴, 𝐵 , from (3) we have 

 

2 𝑝𝑧𝑝 +  𝑝 + 1 𝑎𝑝+1𝑧
𝑝+1 +  𝑝 + 2 𝑎𝑝+2𝑧

𝑝+2 + ⋯   

= 𝑝 ∙   1 −  −1 𝑝 𝑧𝑝 +  1 +  −1 𝑝 𝑎𝑝+1𝑧
𝑝+1 +  1 −  −1 𝑝 𝑎𝑝+2𝑧

𝑝+2

+ ⋯  ∙ [1 +  𝐴 − 𝐵 𝑏1𝑧 +  𝐴 − 𝐵  𝑏2 − 𝐵𝑏1
2 𝑧2 + ⋯ ] 

 

Identifying the term, we have 

 

𝑎𝑝+1 =
𝑝 𝐴 − 𝐵 𝑏1

(𝑝 + 1)
               (7) 

 

𝑎𝑝+2 =
𝑝(𝐴 − 𝐵)

2
𝑏2 −

𝑝𝐵 𝐴 − 𝐵 

2
𝑏1

2             (8) 
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From (7) and (8), we get 

 

𝑎𝑝+2 =
𝑝 𝐴 − 𝐵 

2
𝑏2 +

𝑝2 𝐴 − 𝐵 2

 𝑝 + 1 2
𝜆𝑏1

2 

 

where 𝜆 is defined by (5). Therefore 

 

𝑎𝑝+2 − 𝜇𝑎𝑝+1
2 =

𝑝 𝐴 − 𝐵 

2
𝑏2 +

𝑝2 𝐴 − 𝐵 2

 𝑝 + 1 2
(𝜆 − 𝜇)𝑏1

2 

 

Applying triangle inequality 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝 𝐴 − 𝐵 

2
|𝑏2| +

𝑝2 𝐴 − 𝐵 2

 𝑝 + 1 2
|𝜆 − 𝜇| 𝑏1 

2                           (9) 

 

and using Lemma 1 with  𝑏2 ≤ 1 −  𝑏1 
2,  9  gives 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝 𝐴 − 𝐵 

2
+

𝑝2 𝐴 − 𝐵 2

 𝑝 + 1 2
  𝜆 − 𝜇 − 𝑣  𝑏1 

2 

 

where 𝑣 is defined by  6 . 
 

If  𝜆 − 𝜇 ≤ 𝑣, then 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝(𝐴 − 𝐵)

2
 

 

which the bound is sharp for 𝑤 𝑧 = 𝑧2. 
 

If  𝜆 − 𝜇 ≥ 𝑣, then by Lemma 1 with  𝑏1 ≤ 1 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝2 𝐴 − 𝐵 2

 𝑝 + 1 2
|𝜆 − 𝜇| 

 

This bound is sharp for 𝑤 𝑧 = 𝑧. 
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Theorem 2 If 𝑓 𝑧 ∈ 𝑁𝑠 𝑝, 𝐴, 𝐵  and 𝜇 is a complex number, then 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

 
 
 

 
 
𝑝(𝐴 − 𝐵)

2(𝑝 + 2)
 ,                   𝑖𝑓  𝜆 − 𝜇 ≤ 𝑣

𝑝4 𝐴 − 𝐵 2

 𝑝 + 1 4
 𝜆 − 𝜇  , 𝑖𝑓  𝜆 − 𝜇 ≥ 𝑣

  

 

where 

𝜆 =
𝐵 𝑝 + 1 4

2𝑝2(𝑝 + 2) 𝐵 − 𝐴 
 and                    (10) 

 

𝑣 =
 𝑝 + 1 4

2𝑝2(𝑝 + 2)(𝐴 − 𝐵)
                            (11) 

 

Proof: Since 𝑓 𝑧 ∈ 𝑁𝑠 𝑝, 𝐴, 𝐵 , from (4) we have 

 

2 𝑝2𝑧𝑝−1 +  𝑝 + 1 2𝑎𝑝+1𝑧
𝑝 +  𝑝 + 2 2𝑎𝑝+2𝑧

𝑝+1 + ⋯   

= 𝑝 ∙  𝑝 1 −  −1 𝑝 𝑧𝑝−1 + (𝑝 + 1) 1 +  −1 𝑝 𝑎𝑝+1𝑧
𝑝 + (𝑝

+ 2) 1 −  −1 𝑝 𝑎𝑝+2𝑧
𝑝+1 + ⋯  ∙ [1 +  𝐴 − 𝐵 𝑏1𝑧

+  𝐴 − 𝐵  𝑏2 − 𝐵𝑏1
2 𝑧2 + ⋯ ] 

 

Identifying the term, we have 

 

𝑎𝑝+1 =
𝑝2 𝐴 − 𝐵 

 𝑝 + 1 2
𝑏1                                                                   (12) 

 

𝑎𝑝+2 =
𝑝2(𝐴 − 𝐵)

2(𝑝 + 2)
𝑏2 −

𝑝2𝐵 𝐴 − 𝐵 

2(𝑝 + 2)
𝑏1

2                                  (13) 

 

From (12) and (13), we get 

 

𝑎𝑝+2 =
𝑝2 𝐴 − 𝐵 

2(𝑝 + 2)
𝑏2 +

𝑝4 𝐴 − 𝐵 2

 𝑝 + 1 4
𝜆𝑏1

2 

 

where 𝜆 is defined by (10). Therefore 

 

𝑎𝑝+2 − 𝜇𝑎𝑝+1
2 =

𝑝2 𝐴 − 𝐵 

2 𝑝 + 2 
𝑏2 +

𝑝4 𝐴 − 𝐵 2

 𝑝 + 1 4
 𝜆 − 𝜇 𝑏1

2 
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Applying triangle inequality 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝2 𝐴 − 𝐵 

2 𝑝 + 2 
|𝑏2| +

𝑝4 𝐴 − 𝐵 2

 𝑝 + 1 4
|𝜆 − 𝜇| 𝑏1 

2         (14) 

 

and using Lemma 1with  𝑏2 ≤ 1 −  𝑏1 
2, (14) gives 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝2 𝐴 − 𝐵 

2 𝑝 + 2 
+

𝑝4 𝐴 − 𝐵 2

 𝑝 + 1 4
[ 𝜆 − 𝜇 − 𝑣] 𝑏1 

2 

 

where 𝑣 is defined by  11 . 
 

If  𝜆 − 𝜇 ≤ 𝑣, then 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝2 𝐴 − 𝐵 

2 𝑝 + 2 
 

 

which the bound is sharp for 𝑤 𝑧 = 𝑧2. 
 

If  𝜆 − 𝜇 ≥ 𝑣, then by Lemma 1 with  𝑏1 ≤ 1, (14) gives 

 

 𝑎𝑝+2 − 𝜇𝑎𝑝+1
2  ≤

𝑝4 𝐴 − 𝐵 2

 𝑝 + 1 4
|𝜆 − 𝜇| 

 

This bound is sharp for 𝑤 𝑧 = 𝑧. 

 

By taking 𝑝 = 1  in Theorem 1 and Theorem 2, we obtain the following 

corollaries respectively. 

 

Corollary 1 ([2]) If 𝑓 𝑧 ∈ 𝑆𝑠
∗ 𝐴, 𝐵  and 𝜇 is a complex number, then 

 

 𝑎3 − 𝜇𝑎2
2 ≤

 
 
 
 

 
 
 
𝐵 − 𝐴

2
 𝐵 +

𝜇

2
 𝐴 − 𝐵  𝑖𝑓  𝜇 ≤ −2  

1 + 𝐵

𝐴 − 𝐵
 

𝐴 − 𝐵

2
𝑖𝑓 − 2  

1 + 𝐵

𝐴 − 𝐵
 ≤ 𝜇 ≤ 2  

1 − 𝐵

𝐴 − 𝐵
 

𝐴 − 𝐵

2
 𝐵 +

𝜇

2
 𝐴 − 𝐵  𝑖𝑓  𝜇 ≥ 2  

1 − 𝐵

𝐴 − 𝐵
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Corollary 2 ([2]) If 𝑓 𝑧 ∈ 𝐶𝑠 𝐴, 𝐵  and 𝜇 is a complex number, then 

 

 𝑎3 − 𝜇𝑎2
2 ≤

 
 
 
 

 
 
 
𝐵 − 𝐴

6
 𝐵 +

3

8
𝜇 𝐴 − 𝐵  𝑖𝑓  𝜇 ≤ −

8

3
 
1 + 𝐵

𝐴 − 𝐵
 

𝐴 − 𝐵

6
𝑖𝑓 −

8

3
 
1 + 𝐵

𝐴 − 𝐵
 ≤ 𝜇 ≤

8

3
 
1 − 𝐵

𝐴 − 𝐵
 

𝐴 − 𝐵

6
 𝐵 +

3

8
𝜇 𝐴 − 𝐵  𝑖𝑓  𝜇 ≥

8

3
 
1 − 𝐵

𝐴 − 𝐵
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Abstract. The purpose of the present paper is to introduce the class   ,*
sK , subclass of 

quasi-convex functions with respect to (w.r.t) symmetric points. Sharp upper bounds for 

4,3,2, nan  and the Fekete-Szegö inequalities are considered for functions belonging 

to the class   ,*
sK   . 

 

 

1 Introduction 

 
Let S  be the class of functions f  which are analytic and univalent in the open 

unit disc  1:  zzD  given by  

 

 






2

)(
n

n

n zazzf

 

(1)

   

where na   is a complex number. 

 

For 10  , Janteng in [1] was introduced a new subclass of quasi-convex 

functions denoted by  *

sK . 

Definition 1 Let f  be given by (1) and 10  . Then  *

sKf  , if there 

exists a sCg  such that for Dz , 

 

  
    

  
    

0
22

Re
'

''

'

'''2

















 zgzg

zzf

zgzg

zfz
. 

Note: The definition above is also equivalent to the following: 

 *

sKf  , if there exists a 
*'

sSzgh   such that 
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    
0

)()(

)(2

)()(

2
Re

'''//''2

















 zhzh

zzfz

zhzh

zfzz
. 

 

We now consider a class which covers some well-known classes of univalent 

functions as follows: 

 

Definition 2 Let 𝑓 be given by (1). Then  ,*

sKf  , 10,10   ,  if 

there exists a  sCg  such that for Dz , 

 

  
    

  
    

0
22

Re
'

''

'

'''2

















 zgzg

zzf

zgzg

zfz
. 

 

Note: The definition above is also equivalent to the following: 

 ,*

sKf  , if there exists a  *'

sSzgh   such that 

 

  
   

  
   

0
22

Re

'''''2

















 zhzh

zzfz

zhzh

zfzz
.           (2) 

 

We note that the class     ** 0, ss KK   in Janteng [1] and   ** 0,0 ss KK    

which was considered by Janteng, Abdul Halim and Darus in [2]. 

 

2 Preliminary Result 

 
There is a preliminary lemma required for proving our results. 

 

Lemma 1 ([3]) Let k  be analytic in D  with    0Re zk  and be given by

   2

211 zczczk for Dz , then 

 

 12  ncn  

 

and 

2
2

2

2

1
2

1
2

cc
c  . 
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3  Main Result 
 

Theorem 1  Let  ,*

sKf  , 10,10   , and be given by (1) then 

 

 
  11

2
2 








nn

nn
an  

 

for .4,3,2n  

 

Proof. Since  *

sSh , it follows that 

 

     )()()(12 ' zhzhzHzzh    

 

for Dz ,with 0)(Re zH  where  3

3

2

211)( zpzpzpzH . Upon 

equating coefficients, we obtain 

 

  2312 )1(2,12 pbpb            (3) 
 

It follows from (2) that 

 

       )()()()(22
'''''2 zkzhzhzzfzzfzz          (4) 

 

where   0)(Re zk . Writing  3

3

2

211)( zczczczk  and equating 

coefficients in (4) gives 

 

    32312 129,14 bcaca             (5) 

 

and 

 

  13341316 cbca   

The result now follows on using classical inequalities 2,2,2  ncp nn , 

and the inequality 13b  which follow from (3). 

 

Now we consider the functional 2

23 aa    for a complex  . 
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Theorem 2 For  ,*

sKf  , 10,10     and   complex, 

 

 

      

   






















2

22

2

23
134

12918114
,1max

129

3








aa  

 

The result obtained is sharp. 

 

Proof. From (5), we write 

 

 
    

  

 
 1218

1

112144

12918

2129

1 2

2

2

1

22

1
2

2

23






















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










pcc
caa       (6) 

 

It follows from (6) and Lemma 1 that 
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which, on using 21 c   and  22 p  gives 
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where       12918
2

 . 
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Letting 2,0 221  pcc  and 2221  pcc  respectively in (6) shows that 

the results is sharp. 

 

Next, we consider the real number   as follows. 

 

Theorem 3 For  ,*

sKf  , 10,10    and   real, 
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The result obtained is sharp. 

 

Proof. We consider two cases. At first, we suppose that 
 
 129

18
2









 . From 

(8) and using the fact that 21 c   and  22 p , we obtain 
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Letting 2221  pcc  and 2,0 221  pcc  respectively in (6) shows that 

the results is sharp. 

Next, we suppose that 
 
 129

18
2









 . In this case, it follows from (8) and 

Lemma 1 that 
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Letting 2,0 221  pcc  and 2,2,2 221  pcic  respectively in (6) 

shows that the results is sharp. 
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Abstract. An L1-consistent data-adaptive histogram estimator driven by a random-
ized queue prioritized by a statistically equivalent blocks rule is obtained. Such data-
dependent histograms are formalized as real mapped regular pavings (R-MRP). A
regular paving (RP) is a binary tree obtained by selectively bisecting boxes along
their first widest side. A statistical regular paving (SRP) augments an RP by muta-
bly caching the recursively computable sufficient statistics of the data. Mapping a real
value to each element of the partition gives an R-MRP that can be used to represent a
piecewise-constant function density estimate on a multidimensional domain. R-MRPs
are closed under addition and allow for efficient averaging of histograms with different
partitions in any dimension. A partitioning strategy driven by a randomized priority
queue of the current leaf nodes of an SRP is formalized as a Markov chain over the
space of SRPs and the conditions for its L1-consistency are obtained.

1 Introduction

Suppose our random variable X has an unknown density f on Rd, then for all
Borel sets A ⊆ Rd,

µ(A) := Pr{X ∈ A} =
∫

A

f(x)dx .

Any density estimate fn(x) = fn(x;X1, X2, . . . , Xn) : Rd ×
(
Rd
)n → R, is

simply a map from
(
Rd
)n+1 to R. The objective in density estimation is to es-

timate the unknown f from an independent and identically distributed sample
X1, X2, . . . , Xn drawn from f . This density estimate fn of the unknown f gives
us a means of computing the probabilities of any Borel set A ∈ Bd or of com-
puting the density at any point x ∈ Rd. Density estimation is often the first
step in many learning tasks, including, classification, regression and clustering.

There are two general approaches to density estimation: parametric density
estimation and nonparametric density estimation. Here we are concerned with
nonparametric density estimation. Histograms and kernel density estimates are
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the two most common forms of nonparametric density estimate for data assumed
to be drawn from a continuous distribution. Both can be used for univariate and
multivariate data. Other density estimators include orthogonal series estimators
and nearest neighbour estimators [16, chap. 2]. Adaptations and specializations
of these density estimation methods may be used for particular types of data,
high-dimensional data, and very large data sets [15, 8]. However it is formed,
the density estimate is some smoothed representation of the observed data [18].
The density estimation method determines how this smoothing is performed.
Data-adaptive density estimation methods adapt the amount of smoothing to
the local density of the data [16, chap. 2].

For a given prior distribution over SRPs, the posterior mean can be thought
of as an L2-loss minimizing Bayesian nonparametric density estimate. Such a
Bayesian smoothing based on the sample mean of a sequence of histogram states
visited by an MCMC algorithm with stationary samples from the posterior dis-
tribution was given in [12]. The crucial strategy to initialize the MCMC chain
from states with high posterior probability, in order to minimize the chance that
the chain gets stuck in low posterior states, was done in a an ad hoc manner in
[12]. This paper proposes the use of an L1-consistent and data-dependent tree-
based histogram, that is built using a data structure known as statistical regular
paving (SRP), as an initializing strategy for the MCMC in [12]. SRP is an exten-
sion of a regular paving (RP) [13, 6, 5], a class of space-partitioning trees that
can facilitate efficient arithmetical operations. A real mapped regular paving
(R-MRP) is an extension of an RP designed to represent a piecewise-constant
function and allow efficient arithmetical operations with them, including the av-
eraging of R-MRP histogram states with different partitions that are visited by
an MCMC algorithm as in [12]. An SRP augments an RP by mutably caching
recursively computable sufficient statistics of the data. A histogram density es-
timate represented as an R-MRP can then be created from an SRP. Moreover,
such histogram density estimates allow for a wide range of subsequent statisti-
cal operations, such as, creating marginal and conditional density estimates or
evaluating the density estimate at a large set of query points, to be performed
efficiently [5].

The paper is laid out as follows. Section 2 reviews various tree-based his-
togram estimators in the literature. Section 3 introduces the arithmetic and
algebra for RPs, R-MRPs, and SRPs, and explains how a histogram can be
built using these structures. Section 4 illustrates the use of a randomized pri-
ority queue to partition the histogram and a proof of the L1-consistency of this
adaptive partitioning scheme. Section 5 concludes.
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2 Tree-based histograms

A histogram is based on a partition of the data space; the elements of the parti-
tion are commonly known as bins. The choice of bin width(s) is the smoothing
problem: wider bins give more smoothing, narrower bins less smoothing. The
bins of a regular histogram are all equally-sized; the bins of an irregular his-
togram can vary in size.

Regular partitioning with small enough bins to suit the modes of the density
will give too many bins in low or flat density areas [11]. Regular partitioning
with a bin width more suited to the overall variability of the data may com-
promise the potential of the histogram to show important local features in the
highest density areas. Multivariate histograms with a single bin width are not
able to adapt to spatially varying smoothing requirements [7, chap. 17]. A data-
dependent partition allows the bin width to vary in a way that is determined
by the data. Data-dependent partitions can provide estimates which are theo-
retically superior to those using partitions based simply on the number of data
points in the data set [17], and under certain conditions, a histogram density
estimate with a data-dependent partition can be strongly L1-consistent [9].

A tree structure can be used in algorithms for creating data-adaptive his-
tograms. This is especially suitable where the algorithm uses some form of
recursive partitioning strategy, often in association with a penalty function to
control complexity. A greedy partitioning algorithm makes locally optimal deci-
sions (with respect to the chosen optimality criterion) based on the immediately
available information in each step but is not guaranteed to find a globally opti-
mal solution. Several greedy data-adaptive tree-structured histogram algorithms
have been developed, including methods that grow the tree (partition) step-by-
step or that grow the tree to represent the most complex allowable partition
and then use a greedy algorithm to prune to reduce the tree (reduce the number
of elements in the partition. Partitioning trees can also be used in non-greedy
complexity-penalized optimization algorithms that perform an exhaustive com-
parison of a limited set of possible partitions. For a discussion of such tree-based
approaches see [7, chap. 17 & 18] and the references therein.

In general, computational efficiency of the methods described above suffer
in two basic ways. First, they are not well-suited to very high-dimensional data
because the computational complexity of most density estimation algorithms
grows exponentially with the dimensions [14, chap. 7], irrespective of the com-
plexity of the underlying density. Second, these methods cannot cope with large
volumes of data, say with sample size n around 105 or 106, even in small dimen-
sions, say dimension d up to 4 or 5. A Metropolis-Hastings Markov chain method
was developed in [12] with stationary distribution given by a posterior distribu-
tion over regular paving histograms and used to estimate the posterior expecta-
tion by exploiting the arithmetic properties of regular pavings when averaging
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histogram samples from the chain. The averaged regular paving histogram den-
sity estimate was tested with uniform data in up to d = 1, 000 dimensions and
found that the method coped well with this type of high-dimensional unstruc-
tured data. Results using data simulated from uniform mixture approximations
to non-uniform structured densities such as multivariate Gaussian and Rosen-
brock densities showed that the number of dimensions in which the method
is computationally feasible with reasonably smaller mean integrated absolute
errors is much lower, about d = 5 or d = 6. However, the method can com-
putationally cope with large volumes of data, even n as high as 107, in stark
contrast with other available methods.

Many conventional kernel density estimation methods are only effective with
data in less than five or six dimensions [3, 19] with sample sizes around few
thousands and generally reach computational bottle-necks when the sample
size reaches 104. The posterior histogram estimate of [12] therefore has some
attractions as a density estimation method in up to around five dimensions es-
pecially in situations where there is a large amount of sample data available
and where it is advantageous to be able to carry out subsequent statistical
operations efficiently, directly on the density estimate itself. Such statistical op-
erations include (i) evaluating of the density over a large set of query points for
cross-validation, (ii) obtaining the highest density or coverage regions, (iii) get-
ting marginal densities as R-MRPs by tree-based integration over a subset of the
coordinates, or (iv) producing conditional densities as R-MRPs for subsequent
regression, according to the algorithms in [5].

3 Regular pavings and histograms

This section introduces the notions of RPs, SRPs, and R-MRPs, and explains
how a histogram density estimate can be built using these data structures.

3.1 Regular pavings (RPs)

Let x := [x, x] be a compact real interval with lower bound x and upper bound
x, where x ≤ x. Let the space of such intervals be IR. The width of an interval x
is wid (x) := x− x. The midpoint is mid (x) := (x+ x) /2. A box of dimension
d with coordinates in ∆ := {1, 2, . . . , d} is an interval vector:

x := [x1, x1]× . . .× [xd, xd] =: �
j∈∆

[xj, xj] .

The set of all such boxes is IRd, i.e., the set of all interval real vectors in dimen-
sion d. Consider a box x in IRd. Define the index ι to be the first coordinate of
maximum width:

ι := min

(
argmax

i
(wid (xi))

)
.
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A bisection or split of x perpendicularly at the mid-point along this first widest
coordinate ι gives the left and right child boxes of x

xL := [x1, x1]× . . .× [xι,mid (xι))× [xι+1, xι+1]× . . .× [xd, xd] ,

xR := [x1, x1]× . . .× [mid (xι), xι]× [xι+1, xι+1]× . . .× [xd, xd] .

Such a bisection is said to be regular. Note that this bisection gives the left child
box a half-open interval [xι,mid (xι)) on coordinate ι so that the intersection
of the left and right child boxes is empty.

A recursive sequence of selective regular bisections of boxes, with possibly
open boundaries, along the first widest coordinate, starting from the root box
x in IRd is known as a regular paving [6] or n-tree [13] of x. A regular paving
of x can also be seen as a binary tree formed by recursively bisecting the box
x at the root node. Each node in the binary tree has either no children or two
children. When the root box x is clear from the context we refer to an RP of
x as merely an RP. Each node of an RP is associated with a sub-box of the
root box that can be attained by a sequence of selective regular bisections. Each
node in an RP can be distinctly labelled by the sequence of child node selections
from the root node. We label these nodes and the associated boxes with strings
composed of L and R for left and right, respectively. For example, in Figure 1,
the root node associated with root box xρ is labeled ρ.

The relationship of trees, labels and partitions is illustrated in Figure 1 using
a simple one-dimensional example. The root node associated with root interval
xρ ∈ IR is labelled ρ. First, ρ is split into two child nodes, and the left child and
right child nodes are labelled ρL and ρR, respectively. The left half of xρ that is
now associated with node ρL is labelled xρL. Similarly, the right half of xρ that
is associated with the right child node ρR is labelled xρR. ρL and ρR are a pair
of sibling nodes since they share the same parent node ρ. A node with no child
nodes is called a leaf node. A cherry node is a sub-terminal node with a pair of
child nodes that are both leaves. This pair of sibling nodes can be reunited or
merged to its parent cherry node ρ, thereby turning the cherry node into a leaf
node.

Returning to Figure 1, the left node ρL is split to get its left and right child
nodes ρLL and ρLR with associated sub-intervals xρLL and xρLR respectively,
formed by the bisection of interval xρL (because the root interval xρ is one-
dimensional, each bisection is always on that single coordinate).

Let the j-th interval of a box xρv be [xρv,j, xρv,j]. The volume of a d-dimensional
box xρv associated with the node ρv of an RP of xρ is the product of the side-
lengths of the box, that is, vol (xρv) =

∏d
j=1(xρv,j − xρv,j).

The volume is associated with the depth of a node. The depth of a node ρv
in an RP is denoted by dρv. A node has depth dρv = k in the tree if it can be
reached by k splits from the root node. If an RP has root box xρ and a node ρv in
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Fig. 1. A sequence of selective bisections, starting from the root, produces an RP.

the regular paving has depth k, then the volume of the box xρv associated with
that node is vol (xρv) = 2−kvol (xρ). This is because any split always results in
the child node’s box having half the volume of the parent node’s box.

In general, an RP is denoted by s. The set of all nodes of an RP is denoted
by V := ρ ∪ {ρ{L,R}j : j ∈ N}. The set of all leaf nodes of an RP is denoted
by L. The boxes associated with the leaf nodes of an RP are the partition of
the root box xρ. The set of leaf boxes of a regular paving s with root box xρ is
denoted by xL(s). Let Sk be the set of all regular pavings with root box xρ made
of k splits. Note that the number of leaf nodes m = |L(s)| = k + 1 if s ∈ Sk.

The number of distinct binary trees with k splits is equal to the Catalan
number Ck.

Ck =
1

k + 1

(
2k

k

)
=

(2k)!

(k + 1)!(k!)
. (1)

For i, j ∈ Z+, where Z+ := {0, 1, 2, . . .} and i ≤ j, let Si:j be the set of regular
pavings with k splits where k ∈ {i, i+1, . . . , j}. The space of all regular pavings
is then S0:∞ := limj→∞ S0:j. The size of the space of all regular pavings with
between i and j splits, |Si:j|, is given by the sum of Catalan numbers:

|Si:j| =
j∑

k=i

Ck . (2)

The size of the space of all regular pavings with up to k splits is |S0:k|.

3.2 Real mapped regular pavings (R-MRPs)

A real mapped regular paving (R-MRP) is an extension of an RP. Let s ∈ S0:∞
be an RP with root node ρ and root box xρ ∈ IRd. Let �f : V(s) → R map
each node of s to an element in R as follows:

{ρv 7→ fρv : ρv ∈ V(s), fρv ∈ R} .
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Such a map �f is called an R-mapped regular paving (R-MRP). Thus, an R-
MRP �f is obtained by augmenting each node ρv of the RP tree s with an
additional data member fρv ∈ R.

The sets of all nodes and leaf nodes of an R-MRP �f are denoted by V( �f)
and L( �f), respectively. The set of all leaf node boxes is denoted by xL(�f). The
class of R-MRPs over the leaf boxes of regular pavings of a root box xρ ∈ IRd

is then
�F := {{ρv 7→ fρv : ρv ∈ V(s), fρv ∈ R} : s ∈ S0:∞}

Arithmetic operations in R can be extended to R-MRPs [5]. For example,
given any two R-MRPs �f (1) and �f (2) with the same root box xρ and a binary
operation ? ∈ {+,−, ·, /}, the R-MRP �f = �f (1) ? �f (2) can be obtained. An
R-MRP �f can also be transformed using any standard function τ ∈ S :=
{exp, sin, cos, tan, . . .} to obtain the R-MRP τ( �f). Finally, a binary operation
of the form �f ?x for an R-MRP �f and x ∈ R can also be carried out, and again
the result �g = �f ? x is an R-MRP. All these properties are used to show that
�F satisfies the conditions of a Stone-Weierstrass theorem and therefore dense
in C(xρ,R), the algebra of real-valued continuous functions over xρ [5]. This
ensures that we can uniformly approximate any continuous density f : xρ → R
using R-MRPs in �F .

R-MRPs are important structures in this paper because an R-MRP can be
used to represent a piecewise-constant function. [5] describes function approxi-
mation using R-MRPs in general. The advantage of an R-MRP representation
is that all the arithmetic operations between real-valued simple functions in
�F described above can be carried out efficiently and recursively using trees. A
box in any type of RP has real volume (vol (xρv) ∈ R). This allows operations
using both node volume and node value, such as integrating, normalizing and
marginalizing, to be carried out on R-MRPs. A non-negative R-MRP �f can
be used to represent a (possibly non-normalized) probability density function.
An R-MRP �f is non-negative if fρv ≥ 0 ∀ρv ∈ L( �f). Figure 2 shows an R-
MRP density estimate of an example density which is a mixture of two bivariate
Normal densities for x ∈ R2.

3.3 Statistical regular pavings (SRPs)

A statistical regular paving (SRP) is an extension of the RP structure that is able
to act as a partitioned ‘container’ and responsive summarizer for multivariate
data. An SRP can be used to create a histogram of a data set. An SRP is
effectively an association of a collection of data (the data sample or data set)
with an RP-based structure where the nodes have additional properties:

– A node of an SRP tree can be associated with a subset of the sample data;
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Fig. 2. R-MRP density estimate of a bivariate Gaussian mixture.

– A node of an SRP tree records recursively computable statistics relating to
this sample subset.

An SRP is denoted by s. Denote Si:j as the set of all statistical regular
pavings with a given root box and k splits where k ∈ {i, i + 1, . . . , j}, where
i, j ∈ Z+ and i ≤ j. The space of all statistical regular pavings with a given
root box is then S0:∞ := lim

i→∞
S0:i

Take a data sample of size n, X1, X2, . . . , Xn and an SRP s. For convenience
the sample will be referred to as nX. Let ⊂nX be a subset of nX and let ⊂nXρv

be the subset of nX contained in the box xρv associated with a node ρv in s.
A recursively computable statistic of some data is a statistic whose value can

be updated from the addition of new data using only the current value of the
statistic and the new data (i.e., it is not necessary to know the individual data
values from which the current value of the statistic is calculated). Formally, if
T (⊂nX) is some statistic of ⊂nX and a new data point x is added to ⊂nX so
that n′ = n + 1 and ⊂n′

X = ⊂nX ∪ x, then T (⊂n
′
X) can be calculated using

u(T (⊂nX), x) where u is some updating function.
For the purpose of this paper, the only statistic that an SRP node ρv is

required to keep is the count of the number of data points in ⊂nXρv. This count
is denoted by #xρv = |⊂nXρv|. A leaf node ρv with #xρv > 0 is a non-empty
leaf node. The set of non-empty leaves of an SRP s is L+(s) := {ρv ∈ L(s) :
#xρv > 0} ⊆ L(s).

Figure 3 depicts a small SRP s with root box xρ ∈ IR2. The number of
sample data points in the root box xρ is 10. Figure 3(a) shows the tree, in-
cluding the count associated with each node in the tree. Figure 3(b) shows the
partition of the root box represented by this tree, with the sample data points
superimposed on the box.
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Fig. 3. A small SRP.

3.4 Statistical regular paving (SRP) histograms as R-MRPs

Given the count data recorded by each node, an SRP associated with data nX
can be used to form a histogram. The bins are the elements in the partition,
i.e., the boxes associated with the leaf nodes xL(s). If the total number of data
points associated with the whole of an SRP s with root node ρ and root box
xρ is n = #xρ =

∑
ρv∈L(s) #xρv, then the corresponding histogram is:

f̂n(x) =
∑

ρv∈L(s)

11 xρv(x)

n

(
#xρv

vol (xρv)

)
. (3)

A histogram obtained using Equation (3) is referred to as an SRP histogram.
SRP histograms have some similarities to dyadic histograms [7, chap. 18]. Both
are binary tree-based and partition so that a box may only be bisected at the
mid-point of one of its coordinates, but the RP structure restricts partition-
ing further by only bisecting a box on its first widest coordinate in order to
make �F closed under addition and scalar multiplication and thereby allow for
computationally efficient averaging of histograms with different partitions.

This SRP histogram is a piecewise-constant function that can be represented
as an R-MRP in �F . Thus all the R-MRP operations described above can be
carried out with the R-MRP histogram density estimate formed from the SRP.
Section 4 discusses how the partitioning of the root box of an SRP can be carried
out in a data-adaptive and asymptotically L1-consistent manner.

4 Randomized priority queue for adaptive partitioning

A randomized priority queue (RPQ) partitioning method orders the elements
of L5(s), the splittable leaf nodes of an SRP s, according to some priority
function ψ : L5(s) → R, in order to select the next node to be split from
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Fig. 4. Two histogram density estimates for the standard bivariate Gaussian density. The left figure
shows a histogram with 1485 leaf nodes where # = 50 and the histogram on the right has # = 1500
resulting in 104 leaf nodes.

argmaxρv∈L5(s) ψ(ρv), the set of splittable leaf nodes of s which are equally
‘large’ when measured using ψ. If there is more than one such ‘largest’ node the
choice is made uniformly at random from this set; this is the ‘randomized’ aspect
of the process. Two criteria can be specified to stop the RPQ partitioning. A
straightforward stopping condition is to stop partitioning when the number of
leaves in the SRP reaches a specified maximumm. The other stopping condition
relates to the priority function so that partitioning stops when the value of the
largest node under the priority function ψ is less than or equal to a specified
value ψ. An RPQ will also stop partitioning if there are no splittable leaf nodes
in the SRP.

The RPQ process generates a sequence of states {S(t)}t∈Z+ on S1:m−1. If the
initial state S(t = 0) is the root s ∈ S0 then this can be seen as a sequence
{S(k)}k∈Z+ on S0:m−1 such that S(k) ∈ Sk, i.e. the (k + 1)th state has k + 1
leaves or k splits.

A statistically equivalent block (SEB)-based SRP partitioning scheme driven
by an RPQ can be used to create a final SRP where each leaf node has at most
# of the sample data points associated with it and the total number of leaves
is at most m. The SEB priority function is given by ψ(ρv) = #xρv .

Figure 4 shows two different SRP histograms constructed using two different
values of # for the same dataset of n = 105 points simulated under the standard
bivariate Gaussian density. A small # produces a histogram that is under-
smoothed with unnecessary spikes (left) while the other histogram with a larger
# used as the SEB stopping criterion is over-smoothed (right). An approach to
solve the smoothing problem by a Bayesian MCMC that exploits the efficient
averaging of R-MRP histograms in �F was proposed in [12] (as discussed in
Section 2). The crucial initialization strategy for the MCMC was not justified
in [12]. It is proved here to be L1-consistent.
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We now show that an RMRP density estimate based on an SRP created us-
ing the SEB RPQ partitioning scheme is asymptotically L1-consistent provided
that # and m grow with the sample size n at appropriate rates. This is done
by proving the three conditions in Theorem 1 of [9]. We will need to show that
as the number of sample points increases linearly, the following conditions are
met:

1. the number of leaf boxes grows sub-linearly;
2. the partition grows sub-exponentially in terms of a combinatorial complexity

measure;
3. and the volume of the leaf boxes in the partition are shrinking.

Let {Sn(i)}İi=0 on S0:∞ be the Markov chain formed using SEB RPQ. The
Markov chain terminates at some state ṡ with partition `(ṡ). Associated with
the Markov chain is a fixed collection of partitions

Ln :=
{
`(ṡ) : ṡ ∈ S0:∞, P r{S(İ) = ṡ} > 0

}

and the size of the largest partition `(ṡ) in Ln is given by

m(Ln) := sup
`(ṡ)∈Ln

|`(ṡ)| ≤ m

such that Ln ⊆ {`(s) : s ∈ S0:m−1}.
Given n fixed points {X1, . . . , Xn} ∈

(
Rd
)n. Let Π (Ln, {X1, . . . , Xn}) be

the number of distinct partitions of the finite set {X1, . . . , Xn} that are induced
by partitions `(ṡ) ∈ Ln:

Π(Ln, {X1, . . . , Xn}) := |{{xρv ∩ {X1, . . . , Xn} : xρv ∈ `(ṡ)} : `(ṡ) ∈ Ln}| .

For any fixed set of n points, the growth function of Ln is then

Π∗(Ln, {X1, . . . , Xn}) = max
{X1,...,Xn}∈(Rd)

n
Π(Ln, {X1, . . . , Xn}) .

Let A ⊆ Rd. Then the diameter of A is the maximum Euclidean distance
between any two points of A, i.e., diam(A) := supx,y∈A

√∑d
i=1(xi − yi)2. Thus,

for a box x = [x1, x1]× . . .× [xd, xd], diam(x) =
√∑d

i=1(xi − xi)2.
We now check the three conditions for L1-consistency of the histogram esti-

mate constructed using SEB RPQ.

Theorem 1 (L1-Consistency). Let X1, X2, . . . be independent and identical
random vectors in Rd whose common distribution µ has a non-atomic density
f , i.e., µ � λ. Let {Sn(i)}İi=0 on S0:∞ be the Markov chain formed using SEB
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RPQ with terminal state ṡ and histogram estimate fn,ṡ over the collection of
partitions Ln. As n→∞, if #→∞, #/n→ 0, m ≥ n/#, and m/n→ 0 then
the density estimate fn,ṡ is strongly consistent in L1, i.e.

∫
|f(x)− fn,s(x)|dx→ 0 with probability 1.

Proof. We will assume that # → ∞, #/n → 0, m ≥ n/#n, and m/n → 0, as
n→∞, and show that the three conditions:

(a) n−1m(Ln)→ 0,
(b) n−1 logΠ∗n(Ln)→ 0, and
(c) µ(x : diam(x(x)) > γ)→ 0 with probability 1 for every γ > 0,

are satisfied. Then by Theorem 1 of Lugosi and Nobel (1996) our density esti-
mate fn,ṡ is strongly consistent in L1.

Condition (a) is satisfied by the assumption thatm/n→ 0 sincem(Ln) ≤ m
(see Remark 1).

The largest number of distinct partitions of any n point subset of Rd that are
induced by the partitions in Ln is upper bounded by the size of the collection
of partitions Ln ⊆ S0:m−1, i.e.

Π∗n(Ln) ≤ |Ln| ≤
mn−1∑

i=0

Ci

where i is the number of splits.
The growth function is thus bounded by the total number of partitions with

0 to mn−1 splits, i.e. the (mn−1)-th partial sum of the Catalan numbers. The
partial sum can be asymptotically approximated as ([10]):

m−1∑

k=0

Ck →
4m(

3(m− 1)
√
π(m− 1)

) as m→∞ .

Taking logs and dividing by n on both sides we get

log∆∗n(Ln)/n≤ log

(
4(m(Ln)+1)

3m(Ln)
√
πm(Ln))

)
/n

≤ 1
n
(m(Ln) + 1) log 4− 1

n
log 3

√
(π)− 3

2n
logm(Ln).

The first and third term goes to 0 by an application of condition (a). The second
term which is just a constant divided by n also vanishes as n→∞. Therefore,
condition (b) is satisfied.
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We now prove the final condition. Fix γ, ξ > 0. There exists a box x̂ =
[−M,M ]d for a large enough M , such that, µ(x̂c) < ξ. Consequently,

µ({x : diam(x(x)) > γ}) ≤ ξ + µ({x : diam(x(x)) > γ} ∩ x̂).

Using 2di hypercubes of equal volume (2M)d/2di, i =
⌈
log2

(
2M
√
d/γ
)⌉

with side length 2M/2i and diameter
√
d(2M

2i
)2, we can have at most 2di boxes

in the interior of X̂ and δ boxes at the lower dimensional boundaries of X̂,
i.e. there are at most mγ disjoint boxes in x̂ that have diameter greater than γ,
where

mγ < 2di + δ, δ =

(
2d +

d−1∑

j=1

2d−j
(
d

j

)
2i
j

)
. (4)

By choosing i large enough we can upper bound mγ by (2M
√
d/γ)d + 2d +∑d−1

j=1 2
d−j(d

j

)
(2M
√
d/γ)

j
, a quantity that is independent of n, such that

µ(x : diam(x(x)) > γ)≤ ξ + µ ({x : diam(x(x)) > γ} ∩ x̂)

≤ ξ +mγ

(
max
x∈`(ṡ)

µ(x)

)

≤ ξ +mγ

(
max
x∈`(ṡ)

µn(x) + max
x∈`(ṡ)

|µ(x)− µn(x)|
)

≤ ξ +mγ

(
#

n
+ sup
x∈IRd

|µ(x)− µn(x)|
)
.

The first term in the parenthesis converges to zero since #/n → 0 by as-
sumption. For ε > 0, the second term goes to zero by applying the Vapnik-
Chervonenkis theorem to boxes in IRd with shatter coefficient s(IRd, n) = 22d

[1, p. 220], i.e.

Pr

{
sup
x∈IRd

|µn(x)− µ(x)| > ε

}
≤ 8 · 22d · e−nε2/32 .

By the Borel-Cantelli lemma,

lim
n→∞

sup
x∈IRd

|µn(x)− µ(x)| = 0 w.p. 1 .

Thus for any γ, ξ > 0,

lim sup
n→∞

µ({x : diam(x(x)) > γ}) ≤ ξ.

Therefore, condition (c) is satisfied and this completes the proof.
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Remark 1. We can choose # to be some sub-linear function of n, say nα. Then
α > 0 so that # → ∞ and α < 1 so that #/n → 0 . Now let m = nβ, then
β > 0 so that m ≥ n/kn. The above constraints imply that α + β ≥ 1. Finally
β < 1 such that m/n→ 0.

5 Conclusions

In this paper we formalized the RP data structure and its extensions, SRP and
R-MRP, and showed that by using an SEB RPQ partitioning scheme, an L1-
consistent adaptive histogram can be obtained. This can be used to initialize
MCMC as in [12] to obtain Bayesian smoothed density estimates.

Note that the regular paving structure places some restrictions on the den-
sity estimate due to the way the bisections are selected, but has the advantage
of allowing a wide range of statistical operations to be carried out efficiently
on piecewise-constant density estimate from the dense class of �F , real mapped
regular pavings [5]. In addition, a collection of histogram density estimates from
�F with different partitions in any dimension can be efficiently averaged even
with large sample sizes. Up to a given prior distribution, the resulting nonpara-
metric Bayesian density estimate is a smoothed R-MRP representation of the
posterior sample mean with lower mean integrated absolute error than any par-
ticular R-MRP histogram state visited by the MCMC algorithm [12]. A major
advantage of the SEB-based RPQ algorithm is that, run for a limited number
of states, it can be an effective way to create an over-smoothed histogram that
reflects the major features of the density of the sample data. This gives an SRP
that provides a much better starting point for further data-adaptive partition-
ing than the original, unpartitioned, SRP. By partitioning deeper into the state
space with small # we can find histograms with higher posterior densities along
the asymptotically consistent path taken by the SEB-based RPQ Markov chain.
Such high posterior states can be used to initialize the MCMC algorithm of [12]
and thereby minimize the mixing time as done in [4, chap. 6].

However, a drawback of the SRP RPQ algorithm as a density estimator is
that, without some idea of the characteristics of the density to be estimated,
it is extremely hard to determine suitable values for the parameters control-
ling the partitioning process. As with the other greedy algorithms discussed in
Section 2, the locally optimal choices made by an RPQ algorithm may be glob-
ally suboptimal. An SEB-based RPQ has nevertheless been shown to be able
to produce an asymptotically consistent density estimate. Cross-validation or
minimum distance estimation [2, chap. 6], or other smoothing techniques, could
potentially be used with SRP RPQs to produce R-MRP density estimates.
These possibilities are currently being explored.
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Abstract. In this paper, the statistical inference for additive hazards model with
some covariates missing at random is considered. The nonparametric kernel smoothing
techniques based weighted estimating equation method (Qi, et al., 2005) is applied to
the ad hoc estimating equations (Lin and Ying, 1994). It is shown that the simple in-
verse probability weighted estimator with nonparametrically estimated nonmissingness
probability and augmented inverse probability weighted estimator with the nonpara-
metrically estimated or true nonmissingness probability have the same efficiency. And
they are more efficient than the simple inverse probability weighted estimator with true
nonmissingness probability. The finite sample performance of the methods established
in this article is evaluated through extensive simulation studies, which also verified our
findings. The Mouse Leukemia data is used further to illustrate our proposed methods.

1 Introduction

In the analysis of survival data, it is common to encounter the situation, in
which some covariates are missing due to various reasons. For example, in the
case-cohort study, covariates are assembled only for the cases and a subcohort to
reduce the cost. To analyze the survival data with missing covariates, the Cox’s
proportional hazards model (Cox, 1972) is most frequently employed, in which
the conditional hazard function is specified by a product of an unknown baseline
hazard function and an exponential regression. Statistical inference for survival
data with missing covariates under the Cox’s proportional hazards model has
been investigated by Wang and Chen (2001), Qi et al. (2005), Xu et al. (2009),
Luo et al. (2009), Cook et al. (2011) etc. Among these methods, Qi et al. (2005)
proposed a weighted estimating equation method based on the inverse probabil-
ity weighting idea (Horvitz and Thompson, 1952) and the nonparametric kernel
smoothing techniques. This method does not require to specify the model for
the nonmissingness probability and any conditional distribution. So it is rather
robust in real application.

However, the popularity of Cox’s proportional hazards model is not only
from its utility and wide applications, but also from convention and the avail-
ability of software. Sometimes the Cox’s proportional hazards model may not
fit the data well. Let T and Z be the survival time and covariates respectively.
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An important alternative model is the additive hazards model (Lin and Ying,
1994), which assumes the conditional hazard function of T given Z as

λ(t|Z) = λ0(t) + βT0 Z, (1)

where λ0(t) is the true baseline hazard function and β0 is the true regression
coefficients.

For survival data with fully observed covariates, Lin and Ying (1994) pro-
posed a pseudoscore estimating equation method in an ad hoc fashion by mim-
icking the partial likelihood score equation of the Cox’s proportional hazards
model. Some literature, such as Kulich and Lin (2000a, 2000b), Jiang and Zhou
(2007) and so on, proposed methods to deal with the situation when some co-
vairates are missing with design. Recently, Lin (2011) applied the simple and
augmented inverse probability methods to the pseudoscore estimating equation
of Lin and Ying (1994) to handle the situation whether some covariates are miss-
ing by design or chance. But it is noted that the methods of Lin (2011) need to
specify a parametric model of nonmissingness probability and some conditional
distributions which are hard to be validated. In this paper, we will overcome
this drawback by applying the nonparametric kernel smoothing techniques.

Denote the censoring variable to be C and assume that T and C are con-
ditional independent given Z. Let X = min(T,C) and δ = I(T ≤ C). Because
some covariates are missing sometimes, we decompose Z as (Zo, Zm), where
Zo represents covariates that are always observed and Zm represents covariates
that are missing sometimes. Define ξ = 1 if Zm is observed and ξ = 0 otherwise.
Throughout this paper, we assume that Zm is missing at random (MAR), i.e.,
Pr(ξ = 1|X, δ, Z) = Pr(ξ = 1|X, δ, Zo) ≡ π(W ), where W = (X, δ, Zo).

The remainder of this article is organized as follows. Simple and augmented
inverse probability weighted estimating equations methods with true and non-
parametrically estimated nonmissingness probability are established in Sections
2 and 3 respectively. Section 4 reports the simulation studies, while analysis of
the mouse leukemia study is given in Section 5. The regularity conditions and
proofs of the theorems are given in the Appendix.

2 Simple inverse probability weighted estimators

Suppose that the observed data are {(Xi, δi, Zi,o, ξi, ξiZi,m), i = 1, . . . , n}. Define

Mi(t) = Ni(t) −
∫ t
0
Yi(u){dΛ0(u) + βT0 Zidu} for 0 ≤ t ≤ τ , where Λ0(t) is

the true cumulative hazard function and τ is the maximum follow-up time.
By the fact that Mi(t), i = 1, . . . , n are zero-mean martingales with respect
to the σ-filtration σ{Ni(u), Yi(u+), Zi : 0 ≤ u ≤ t, i = 1, . . . , n} (Fleming
and Harrington, 1991), when the covariates are fully observed, the estimating
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function for β can be arrived as

Un(β) =
n∑

i=1

∫ τ

0

{Zi − Z̄(t)}{dNi(t)− Yi(t)βTZidt}, (2)

where Z̄(t) = S(1)(t)

S(0)(t)
with S(k)(t) = 1

n

∑n
i=1 Yi(t)Z

⊗k
i for k = 0 and 1. For a vector

a, a⊗0 = 1, a⊗1 = a and a⊗2 = aaT . In fact, (2) is the pseudoscore estimating
function advised by Lin and Ying (1994).

When some covariates are missing, the estimating function (2) is not ap-
plicable. In this section, we consider the simple inverse probability weighted
estimating equation methods with true and estimated nonmissingness probabil-
ity. Firstly, we assume that the nonmissingness probability is known, which is
the case for the case-cohort design.

Applying the idea of inverse probability weighting (Horvitz and Thompson,
1952) to (2), the following estimating function for β can be obtained,

Un,sw(β, π) =
n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − Z̄sw(t, π)}{dNi(t)− Yi(t)βTZidt}, (3)

where Z̄sw(t, π) = S
(1)
sw (t,π)

S
(0)
sw (t,π)

with S
(k)
sw (t, π) = 1

n

∑n
i=1

ξi
π(Wi)

Yi(t)Z
⊗k
i for k = 0 and

1. From (3), the simple inverse probability weighted estimator for β is

β̂sw(π) = [
n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − Z̄sw(t, π)}⊗2Yi(t)dt]−1

×[
n∑

j=1

ξj
π(Wj)

∫ τ

0

{Zj − Z̄sw(t, π)}dNj(t)].

Then we can obtain the estimator for Λ0(t),

Λ̂sw(t, β̂sw(π), π) =
n∑

i=1

ξi
π(Wi)

∫ t

0

{dNi(u)− Yi(u)β̂Tsw(π)Zidu}∑n
j=1

ξj
π(Wj)

Yj(u)
.

In fact, the estimator β̂sw(π) and Λ̂sw(t, β̂sw(π), π) are already obtained by Lin
(2011). We provide the procedure here just for the ease of the following presen-
tation. The asymptotic properties of β̂sw(π) and Λ̂sw(t, β̂sw(π), π) are obtained
by Lin (2011), which are stated in the following Theorem 1.

Before presenting the asymptotic results, we introduce the following nota-

tions. Let s(k)(t) = E{Y (t)Z⊗k}, k = 0, 1, 2, z̄(t) = s(1)(t)

s(0)(t)
, A = E[

∫ τ
0
{Zi −

z̄(t)}⊗2Yi(t)dt], MZi
=
∫ τ
0
{Zi − z̄(t)}dMi(t) and Σ = E[M⊗2

Zi
] = E[

∫ τ
0
{Zi −

z̄(t)}⊗2dNi(t)].

Proceedings of the International Conference on Mathematics, Statistics and Financial Mathematics 2014 (ICMSFM2014)
with IASC-ARS Sessions, Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 105



Theorem 1 (Lin, 2011). Under regular conditions (C1) to (C4) in the
Appendix,

1. n
1
2 (β̂sw(π)− β0) is asymptotically normal with mean zero and covariance

matrix A−1Σsw(π)A−1, where Σsw(π) = Σ + E{(1− π(Wi))π(Wi)
−1M⊗2

Zi
}.

2. n
1
2 (Λ̂sw(t, β̂sw(π), π) − Λ0(t)) converges weakly to a zero-mean Gaussian

process with the covariance function being Γsw(s, t, π) = E(ψi,sw(s, π)ψi,sw(t, π)),

where ψi,sw(t, π) = ξi
π(Wi)

∫ t
0

1
s(0)(u)

dMi(u)−
∫ t
0
z̄T (u)duA−1 ξi

π(Wi)

∫ τ
0
{Zi−z̄(t)}dMi(t).

The asymptotic covariance matrix in Theorem 1 can be consistently esti-
mated by the usual plug-in method.

In practice, the nonmissingness probability is frequently unknown. Further-
more, the estimating function (3) only use the information from the subjects
with completely observed covariates. So in order to employ more information in
observed data, the estimated nonmissingness probability can be applied. Lin
(2011) proposed that the nonmissingness probability can be modelled by a
parametric model and established the according asymptotic properties. But it is
noted that the parametric method is not robust and suffers from the model mis-
specification. So in order to overcome this drawback, similar to Qi et al. (2005),
we propose to estimate the nonmissingness probability π by the nonparametric
kernel methods in this paper. Specifically, let W = (W (1),W (2)), where W (1)

consists of continuous components of W and W (2) consists of discrete compo-
nents of W . Denote K(·) to be the kernel function and Kh(·) = K(·/h), where
h is the bandwidth which is tending to zero as n goes to infinity. Then the prob-
ability of nonmissingness can be estimated by the following Nadaraya-Watson

estimator, π̂(w) = π̂(w(1), w(2)) =
∑n

i=1 ξiI(W
(2)
i =w(2))Kh(w

(1)−W (1)
i )

∑n
j=1 I(W

(2)
j =w(2))Kh(w(1)−W (1)

j )
.

Replacing π by π̂ in (3), the simple inverse probability weighted estimators
with nonparametrically estimated nonmissingness probability for β0 and Λ0(t)
can be obtained,

β̂sw(π̂) = [
n∑

i=1

ξi
π̂(Wi)

∫ τ

0

{Zi − Z̄sw(t, π̂)}⊗2Yi(t)dt]−1

×[
n∑

j=1

ξj
π̂(Wj)

∫ τ

0

{Zj − Z̄sw(t, π̂)}dNj(t)]

and

Λ̂sw(t, β̂sw(π̂), π̂) =
n∑

i=1

ξi
π̂(Wi)

∫ t

0

{dNi(u)− Yi(u)β̂Tsw(π̂)Zidu}∑n
j=1

ξj
π̂(Wj)

Yj(u)
.

The asymptotic properties of β̂sw(π̂) and Λ̂sw(t, β̂sw(π̂), π̂) are stated in the
following theorem.
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Theorem 2. Under regular conditions (C1) to (C8) in the Appendix, we
have

1. n
1
2 (β̂sw(π̂)− β0) is asymptotically normal with mean zero and covariance

matrix A−1Σ∗sw(π)A−1, where

Σ∗sw(π) = Σsw(π)− E[(π(Wi)
−1 − 1){E(MZi

|Wi)}⊗2]
= Σ + E{(1− π(Wi))π(Wi)

−1V ar(MZi
|Wi)}.

2. n
1
2 (Λ̂sw(t, β̂sw(π̂), π̂) − Λ0(t)) converges weakly to a zero-mean Gaussian

process with the covariance function being Γ ∗sw(s, t, π) = E(ψ∗i,sw(s, π)ψ∗i,sw(t, π)),
where

ψ∗i,sw(t, π) =
ξi

π(Wi)

∫ t

0

1

s(0)(u)
dMi(u) + (1− ξi

π(Wi)
)E[

∫ t

0

1

s(0)(u)
dMi(u)|Wi]

−
∫ t

0

z̄T (u)duA−1
ξi

π(Wi)

∫ τ

0

{Zi − z̄(t)}dMi(t)

−
∫ t

0

z̄T (u)duA−1(1− ξi
π(Wi)

)E[

∫ τ

0

{Zi − z̄(t)}dMi(t)|Wi].

From Theorem 2, compared with Theorem 1, we can see that the simple
inverse probability weighted estimator with nonparametrically estimated non-
missingness probability has smaller asymptotic covariance matrix than that
with true nonmissingness probability.

Let M0
Zi

= E{MZi
|Wi}. Denote M̂0

Zi
to be the Nadaraya-Waston estimator

of M0
Zi

based on M̂Zi
, i = 1, . . . , n, which are defined below. The asymptotic

covariance matrix A−1Σ∗sw(π)A−1 can be consistently estimated by

Â−1(Σ̂ + Ê{(1− π(Wi))π(Wi)
−1V ar(MZi

|Wi)})Â−1,
where

Â =
1

n

n∑

i=1

ξi
π̂(Wi)

∫ τ

0

{Zi − Z̄sw(t, π̂)}⊗2Yi(t)dt,

Σ̂ =
1

n

n∑

i=1

ξi
π̂(Wi)

∫ τ

0

{Zi − Z̄sw(t, π̂)}⊗2dNi(t)

and

Ê{(1− π(Wi))π(Wi)
−1V ar(MZi

|Wi)} =
1

n

n∑

i=1

ξi(1− π̂(Wi))

π̂(Wi)2
(M̂Zi

− M̂0
Zi

)⊗2

with

M̂Zi
=

∫ τ

0

{Zi − Z̄sw(t, π̂)}{dNi(t)− Yi(t)β̂sw(π̂)TZidt− Yi(t)dΛ̂sw(t, β̂sw(π̂), π̂)}.
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3 Augmented inverse probability weighted estimators

It is known that augmented inverse probability weighted estimators are doubly
robust and more efficient than the simple inverse probability weighted estima-
tors when the nonmissingness probability and some conditional distributions
are known or prespecified by parametric models (Tsiatis, 2006). Lin (2011) al-
so studied the augmented inverse probability weighted method, in which both
the nonmissingness probability and the conditional distributions of the missing
covariates given the observed data are modelled by parametric models. But in
this situation, the conditional distributions of the missing covariates given the
observed data is hard to be specified. So we propose that both the nonmiss-
ingness probability and the conditional distributions of the missing covariates
given the observed data are estimated by the nonparametric kernel method. In
this paper, we find that the augmented inverse probability weighted estimators
with known or nonparametricly estimated nonmissingness probability have the
same asymptotic distribution as that of the simple inverse probability weighted
estimators with nonparametrically estimated nonmissingness probability. This
phenomenon is also found by Qi et al. (2005) for the survival data with missing
covariates under the Cox’s proportional hazards model.

Firstly, the nonmissingness probability is assumed to be known in advance,
such as in the case-cohort design. But because the conditional distributions of
the missing covariates given the observed data is always unknown, the non-
parametric kernel smoothing technique is applied to obtain the estimator of
the conditional expectations of the missing covariates given the observed data.
By adding augmentation terms to the estimating function (3), we arrive at the
following augmented inverse probability weighted estimating function,

Un,aw(β, π)

=
n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − Z̄aw(t, π)}[dNi(t)− Yi(t)βTZidt]

+
n∑

i=1

(1− ξi
π(Wi)

)

∫ τ

0

[Ê(Zi|Wi)dNi(t)− Yi(t)Ê[Z⊗2i |Wi]βdt

− Z̄aw(t, π){dNi(t)− Yi(t)Ê[ZT
i |Wi]βdt}], (4)

where Z̄aw(t, π) = S
(1)
aw(t,π)

S
(0)
aw(t,π)

with S
(0)
aw (t, π) = 1

n

∑n
i=1 Yi(t) and

S(1)
aw (t, π) =

1

n

n∑

i=1

[
ξi

π(Wi)
Yi(t)Zi + (1− ξi

π(Wi)
)Yi(t)Ê(Zi|Wi)],

Ê[Zi|Wi], Ê(Z⊗2i |Wi) are the Nadaraya-Watson estimators for E[Zi|Wi], E[Z⊗2i |Wi]

respectively. Denote the solution of Un,aw(β, π) = 0 to be β̂aw(π). Then we can
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get

β̂aw(π) = [
n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − Z̄aw(t, π)}Yi(t)βTZidt

+
n∑

i=1

(1− ξi
π(Wi)

)

∫ τ

0

Yi(t){Ê[Z⊗2i |Wi]dt− Z̄aw(t, π)Ê[ZT
i |Wi]}]−1

×[
n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − Z̄aw(t, π)}dNi(t)

+
n∑

i=1

(1− ξi
π(Wi)

)

∫ τ

0

{Ê[Zi|Wi]− Z̄aw(t, π)}dNi(t)].

Then, we can get the augmented inverse probability weighted estimator Λ̂aw(t, β̂aw(π), π)
for Λ0(t). The asymptotic properties of the β̂aw(π) and Λ̂aw(t, β̂aw(π), π) are s-
tated in the following theorem.

Theorem 3. Under regularity conditions (C1) to (C9) in the Appendix, we
have

1. n
1
2 (β̂aw(π)− β0) is asymptotically normal with mean zero and covariance

matrix A−1Σ∗sw(π)A−1.
2. n

1
2 (Λ̂aw(t, β̂aw(π), π) − Λ0(t)) converges weakly to a zero-mean Gaussian

process with the covariance function being Γ ∗sw(s, t, π).
In the situation where nonmissingness probability is unknown, we estimate

it by the method as that in Section 3 and plug it in (4). Denote the estimat-
ing function (4) with estimated nonmissingness probability to be Un,aw(β, π̂)

and the according solution to be β̂aw(π̂). Accordingly the estimator of Λ0(t) is
Λ̂aw(t, β̂aw(π̂), π̂). The asymptotic properties of the β̂aw(π̂) and Λ̂aw(t, β̂aw(π̂), π̂)
are stated in the following theorem.

Theorem 4. Under regularity conditions (C1) to (C9) in the Appendix, we
have

1. n
1
2 (β̂aw(π̂)− β0) is asymptotically normal with mean zero and covariance

matrix A−1Σ∗sw(π)A−1.
2. n

1
2 (Λ̂aw(t, β̂aw(π̂), π̂) − Λ0(t)) converges weakly to a zero-mean Gaussian

process with the covariance function being Γ ∗sw(s, t, π).
The asymptotic covariance matrixes in Theorems 3 and 4 can be consistently

estimated by the method similar to that used in Theorem 2. So we omit them
here for simplicity.

4 Simulation Studies

In this section, extensive simulation studies were conducted to verified the per-
formance of the proposed methods in Sections 2 and 3.
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Table 1. Simulation results for the case with (β10, β20) = (0, 0.7).

n Method β10 β20
Bias ESE SSE CP Bias ESE SSE CP

300 Full -0.000 0.084 0.087 0.949 0.009 0.105 0.106 0.946
CC 0.044 0.102 0.101 0.935 -0.091 0.137 0.136 0.865

SW(π) 0.005 0.134 0.137 0.949 0.006 0.165 0.167 0.948
SW(π̂) 0.011 0.090 0.093 0.951 -0.045 0.141 0.144 0.932
AW(π) 0.000 0.099 0.097 0.963 0.012 0.157 0.159 0.947
AW(π̂) 0.001 0.099 0.097 0.964 0.013 0.155 0.162 0.944

500 Full 0.000 0.064 0.066 0.944 0.003 0.080 0.082 0.951
CC 0.039 0.077 0.080 0.907 -0.101 0.103 0.101 0.800

SW(π) -0.003 0.102 0.107 0.941 0.004 0.127 0.125 0.951
SW(π̂) 0.009 0.070 0.072 0.936 -0.040 0.110 0.101 0.922
AW(π) 0.000 0.075 0.074 0.955 0.008 0.120 0.121 0.945
AW(π̂) -0.001 0.075 0.075 0.952 0.006 0.118 0.121 0.941

The survival time T was generated from the distribution with hazard func-
tion λ(t|Z) = λ0+β10Zo+β20Zm. Let Zo and Zm be generated from the Bernoulli
distribution with success probability 0.5 independently. The regression coeffi-
cients were set to be (β10, β20) = (0, 0.7) or (β10, β20) = (1,−1). The censoring
variable C follows the uniform distribution on (0, c0) independently of Zo and
Zm. Different c′0s and λ′0s were chosen to get approximatively 40% censoring
rate (CR) under different parameter values. The covariate Zm is observed with
the probability π(W ) = (1 + exp(−W T θ))−1, where W = (1, δ,X, Zo). Different
θ’s were set to produce the approximatively 60% missing rate (MR) under vari-
ous cases. The univariate Gaussian kernel function was applied with bandwidth
h = 5σXn

− 1
3 with σX being the standard error of X, because there is only one

continuous component X in W . More detailed discussion about the choice of
kernel function and bandwidth can be found in Qi et al. (2005). The sample
sizes were set to be n = 300 and n = 500, while the replications was 1000.

The simulation results were summarized in Tables 1 and 2, in which Full
represents full data method; CC, complete-case method; SW(π), simple inverse
probability weighted method with true nonmissingness probability; SW(π̂), sim-
ple inverse probability weighted method with estimated nonmissingness proba-
bility; AW(π), augmented inverse probability weighted method with true non-
missingness probability; AW(π̂), augmented inverse probability weighted method
with estimated nonmissingness probability. From the results, we can see that
the complete-cases analysis produces the inconsistent estimators of the regres-
sion coefficients for the cases we considered and the increase of sample size
can not improve the performance of the complete-cases analysis. The simple
inverse probability weighted estimators with π̂ have the largest biases among
the methods except for the complete-cases analysis, while the rest of methods
have the similar performance with regard to bias. For all the methods, the av-
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Table 2. Simulation results for the case with (β10, β20) = (1,−1).

n Method β10 β20
Bias ESE SSE CP Bias ESE SSE CP

300 Full 0.008 0.135 0.137 0.948 -0.005 0.134 0.137 0.944
CC -0.074 0.167 0.163 0.899 0.148 0.185 0.184 0.838

SW(π) 0.012 0.196 0.197 0.945 -0.010 0.204 0.218 0.947
SW(π̂) -0.064 0.143 0.143 0.912 0.059 0.166 0.176 0.918
AW(π) 0.007 0.160 0.151 0.964 -0.017 0.184 0.197 0.937
AW(π̂) 0.021 0.163 0.153 0.964 0.039 0.191 0.204 0.944

500 Full -0.001 0.104 0.104 0.946 0.001 0.103 0.103 0.951
CC -0.085 0.127 0.126 0.877 0.153 0.142 0.135 0.781

SW(π) -0.004 0.151 0.154 0.941 -0.004 0.159 0.161 0.951
SW(π̂) -0.065 0.109 0.110 0.910 0.055 0.130 0.131 0.917
AW(π) -0.005 0.120 0.114 0.959 -0.008 0.142 0.143 0.955
AW(π̂) 0.004 0.122 0.115 0.958 -0.021 0.145 0.146 0.946

erage estimated standard errors (ESE) agree with the sample standard errors
(SSE) of the estimators. The simple inverse probability weighted estimator with
π̂, augmented inverse probability weighted estimator with π and π̂ have small-
er asymptotic variance than the simple inverse probability weighted estimator
with π. It also can be seen that frequently the coverage probability (CP) of
complete-cases analysis deviates from the nominal level 95% largely.

5 The Mouse Leukemia Study

In this section, we illustrate the proposed methods by analyzing the the mouse
leukemia data given by Kalbfleisch and Prentice (2002). This study was con-
ducted by Nowinski et al. (1979) to examine the influence of genetic and viral
factor on the development of spontaneous leukemia and collected data about
204 mice dying of thymic leukemia, nonthymic leukemia, or other natural caus-
es during 2 years. In our analysis, we mainly investigate the influence of level
of endogenous murine leukemia virus and the Gpd-1 phenotype on the survival
time.

At first, following Qi et al. (2005), Huang and Wang (2010) and so on, we
categorize the virus level into a binary variable with 0 representing values below
104 PFU/ml and 1 otherwise. The Gpd-1 phenotype was subject to substantial
missingness, while the virus level was recorded almost for all the mice. For
simplicity, following Wang and Chen (2001), Qi et al. (2005) and so on, the
mice with missing endogenous murine leukemia was excluded from the analysis.
Then the data about 175 mice was used in our analysis, among which 67 mice
died of leukemia. Furthermore, 56 mice died of thymic leukemia and 11 mice
died of nonthymic leukemia. The survival time was scaled by year. As noted by
many authors, the missing at random assumption is reasonable in this analysis.
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Table 3. Estimators for the regression coefficients of virus level and Gpd-1 phenotype.

Method Case 1 Case 2

Virus Gpd-1 Virus Gpd-1

CC 0.1113(0.0549) -0.1931(0.0818) 0.1098(0.0557) -0.2119(0.0841)
SW(π̂) 0.2068(0.0705) -0.2285(0.1024) 0.1967(0.0767) -0.2703(0.1089)
AW(π̂) 0.2426(0.0673) -0.2371(0.0947) 0.2250(0.0723) -0.2911(0.0996)

The kernel function and the bandwidth were chosen as those in Section 4.
Two kinds of analysis were conducted: the first assumed that time to mortality
due to the thymic leukemia as the failure time, while the second assumed that
time to mortality due to the thymic or nonthymic leukemia as the failure time.
Case 1 is corresponding to the analysis based on the time to mortality due
to thymic leukemia as the failure time, while Case 2 is corresponding to the
analysis based on the time to mortality due to thymic or nonthymic leukemia
as the failure time. The numbers in the parentheses represent the standard
error. Table 3 summarizes the analysis results, from which we can conclude that
the virus level has positive association with the hazard function of mice with
leukemia, while the Gpd-1 has negative association. These results coincides with
the early research about this study, such as Qi et al. (2005) and Lin (2011). But
it is noted that estimators from simple inverse probability weighted estimating
equations are close to estimators from augmented inverse probability weighted
estimating equations, while estimators from the complete-case method have
smaller estimators.
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7 Appendix

We give the outlined proof of Theorems 2 and 3. Theorem 4 can be proven by
the same manner as those of Theorems 2 and 3. So we omit it here. In the
following, we list the necessary regularity conditions.

(C1): Λ0(τ) <∞ and Pr{Y (τ) = 1} > 0;
(C2): Z is bounded with probability 1 and time-independent;
(C3): The matrix A, which is defined in Section 2, is positive definitive.
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(C4): The nonmissingness probability π is bounded away from 0 and has r
continuous bounded partial derivatives with respect to the continuous compo-
nents of W a.e.;

(C5): The probability density function f(w) of W and the conditional prob-
ability density function fW |ξ(w) of W given ξ are bounded away from 0 and has
r continuous bounded partial derivatives with respect to the continuous com-
ponents of W a.e.; The conditional probability density functions fW |ξ=0(w) and
fW |ξ=1(w) have the same support, and c(w) = fW |ξ=1(w)/fW |ξ=0(w) is bounded
over the support.

(C6): The conditional expectations E(Z|W ) and E[Z⊗2|W ] have r continu-
ous bounded partial derivatives with respect to the continuous components of
W a.e.;

(C7): r > d, nh2d →∞ and nh2r → 0, as n→∞;
(C8): M̄1,n(t) and M̄2,n(t) converge to zero-mean Gaussian processes with

continuous sample path, where M̄1,n(t) = n−
1
2

∑n
i=1

ξi
π(Wi)2

(π̂(Wi)−π(Wi))Mi(t)

and M̄2,n(t) = n−
1
2

∑n
i=1

ξi
π(Wi)2

(π̂(Wi)− π(Wi))E[Mi(t)|Wi].

(C9): sup0≤t≤τ |M̄3,n(t)| = op(1) and sup0≤t≤τ |M̄4,n(t)| = op(1), where M̄3,n(t) =

n−
1
2

∑n
i=1(1− ξi

π(Wi)
)
∫ t
0
(Ê[dMi(u)|Wi]−E[dMi(u)|Wi]) and M̄4,n(t) = n−

1
2

∑n
i=1(1−

ξi
π̂(Wi)

)
∫ t
0
(Ê[dMi(u)|Wi]− E[dMi(u)|Wi]).

It is noted that (C8) and (C9) are not standard for the proof of the non-
parametric kernel technique. But our problem complicated by nonparametric
technique, censored and missing data is very challenging. The investigation of
the asymptotic properties is very hard. Also, the similar conditions were used
in Qi et al. (2005) for the Cox’s model with missing covariates.

Proof of Theorem 2. (1) It is easy to verify that

n
1
2{β̂sw(π̂)− β0} = Vn,sw(π̂)−1n−

1
2Un,sw(β0, π̂),

where Vn,sw(π̂) = 1
n

∑n
i=1

ξi
π̂(Wi)

∫ τ
0
{Zi − Z̄sw(t, π̂)}⊗2Yi(t)dt.

Under the Conditions (C4), (C5) and (C7), it can be shown that

supt∈[0,τ ]‖S(k)
sw (t, π̂)− s(k)(t)‖ = op(1), (5)

for k = 0, 1, 2 . So we arrive at

Vn,sw(π̂)− A

=

∫ τ

0

{S(2)
sw (t, π̂)− s(2)(t)}dt−

∫ τ

0

{S
(1)
sw (t, π̂)⊗2

S
(0)
sw (t, π̂)

− s(1)(t)⊗2

s(0)(t)
}dt = op(1). (6)

In the following, we prove that n−
1
2Un,sw(β0, π̂) is asymptotically normal

when n goes to infinity. It is easy to see that

n−
1
2Un,sw(β0, π̂) = n−

1
2

n∑

i=1

ξi
π̂(Wi)

∫ τ

0

{Zi − Z̄sw(t, π̂)}dMi(t).
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By the Taylor expansion of π̂(Wi)
−1 about π(Wi), we obtain

n−
1
2Un,sw(β0, π̂) = T1 − T2 + T3 − T4 + op(1),

where

T1 = n−
1
2

n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − z̄(t)}dMi(t),

T2 = n−
1
2

n∑

i=1

ξi
π2(Wi)

(π̂(Wi)− π(Wi))

∫ τ

0

{Zi − z̄(t)}dMi(t),

T3 = n−
1
2

n∑

i=1

ξi
π(Wi)

∫ τ

0

{z̄(t)− Z̄sw(t, π̂)}dMi(t)

and

T4 = n−
1
2

n∑

i=1

ξi
π2(Wi)

(π̂(Wi)− π(Wi))

∫ τ

0

{z̄(t)− Z̄sw(t, π̂)}dMi(t).

Under the Conditions (C1), (C2), (C4), (C5) and (C7), similar to Step B2 of
Qi et al. (2005), it can be gotten that

T2 = n−
1
2

n∑

i=1

ξi − π(Wi)

π(Wi)
E

[∫ τ

0

{Zi − z̄(t)}dMi(t)
∣∣∣Wi

]
+ op(1).

By Condition (C4) and (5), we can reach supt∈[0,τ ]‖Zsw(t, π̂) − z̄(t)‖ = op(1).
Then by (C8), similar to step A.2 of Qi et al. (2005), it can be proven that
T3 = op(1). Similarly, T4 = op(1). Finally, we arrive at

n−
1
2Un,sw(β0, π̂)

= n−
1
2

n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − z̄(t)}dMi(t)

+n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)E

[∫ τ

0

{Zi − z̄(t)}dMi(t)
∣∣∣Wi

]
+ op(1). (7)

Based on (6) and (7), we get

n
1
2{β̂sw(π̂)− β0}

= A−1n−
1
2

n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − z̄(t)}dMi(t)

+A−1n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)E

[∫ τ

0

{Zi − z̄(t)}dMi(t)
∣∣∣Wi

]
+ op(1). (8)
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By (8) and the central limit theorem, the proof of first part is finished.

(2) By some algebraic manipulations, it can be seen that n
1
2{Λ̂sw(t, β̂sw(π̂), π̂)−

Λ0(t)} = T5 + T6, where T5 = n−
1
2

∑n
i=1

ξi
π̂(Wi)

∫ t
0

1

S
(0)
aw(u,π̂)

dMi(u) and T6 =
∫ t
0
Zsw(u, π̂)Tdun

1
2{β̂sw(π̂)−β0}. Similar to the proof of first part, we can prove

that

T5 = n−
1
2

n∑

i=1

ξi
π(Wi)

∫ t

0

1

s(0)(u)
dMi(u)

−n− 1
2

n∑

i=1

ξi − π(Wi)

π(Wi)
E

[∫ t

0

1

s(0)(u)
dMi(u)

∣∣∣Wi

]
+ op(1)

and T6 =
∫ t
0
z̄(u)dun

1
2{β̂sw(π̂)− β0}+ op(1). So we have n

1
2{Λ̂sw(t, β̂sw(π̂), π̂)−

Λ0(t)} = n
1
2ψ∗i,sw(t, π) + op(1), where ψ∗i,sw(t, π) is defined in Theorem 2. The

finite dimensional convergence of n
1
2{Λ̂sw(t, β̂sw(π̂), π̂) − Λ0(t)} can be proven

by (A.6). The tightness is obtained by the empirical process theory (Lin et al.,
2000). Finally the weak convergence is proven.

Proof of Theorem 3.
(1) It is easy to verify that n

1
2{β̂aw(π) − β0} = Vn,aw(π)−1n−

1
2Un,aw(β0, π),

where

Vn,aw(π) =
1

n

n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − Z̄aw(t, π)}Yi(t)ZT
i dt

+
1

n

n∑

i=1

(1− ξi
π(Wi)

)

∫ τ

0

{Ê(Z⊗2i |Wi)− Z̄aw(t, π)Ê(ZT
i |Wi)}Yi(t)dt

= T7 + T8.

By the law of large numbers and similar to Step B1 in Qi et al. (2005), it can
be proven that T7 = A+ op(1) and T8 = op(1). So we get Vn,aw(π) = A+ op(1).

In the following, we prove that n−
1
2Un,aw(β0, π) is asymptotically normal

when n goes to infinity. Through some algebraic calculation, it can be ver-
ified that n−

1
2Un,aw(β0, π) = T9 + T10, where T9 = n−

1
2

∑n
i=1

ξi
π(Wi)

∫ τ
0
{Zi −

Z̄aw(t, π)}dMi(t) and

T10 = n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)

∫ τ

0

{Ê(ZidMi(t)|Wi)− Z̄aw(t, π)Ê(dMi(t)|Wi)},

with Ê(ZidMi(t)|Wi) = Ê(Zi|Wi)dNi(t)− Yi(t){dΛ0(t)− Ê(Z⊗2i |Wi)β0}dt and
Ê(dMi(t)|Wi) = dNi(t)−Yi(t){dΛ0(t)− Ê(ZT

i |Wi)β0}dt. Similar to Step A.2 of

Qi et al. (2005), it can be seen that T9 = n−
1
2

∑n
i=1

ξi
π(Wi)

∫ τ
0
{Zi− z̄(t)}dMi(t) +
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op(1). By a simple decomposition, it is easy to see that

T10 = n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)

∫ τ

0

{E[Zi − z̄(t)]dMi(t)|Wi}+ op(1).

Then we arrive at

n−
1
2Un,aw(β0, π)

= n−
1
2

n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − z̄(t)}dMi(t)

+n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)

∫ τ

0

{E[Zi − z̄(t)]dMi(t)|Wi}+ op(1).

Finally we have

n
1
2{β̂aw(π)− β0}

= A−1n−
1
2

n∑

i=1

ξi
π(Wi)

∫ τ

0

{Zi − z̄(t)}dMi(t)

+A−1n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)E

[∫ τ

0

{Zi − z̄(t)}dMi(t)
∣∣∣Wi

]
+ op(1). (9)

By (9) and the central limit theorem, the proof of first part is finished.

(2) By some algebraic manipulations, it can be seen that n
1
2{Λ̂aw(t, β̂aw(π), π)−

Λ0(t)} = T11 + T12, where

T11 = n−
1
2

n∑

i=1

ξi
π(Wi)

∫ t

0

1

Ȳ (u)
dMi(u)−

∫ t

0

S
(1)
sw (u, π)T

Ȳ (u)
dun

1
2{β̂aw(π)− β0}

and

T12 = n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)

∫ t

0

1

Ȳ (u)
E[dMi(u)|Wi]

−
∫ t

0

1
n

∑n
i=1(1− ξi

π(Wi)
)Yi(u)E(Zi)|Wi

Ȳ (u)
dun

1
2{β̂aw(π)− β0}

−n− 1
2

n∑

i=1

(1− ξi
π(Wi)

)

∫ t

0

1

Ȳ (u)
{E(dMi(t)|Wi)− Ê(dMi(t)|Wi)}duβ̂aw(π)

(10)

with Ȳ (t) = 1
n

∑n
i=1 Yi(t). For T11, we can see that

T11 = n−
1
2

n∑

i=1

ξi
π(Wi)

∫ t

0

1

s(0)(u)
dMi(u)−

∫ t

0

z̄(u)dun
1
2{β̂aw(π)− β0}+ op(1).
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By the law of large numbers, the fact n
1
2{β̂aw(π)− β0} = Op(1) and Condition

(C9), the last two terms of (12) converges to 0 in probability. So we can get

T12 = n−
1
2

n∑

i=1

(1− ξi
π(Wi)

)

∫ t

0

1

s0(t)
E[dMi(u)|Wi] + op(1).

Finally we arrive at n
1
2{Λ̂aw(t, β̂aw(π), π)− Λ0(t)} = n

1
2ψ∗i,sw(t, π) + op(1). The

finite dimensional convergence of is easy to seen. The tightness is obtained by
the empirical process theory (Lin et al., 2000). Finally the weak convergence is
proven.
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Abstract. Mahalanobis universal portfolios generated by five-bandToeplitaz matrices are studied 

in this paper. The structure of the companion matrix of the generating matrix is determined. The 

empirical performance of the portfolios on selected stock-price data sets from the local stock 

exchange is analysed. These data sets comprise of company stocks traded over periods of 1500 

days. It is shown that investment wealth can be increased significantly by using the five-band 

Toeplitz universal portfolio. 

 

Keywords: universal portfolio, five-band Toeplitz matrix, empirical performance 
 

INTRODUCTION 
 

Universal portfolios have been studied by a number of authors 

(Cover(1991), Cover and Ordentlich (1996)). They can be used in investment 

settings where no assumption is made on the stochastic model of the stock prices. 

A study of two-stock portfolios of stocks listed on the New York Stock Exchange 

was done by Cover(1991) indicating a tremendous increase of investment wealth 

over a 22-year period. To overcome the substantial memory and time requirements 

of the Cover uniform portfolio, Helmbold et al. (1998) introduced a multiplicative-

update universal portfolio which can achieve a comparable performance. A 

generalization of the Helmbold universal portfolio to an additive-update universal 

portfolio was proposed by Tan and Lim (2012) using the Mahalanobis squared 

divergence. 

An empirical study was made on the performance of diagonal –matrix 

generated universal portfolios on selected Malaysian Stocks demonstrating good 

investment returns. In this study, the empirical performance of five-band Toeplitz 

universal portfolios will be analyzed. 
 

Some Preliminaries and Theory 
 

Consider a market of m stocks, where the price relative of a stock on any 

day is defined as the ratio of its closing price to its opening price. Let �� = (���) 
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denote the price-relative vector on the ��	  trading day, where ���  is the price 

relative of the
�	  stock for 
 = 1,2,3, … , �. A portfolio vector is an investment 

strategy used on a trading day, where each component is a proportion of current 

wealth invested on a particular stock. Suppose �� = (���) is the portfolio strategy 

used on day n, where ��� is the proportion of current wealth invested on stock i,for 
 = 1,2,3, … , �. An initial wealth of one unit is assumed. The wealth �� at the end 

of the ��	 trading day is given by: 

     �� = ∏ ���������     

  (1)  

where ����� = ∑ ���������� . 

Let A be an��� matrix and suppose the initial portfolio ��is given. Then 

the Mahalanobis universal portfolio (�, ��,�)  generated by � = ( ��)  and �� is 

given by: 

    �!"� = �! + $
(%&'() [*�� − ,��-'(��-� . *�]  

  (2)  

for � = 0,1,2, … , where � = (1,1,1, . . . ,1) and �  is any real number such that ��"� ≥ 0. For A and ��fixed, there exists an interval of � containing � = 0 such 

that ��"� ≥ 0 . For �  in the valid interval, the family of universal portfolios 4�, ��,�5  form a parametric family. The focus of this study is on the wealth 

achieved by this parametric family where A is a 5�5  Toeplitaz matrix. A 

simplification of (2) is given by Tan and Lim (2012), namely, 

     �!"� = �! + $
(%&'() 7��   

  (3) 

for� = 0,1,2, …,where C is known as the companion matrix of A defined as: 

    8�� =  �� − 9:.9.;9.. <=>
, ? = 1,2, … , �   

 (4) 

where  �. = ∑  ������ ,  .� = ∑  ������ ,  .. = ∑  ����,��� . 
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 If the generating matrix A is positive definite, then �@�is positive definite 

and the Mahalanobis squared divergence generated by �@�is well-defined. The 

portfolio �!"�  defined by (2) maximizes a linear sum of the rate of wealth 

increase and the Mahalanobis squared divergence of the portfolio vectors �!"� 

and �! (see Tan and Lim (2012)). If A is not positive definite, the portfolio �!"�defined by (2) is said to be pseudo-Mahalanobis. No emphasis is made on 

whether A is positive definite or not in this empirical study. It is observed that if C 

is the companion matrix of A, then A7is the companion matrix of A�for any scalar A, from (3) and (4). It is clear from (3) that the parametric class of portfolios 4�, ��,�5 is the same as the parametric class 4A�, ��,�5 for any scalar A. 

The ��� matrix � = ( ��) is a symmetric Toeplitz matrix of bandwidth 2B + 1  for a positive integer k if  �� =  |�@�|  for |
 − ?| ≤ B  and  |�@�| = 0 for |
 − ?| > B . In this paper, B = 2  and the following 5-band Toeplitz matrix is 

studied: 

 * =
F
GH

1 > I 0 0> 1 > I 0I > 1 > I0 I > 1 >0 0 I > 1J
KL   

  (5) 

The companion matrix of  Ais (5 + 8> + 6I)@�7 where C is given by: 

O =
F
GH

P� PQ PR PS PTPQ PU PV PW PSPR PV PX PV PRPS PW PV PU PQPT PS PR PQ P�J
KL(6) 

Where 

Y� = 4 + 6> + 4I − 2>I − >U − IU , 
YU = 4 + 4> + 4I − IU − 4>I − 4>U , 

YX = 4 + 4> + 2I − 4>U − 4IU − 8>I , 
YQ = 6>U + 2> + 3>I − IU − 2I − 1 , 
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YR = 4IU + 2I + 4>I − 2>U − 3> − 1 , 
YS = −(2>U + IU + 3> + 2I + 3>I + 1), 

YT = −(> + I + 1)U , 
YV = 4>U + > − 2IU − 3I − 1 , 

YW = 5IU + 3I + 4>I − 4>U − 4> − 1 

 

 

Since the parametric classes of 4�, ��,�5 and 4(5 + 8> + 6I)�, ��,�5 are the same, 

it suffices to study the class 4(5 + 8> + 6I)�, ��,�5 with companion  matrixC 

given by (6). The portfolio components of �!"�for this class is given by: 

��"�,� = ��,� + �
��� �� (Y���� + YQ��U + YR��X + YS��Q + YT��R) 

��"�,U = ��,U + �
��� �� (YQ��� + YU��U + YV��X + YW��Q + YS��R) 

��"�,X = ��,X + �
��� �� (YR��� + YV��U + YX��X + YV��Q

+ YR��R)                                      (7) 

��"�,Q = ��,Q + �
��� �� (YS��� + YW��U + YV��X + YU��Q + YQ��R) 

��"�,R = ��,R + �
��� �� (YT��� + YS��U + YR��X + YQ��Q + Y���R) 

for � = 1,2, …. 

EMPPIRICAL PERFORMANCE 

Five-stock portfolios traded on the Kuala Lumpur Stock Exchange are 

selected for the empirical study. The Malaysian companies in the five-stock 

portfolios are listed in Table 1. The period of trading is from 1\� March 2006 until 
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2�]August 2012, consisting of a total of 1500 trading days. The Toeplitz universal 

portfolio (7) is run on the five data sets. 

The values of the best wealth ��R^^ achieved after 1500 trading days for 

data sets D, E, F, G, H are listed in Tables 2, 3, 4, 5, 6. It is observed that the best 

wealth in Tables 2-6 for data sets D – H are 2.7021, 9.3827, 2.0973, 5.1826 and 

5.1100 respectively. The highest wealth of 9.3827 is achieved for data set E and 

the lowest wealth of 2.0973 is achieved for set F. The variation of wealth in 

Tables2-6 for data sets D-H are about 0.07, 0.68, 0.10, 0.18 and 0.32 respectively. 

The largest variation of wealth is observed for set E and the smallest variation for 

set D. Thus, changing the parameters r and s may lead to an increase or decrease 

of wealth in the range of 0.07-0.68 units. 

A study of performance may also be made by fixing one parameter, say s 

and varying the other parameter r. The best wealth��R^^  achieved after 1500 

trading days for data set D-H are displayed in Tables7-11. The best wealth in the 

tables are 2.6633, 9.3199, 2.0973, 5.1397 and 4.9653 for data sets D-H. The 

highest wealth 9.3199 achieved is for set E and the lowest wealth 2.0973 is for set 

F. It is clear that the best wealth achieved depends on the data set, that is, the 

component stocks of the portfolio. Here the stocks in portfolio E perform well 

whereas the stocks in portfolio F perform below expectations. The variation of 

wealth in Tables 7-11 for data sets D-H are about 018, 0.46, 0.21, 0.36 and 0.36 

respectively. It is observed that the variation of wealth in Tables 7-11 is larger than 

the corresponding variation in Tables 2-6 except for Table 8 which has a smaller 

variation than Table 3. By changing the parameters r and s in these tables, it is 

possible to increase or decrease the wealth by 0.18-0.46 units. 

The Toeplitz universal portfolio is a useful alternative investment strategy 

to other universal portfolios. The empirical study here indicates that it is a viable 

strategy available to investors who wish to obtain better investment returns. 

TABLE 1.The five Malaysian companies in the five-stock portfolios D, E, F, G and H. 

Data Set Malaysian Companies in Each Portfolio 

D IOI Corporation, Carlsberg Brewery Malaysia, British American Tobacco (M), Nestle 

(M), Digi.Com 

E Public Bank, Kulim (M), KLCC Property Holdings, Aeon Co. (M), Kuala Lumpur 

Kepong (KLK) 

F AMMB Holdings, Berjaya Sports Toto, Air Asia, Gamuda, Genting 

G Aeon Co.(M), British American Tobacco (M), Kulim (M), Nestle (M), Digi.Com 

H Digi.Com, Public Bank, KLCC Property Holdings, Carlsberg Brewery Malaysia, 

KLK 
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TABLE 2: Values of ��R^^  (using the best � ) and portfolio vector ��R^� given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for the selected values of > which give the highest return of ��R^^ among the same r-value  for theIvalue 

from -0.5 to 0.5 for data Set D. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

D 

-0.5 -0.5 0.0864 2.6312 0.1591 0.2515 0.2764 0.1950 0.1180 
 

-0.4 -0.2 -0.2238 2.6394 0.1898 0.2696 0.2612 0.1727 0.1067 
 

-0.3 -0.3 -0.2929 2.6593 0.1925 0.2641 0.2452 0.1832 0.1150 
 

-0.2 -0.3 -0.1584 2.6476 0.1897 0.2586 0.2436 0.1917 0.1165 
 

-0.1 -0.5 -0.7026 2.7021 0.2215 0.2413 0.1971 0.1914 0.1487 
 

0.1 -0.5 -0.1391 2.6633 0.1899 0.2447 0.2085 0.2235 0.1334 
 

0.2 -0.5 -0.0979 2.6527 0.1904 0.2431 0.2005 0.2306 0.1354 
 

0.3 -0.5 -0.0756 2.6457 0.1919 0.2417 0.1917 0.2372 0.1375 
 

0.4 -0.5 -0.0616 2.6401 0.1938 0.2406 0.1825 0.2436 0.1396 
 

0.5 -0.5 -0.0520 2.6354 0.1959 0.2396 0.1730 0.2499 0.1416 
 

TABLE3:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for the selected values of > which give the highest return of ��R^^ among the same r-value  for theIvalue 

from -0.5 to 0.5 for data Set E. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

E 

-0.5 -0.4 0.1501 8.7025 0.3496 0.1276 0.0688 0.1858 0.2682 
-0.4 -0.3 -1.3009 9.0232 0.2728 0.1199 0.2556 0.1996 0.1521 
-0.3 -0.3 -0.3302 9.0440 0.3514 0.1072 0.1276 0.1820 0.2318 
-0.2 -0.4 -0.4726 9.2239 0.3417 0.0977 0.1655 0.1877 0.2075 
-0.1 -0.5 -0.7207 9.3648 0.3012 0.1104 0.2185 0.2108 0.1591 
0.1 -0.5 -0.2011 9.3827 0.3765 0.0539 0.1933 0.1568 0.2195 
0.2 -0.5 -0.1440 9.3192 0.3731 0.0500 0.2113 0.1458 0.2198 
0.3 -0.1 -0.0647 9.2578 0.3951 0.0663 0.1962 0.1113 0.2311 
0.4 0.2 -0.0501 9.1584 0.3945 0.0972 0.1946 0.0884 0.2253 
0.5 0.4 -0.0447 9.0555 0.3870 0.1227 0.2072 0.0689 0.2142 

TABLE4:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for the selected values of > which give the highest return of ��R^^ among the same r-value  for theIvalue 

from -0.5 to 0.5 for data Set F. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

F 

-0.5 0.5 0.0171 2.0764 0.2219 0.1392 0.0455 0.2254 0.3680 
-0.4 0.5 0.0169 2.0773 0.2163 0.1354 0.0464 0.2273 0.3746 
-0.3 0.5 0.0169 2.0777 0.2096 0.1310 0.0483 0.2293 0.3818 
-0.2 0.5 0.0172 2.0787 0.2018 0.1254 0.0504 0.2317 0.3907 
-0.1 0.5 0.0179 2.0808 0.1922 0.1181 0.0523 0.2346 0.4027 
0.1 0.5 0.0207 2.0870 0.1647 0.0961 0.0583 0.2426 0.4382 
0.2 0.5 0.0232 2.0911 0.1441 0.0789 0.0635 0.2481 0.4654 
0.3 0.5 0.0273 2.0973 0.1145 0.0528 0.0705 0.2556 0.5067 
0.4 0.5 0.0241 2.0492 0.1014 0.0621 0.1148 0.2516 0.4701 
0.5 0.5 0.0203 1.9997 0.0942 0.0771 0.1571 0.2462 0.4254 
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TABLE5:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for the selected values of > which give the highest return of ��R^^ among the same r-value  for theIvalue 

from -0.5 to 0.5 for data Set G. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

G 

-0.5 0.5 -0.0381 5.1826 0.1954 0.1051 0.1874 0.1237 0.3885 
-0.4 0.5 -0.0388 5.1361 0.1777 0.1134 0.1747 0.1408 0.3935 
-0.3 0.5 -0.0405 5.0813 0.1551 0.1236 0.1594 0.1620 0.4000 
-0.2 0.5 -0.0432 5.0083 0.1255 0.1371 0.1404 0.1898 0.4073 
-0.1 -0.5 0.3451 5.0879 0.3213 0.0029 0.3996 0.1094 0.1668 
0.1 -0.5 0.0746 5.0509 0.3294 0.0090 0.3704 0.0955 0.1956 
0.2 -0.1 0.0337 5.0707 0.3705 0.0082 0.3744 0.0628 0.1841 
0.3 -0.1 0.0282 5.1068 0.3691 0.0105 0.3674 0.0572 0.1958 
0.4 -0.1 0.0240 5.1397 0.3683 0.0123 0.3613 0.0521 0.2061 
0.5 -0.1 0.0206 5.1659 0.3671 0.0145 0.3551 0.0481 0.2152 

TABLE6:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for the selected values of > which give the highest return of ��R^^ among the same r-value  for theIvalue 

from -0.5 to 0.5 for data Set H. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

H 

-0.5 -0.5 -0.0465 4.8304 0.1380 0.2248 0.3246 0.0721 0.2405 
-0.4 -0.3 0.5126 4.8418 0.1824 0.2198 0.2456 0.0739 0.2782 
-0.3 -0.4 2.1126 5.1100 0.3059 0.1647 0.0588 0.1647 0.3059 
-0.2 -0.4 0.1657 4.8914 0.1643 0.1973 0.3066 0.0663 0.2655 
-0.1 -0.5 0.2404 4.9672 0.1681 0.1839 0.3146 0.0591 0.2743 
0.1 -0.5 0.0600 4.9326 0.1758 0.1673 0.3159 0.0595 0.2816 
0.2 -0.5 0.0437 4.9384 0.1814 0.1580 0.3148 0.0584 0.2873 
0.3 -0.5 0.0344 4.9464 0.1872 0.1486 0.3136 0.0573 0.2933 
0.4 -0.5 0.0284 4.9556 0.1931 0.1391 0.3123 0.0560 0.2995 
0.5 -0.5 0.0242 4.9653 0.1991 0.1295 0.3109 0.0548 0.3057 

TABLE7:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for ten selected values of > with the difference interval of 0.1 and given that I = 0.1 for data Set D. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

D 

0.1 -0.5 -0.1391 2.6633 0.1899 0.2447 0.2085 0.2235 0.1334 
0.1 -0.4 -0.0895 2.6440 0.1914 0.2477 0.2142 0.2182 0.1285 
0.1 -0.3 -0.0671 2.6324 0.1952 0.2507 0.2187 0.2118 0.1236 
0.1 -0.2 -0.0545 2.6239 0.2000 0.2542 0.2228 0.2048 0.1182 
0.1 -0.1 -0.0329 2.5742 0.2056 0.2581 0.2268 0.1971 0.1124 
0.1 0.1 -0.0622 2.5513 0.2169 0.2597 0.2312 0.1816 0.1107 
0.1 0.2 -0.0275 2.5480 0.2212 0.2586 0.2316 0.1754 0.1133 
0.1 0.3 -0.0233 2.5247 0.2249 0.2577 0.2316 0.1701 0.1157 
0.1 0.4 -0.0200 2.5042 0.2280 0.2571 0.2315 0.1656 0.1178 
0.1 0.5 -0.0174 2.4863 0.2308 0.2568 0.2313 0.1615 0.1195 
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TABLE8:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for ten selected values of > with the difference interval of 0.1 and given that I = 0.2for data Set E. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

E 

0.2 -0.5 -0.1440 9.3192 0.3731 0.0500 0.2113 0.1458 0.2198 
0.2 -0.4 -0.1113 9.3163 0.3845 0.0503 0.2006 0.1368 0.2278 
0.2 -0.3 -0.0930 9.3199 0.3937 0.0535 0.1898 0.1299 0.2330 
0.2 -0.2 -0.0781 9.2597 0.3930 0.0652 0.1791 0.1270 0.2357 
0.2 -0.1 -0.0678 9.2029 0.3918 0.0777 0.1682 0.1249 0.2374 
0.2 0.1 -0.0547 9.0953 0.3885 0.1044 0.1454 0.1222 0.2395 
0.2 0.2 -0.0503 9.0416 0.1188 0.1332 0.1215 0.2401 0.1188 
0.2 0.3 -0.0468 8.9873 0.3841 0.1338 0.1203 0.1211 0.2406 
0.2 0.4 -0.0439 8.9304 0.3813 0.1496 0.1070 0.1212 0.2409 
0.2 0.5 -0.0411 8.8614 0.3765 0.1665 0.0940 0.1225 0.2406 

TABLE9:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for ten selected values of > with the difference interval of 0.1 and given that I = 0.3for data Set F. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

F 

0.3 -0.5 -0.0582 1.8925 0.2710 0.1455 0.2922 0.2539 0.0374 
0.3 -0.4 0.0000 1.8792 0.2000 0.2000 0.2000 0.2000 0.2000 
0.3 -0.3 0.0406 1.8889 0.1450 0.2027 0.1262 0.1448 0.3813 
0.3 -0.2 0.0362 1.9067 0.1429 0.1891 0.1213 0.1532 0.3935 
0.3 -0.1 0.0332 1.9261 0.1401 0.1747 0.1158 0.1628 0.4066 
0.3 0.1 0.0296 1.9710 0.1328 0.1418 0.1034 0.1865 0.4356 
0.3 0.2 0.0287 1.9979 0.1282 0.1225 0.0958 0.2007 0.4527 
0.3 0.3 0.0282 2.0283 0.1233 0.1008 0.0873 0.2170 0.4717 
0.3 0.4 -0.0278 2.0619 0.1185 0.0773 0.0786 0.2354 0.4903 
0.3 0.5 0.0273 2.0973 0.1145 0.0528 0.0705 0.2556 0.5067 

TABLE10:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for ten selected values of > with the difference interval of 0.1 and given that I = 0.4 for data Set G. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

G 

0.4 -0.5 0.0304 5.1070 0.3336 0.0138 0.3540 0.0810 0.2176 
0.4 -0.4 0.0268 5.1110 0.3399 0.0137 0.3543 0.0757 0.2163 
0.4 -0.3 0.0249 5.1191 0.3476 0.0130 0.3560 0.0692 0.2141 
0.4 -0.2 0.0240 5.1275 0.3566 0.0128 0.3581 0.0617 0.2107 
0.4 -0.1 0.0240 5.1397 0.3683 0.0123 0.3613 0.0521 0.2061 
0.4 0.1 0.0251 5.1317 0.3922 0.0222 0.3618 0.0325 0.1912 
0.4 0.2 0.0245 5.0621 0.3919 0.0445 0.3487 0.0333 0.1817 
0.4 0.3 0.0242 4.9814 0.3910 0.0707 0.3332 0.0345 0.1705 
0.4 0.4 0.0243 4.8901 0.3907 0.1012 0.3155 0.0356 0.1570 
0.4 0.5 0.0248 4.7836 0.3908 0.1378 0.2945 0.0366 0.1403 
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TABLE11:Values of ��R^^ (using the best �) and portfolio vector ��R^�given that b� = (0.2, 0.2, 0.2, 0.2, 0.2) by using the universal portfolio generated from the 5-bandToeplitz matrix * 

for ten selected values of > with the difference interval of 0.1 and given that I = 0.5 for data Set H. 

Set s r Best � ��R^^ ��R^� 

 

 

 

 

H 

0.5 -0.5 0.0242 4.9653 0.1991 0.1295 0.3109 0.0548 0.3057 
 

0.5 -0.4 0.0213 4.9449 0.2002 0.1298 0.3085 0.0575 0.3041 
 

0.5 -0.3 0.0193 4.9216 0.2010 0.1305 0.3057 0.0611 0.3017 
 

0.5 -0.2 0.0180 4.8972 0.2018 0.1311 0.3031 0.0647 0.2993 
 

0.5 -0.1 0.0171 4.8693 0.2024 0.1320 0.2999 0.0693 0.2964 
 

0.5 0.1 0.0163 4.8020 0.2036 0.1340 0.2923 0.0806 0.2894 
 

0.5 0.2 0.0163 4.7603 0.2040 0.1352 0.2876 0.0880 0.2851 
 

0.5 0.3 0.0166 4.7113 0.2044 0.1364 0.2821 0.0969 0.2803 
 

0.5 0.4 0.0170 4.6514 0.2045 0.1383 0.2745 0.1090 0.2736 
 

0.5 0.5 -0.0184 4.5978 0.1796 0.2601 0.1288 0.2917 0.1398 
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Abstract. Dominant-diagonal matrices are well-known to be positive definite and hence 

they generate a class of Mahalanobis universal portfolios. The objective of this paper is to 

study the empirical performance of some dominant-diagonal-matrix-generated universal 

portfolios with two parameters. Low-order universal portfolio generated by some common 

distributions like the lognormal and inverse Gaussian distributions are also studied with 

regard to their performance on selected stock-price data sets. It is possible to achieve higher 

wealth by using these portfolios in investment. 

Keywords: universal portfolio, dominant-diagonal matrix, common probability distribution, 

empiricalperformance 

PACS: 02.50.-r, 89.65.Gh 

INTRODUCTION 

In non-parametric investment, an investment strategy not depending on the 

stochastic model of the stock prices is needed. Such a strategy is known as a 

universal portfolio. Earlier work on universal portfolios is discussed in Cover 

(1991). A generalization of Cover (1991) using the Dirichlet distribution to 

generate a universal portfolio is given in Cover and Ordentlich(1996). The Cover-

Ordentlich universal portfolio consumes a lot of computer memory and time in its 

implementation, where the memory and time grow exponentially with the number 

of stocks in the portfolio. To reduce the amount of memory and time to practical 

implementation, Tan (2013)proposes a finite-order universal portfolio generated 

by a probability distribution. It is the objective of this paper to study the empirical 

performance of such a portfolio. 

A multiplicative-update universal portfolio is introduced by Helmbold et al. 

(1998).An extension to an additive-update universal portfolio is studied by Tan 
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and Lim (2012).This type of additive-update universal portfolio is generated by 

the Mahalanobis squared divergence associated with a symmetric, positive definite 

matrix. The focus of this paper is to study the empirical performance of the 

Mahalanobis universal portfolio generated by a dominant-diagonal matrix. 

 

Some Basic Theory 
 

A universal portfolio ofm stocks is considered, where a portfolio � = ���� is a 

probability vector consisting of the proportions of the current wealth invested in 

each stock. Let �� = ����� be the portfolio strategy used on the �	
 trading day, 

where ��� is the proportion of the current wealth at the beginning of the �	
 

trading day invested on stock i, for � = 1, 2, ⋯ , �. Suppose �� = ����� is the 

price-relative vector on the �	
 trading day, where ��� is the price relative of stock 

iwhich is defined as the ratio of the closing of stock ito its opening price on day n, 

for � = 1, 2, ⋯ , �. The sequence of n price-relative vectors ��, ⋯ , �� is denoted 

by ���. The wealth ������� at the end of the �	
 trading day is computed as ������� = ∏ ��	������  where ��	�� = ∑ ����������  and the initial wealth �� is assumed 

to be 1 unit. 

Given ��, the Mahalanobis universal portfolio ��, ��, �� generated by an � × � symmetric, positive definite matrix � = ����  is the sequence of universal 

portfolios !��"�# given by: 

 ��"� = �� + ����	 ��� %�� 
 (1) 

where� is any real number such that ��"� ≥ 'for � = 1, 2, ⋯ ; % = �)��  is the 

companion matrix of A defined as: 

 )�� = ��� − ��∙�∙��∙∙  
 (2) 

where ��∙ = ∑ ������� , �∙� = ∑ �������  and �∙∙ = ∑ �����,���  denote the �	
 row sum, ,	
 column sum and total sum of entries of � respectively (refer to Tan and Lim 

(2012)). Given �� andA, there exists an interval of � such that ��"� ≥ 'for all � = 1, 2, ⋯. Then (1) is the parametric family of Mahalanobis universal portfolios ��, ��, �� generated by �� and �. 

A matrix A is row/column dominant if the modulus of each diagonal element is 

greater than the sum of the moduli of the corresponding off-diagonal row/column 

elements. A matrix A is dominant-diagonalif it is either row or column dominant. 

A special type of 5 × 5 dominant-diagonal matrix A given by (3) is studied in this 

paper: 
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;

 

 (3) 

where 1 > =�>?@� 2, 1 > 0 and 2 > 0 are sufficient for A to be dominant-diagonal and 

hence positive definite. Let the companion matrix C be: 

 % =
.
/0

 B� B@ B= B? BCB@ BD BE BF B>B= BE B�� B�� B�@B? BF B�� B�= B�?BC B> B�@ B�? B�C9
:; 

 (4) 

and from (2), 

 B� = 1 − 1G H1 + 319420 2J@
 

,  

 B@ = 24 − 1G HK1 + 319420 2L K1 + 115168 2LJ 
,  

 B= = 25 − 1G HK1 + 319420 2L K1 + 217360 2LJ 
,  

 B? = 26 − 1G HK1 + 319420 2L K1 + 449840 2LJ 
,  

 BC = 27 − 1G HK1 + 319420 2L K1 + 24145040 2LJ 
,  

 BD = 1 − 1G H1 + 115168 2J@
 

,  

 BE = 26 − 1G HK1 + 115168 2L K1 + 217360 2LJ 
,  

 BF = 27 − 1G HK1 + 115168 2L K1 + 449840 2LJ 
,  

 B> = 28 − 1G HK1 + 115168 2L K1 + 24145040 2LJ 
,  

 B�� = 1 − 1G H1 + 217360 2J@
 

,  

 B�� = 28 − 1G HK1 + 217360 2L K1 + 449840 2LJ 
,  
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 B�@ = 29 − 1G HK1 + 217360 2L K1 + 24145040 2LJ 
,  

 B�= = 1 − 1G H1 + 449840 2J 
,  

 B�? = 210 − 1G HK1 + 449840 2L K1 + 24145040 2LJ 
,  

 B�C = 1 − 1G H1 + 24145040 2J@
 

  

where G = 51 + >D?=�C 2. The empirical performance of the portfolio will be 

presented in the next section. 

Let M�, M@, … , M� be � mutually independent random variables with positive 

moments. From Tan (2013), the orders 1, 2, 3 universal portfolios generated by M�, M@, … , M� are defined by (5), (6) and (7) respectively, namely, 

 �O�"�,P = ∑ ���QRMPM�S����∑ �∑ ���QRMPM�S���� ��P��  
 

(5) 

 forT = 1, 2, ⋯ , �; � = 1, 2, ⋯ ;  

 �O�"�,P = ∑ ∑ ���U��V�,�WQXMPM�UM�WY��W����U��∑ ∑ ∑ ���U��V�,�WQXMPM�UM�WY��W����U���P��  
 

(6) 

 forT = 1, 2, ⋯ , �; � = 2, 3, ⋯ ;  

 �O�"�,P = ∑ ∑ ∑ ���U��V�,�W��V@,�ZQXMPM�UM�WM�ZY��Z����W����U��∑ ∑ ∑ ∑ ���U��V�,�W��V@,�ZQXMPM�UM�WM�ZY��Z����W����U���P��
 

(7) 

 forT = 1, 2, ⋯ , �; � = 3, 4, ⋯ ;  

For values of � not defined by (5), (6) and (7), the portfolio component �O�"�,P can 

be arbitrary. The empirical study is on M�, M@ and M= which are independent and 

coming from the lognormal or inverse Gaussian distributions. The random 

variable Y has a lognormal �[, \� distribution if the probability density function is 

 ]�^; [, \� = 1^\√2` aV�bcdef�WWgW , ^ > 0 
 (8) 

and 

 QRh�S = a�i + �@\@2 .  (9) 

The random variable Y has an inverse Gaussian ([, k� distribution if the 

probability density function is 

 ]�^; [, k� = l k2`^= aVm�def�WWdfW , ^ > 0 
 (10) 
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and its moment generating function is: 

 ��n� = amf o1 − l1 − 2[@nk p.  (11) 

EMPIRICAL RESULTS 

Five data sets A, B, C, D and E are obtained for this study. They comprise of 

the daily stock prices of selected Malaysian companies traded on the Kuala 

Lumpur Stock Exchange and listed in Table 1.There are a total of 500 trading days 

for the three-stock portfolios A, B and C and the trading period is from January 1, 

2003 until November 30, 2004. The trading period of the five-stock portfolios D 

and E is from March 1, 2006 under August 2, 2012 consisting of a total of 1500 

trading days. 

The empirical performance of the dominant-diagonal universal portfolio 

generated by A in (3) is studied by running the portfolio on data sets D and E. The 

initial wealth �� is assumed to be 1 unit. The best wealth ��C�� achieved after 1500 

trading days is displayed in Tables 2 and 3 for valid values of the parameter � in 

the interval containing � = 0and ten selected pairs of �1, 2� given the uniform 

initial portfolio �� = �0.2, 0.2, 0.2, 0.2, 0.2�. The parameter � achieving the best 

wealth ��C�� and the final portfolio ��C�� are also displayed in the two tables. It is 

observed that for data set D, the wealths achieved are in the range 2.579-2.604 

units. Larger proportions of wealth in the portfolio D tend to move to stocks 2 and 

3 in the portfolio for better performance. For data set E, the wealth achieved is in 

the range 9.168-9.229 units. The largest proportion of wealth in portfolio E tends 

to move to the first stock for better performance. An increase of wealth of about 

0.1 unit may be obtained by changing the values of 1 and 2 in the parameter vector �1, 2� for portfolio D or E. It is clear that the stocks in D do not perform well 

compared with the outstanding performance of the stocks in E with a wealth 

different of 3.5 times. 

The orders 1, 2 and 3 universal portfolios (5) – (7) generated by the lognormal ��[�, \�, �[@, \�, �[=, \�  and inverse Gaussian ��[�, k�, �[@, k�, �[=, k�  

distributions are run on data sets A, B and C for nine selected parametric vectors. 

The wealth �C�� achieved after 500 trading days is displayed in Tables 4 and 5 

where the initial vector �� = �0.3333, 0.3333, 0.3334�. The wealths achieved by 

the portfolios may be compared with the best-constant-rebalanced-portfolio 

(BCRP) wealth. The BCRP wealth for a fixed data set is the highest wealth 

achieved among all the constant rebalanced portfolios which are run on the data 
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set. The BCRP wealths for A, B and C are 1.8534, 4.2970 and 4.2970 units 

respectively. 

The abbreviation �q, \� is used to represent the 3 parametric vectors �[�, \�, �[@, \� and �[=, \�. In Table 4, the wealths achieved by the order 1 lognormal �q, \� universal portfolios are in the ranges of 1.1637 – 1.8534, 1.3677 – 4.2969 

and 0.9596 – 4.2968 units for A, B and C respectively. The highest wealths 

achieved are close to the BCRP wealths for A, B and C indicating a good 

performance. However the variation of wealths achieved for the lognormal �q, \� 

universal portfolios on B and C is large, namely, about 3 units. For instance the 

order 1 lognormal ��5, 5�, �10, 5�, �1, 5�  universal portfolio achieves a low 

wealth of 1.5570 units compared with the highest wealth of 4.2968 achieved by 

the order 1 lognormal ��5, 5�, �1, 5�, �10, 5�  universal portfolio for set B. For the 

order 2 lognormal �q, \� universal portfolios, the wealth achieved are in the 

ranges of 1.1637 – 1.8783, 1.3738 – 4.2970 and 1.3728 – 4.2970 for A, B and C 

respectively. The highest wealth of 1.8783 units achieved by the order 2 lognormal ��10, 5�, �5, 5�, �1, 5� portfolio for A exceeds the BCRP wealth of 1.8534 units. 

The variation of wealths of about 3 units is large for B and C, indicating that 

certain parametric vectors lead to poor performance. The highest wealths for 

orders 2 and 3 portfolios match the BCRP wealth of 4.2970 units, indicating a 

good performance for the parametric vectors ��5, 5�, �1, 5�, �10, 5� . For the order 

3 lognormal �q, \� universal portfolios, the wealths achieved are in the ranges of 

1.1637 – 1.8783, 1.3498 – 4.2970 and 0.9860 – 4.2970 units for A, B and C 

respectively. The highest wealths for B and C match the BCRP wealth of 4.2970 

units whereas the highest order 3 wealth for A exceeds the BCRP wealth of 1.8534 

units. A large variation of order 3 wealths is observed for B and C. 

The abbreviation �q, k� is used to represent the 3 parametric vectors �[�, k�, �[@, k� and �[=, k�. In Table 5, the wealth �C�� achieved by orders 1, 2 and 3 

inverse Gaussian �q, k� universal portfolios are displayed. Higher variation of 

wealths is observed for orders 2 and 3 universal portfolios for sets B and C. The 

highest orders 2 and 3 wealths for set A exceed the BCRP wealth of 1.8534 units. 

The highest wealths of 4.0579 and 4.1782 units achieved by the respective orders 

2 and 3 inverse Gaussian ��10, 10�, �20, 10�, �50, 10�  universal portfolios are 

close to the BCRP wealth of 4.2970 units. A similar situation is observed for the 

highest wealths of 3.9974 and 4.1466 units achieved by the respective orders 2 and 

3 inverse Gaussian ��20, 10�, �10, 10�, �50, 10�  universal portfolios which are 

close to the BCRP wealth of 4.2970 units. 
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Among the orders 1, 2 and 3 universal portfolios studied, there is no clear 

superiority in performance of one order over another order. Thus the choice of 

order can be arbitrary. It is obvious that the least-order universal portfolio requires 

the least time and computer memory in its implementation. The selection of the 

parametric vectors of the generating probability distribution is crucial in the 

ultimate performance of the universal portfolio. 
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TABLE 1.The three Malaysian companies in the three-stock portfolios A, B, C and the five Malaysian 

companies in the five-stock portfolios D and E 

Data Set Malaysian Companies in Each Portfolio 

A Malayan Banking, Genting, Amway (M) Holdings 

B Public Bank, Sunrise, YTL Corporation 

C Hong Leong Bank, RHB Capital, YTL Corporation 

D 
IOI Corporation, Carlsberg Brewery Malaysia, 

British America Tobacco (M), Nestle (M), Digi.Com 

E 
Public Bank, Kulim (M), KLCC Property Holdings, 

Aeon (M), Kuala Lumpur Kepong 

 

 
TABLE 2.Wealth, ��C��achieved by dominant-diagonal universal portfolio generated by A in (3) for ten selected 

pairs of �1, 2� with the best �in the valid interval containing � = 0 and portfolio vector ��C�� given that �� =�0.2, 0.2, 0.2, 0.2, 0.2� for the data set D 

Set �r, s� Best t uvw'' �vw'v 

D �0.1, 0.1� -2.4507 2.57904 [0.2139 0.2489 0.2394 0.1832 0.1049] 

 �0.2, 0.1� -1.1669 2.59309 [0.2112 0.2611 0.2398 0.1828 0.1051] 

 �0.3, 0.1� -0.7673 2.59798 [0.2103 0.2620 0.2400 0.1827 0.1050] 

 �0.4, 0.1� -0.5707 2.59996 [0.2098 0.2623 0.2400 0.1827 0.1052] 

 �0.5, 0.1� -0.4547 2.60137 [0.2095 0.2626 0.2401 0.1826 0.1052] 

 �0.6, 0.1� -0.3773 2.60194 [0.2093 0.2627 0.2401 0.1826 0.1053] 

 �0.7, 0.1� -0.3227 2.60249 [0.2092 0.2628 0.2401 0.1826 0.1053] 

 �0.8, 0.1� -0.2827 2.60367 [0.2091 0.2631 0.2402 0.1826 0.1050] 

 �0.9, 0.1� -0.2507 2.60374 [0.2091 0.2630 0.2402 0.1825 0.1052] 

 �1.0, 0.1� -0.2253 2.60397 [0.2090 0.2631 0.2402 0.1825 0.1052] 

 
TABLE 3.Wealth, ��C��achieved by dominant-diagonal universal portfolio generated by A in (3) for ten selected 

pairs of �1, 2� with the best �in the valid interval containing � = 0 and portfolio vector ��C�� given that �� =�0.2, 0.2, 0.2, 0.2, 0.2� for the data set E 

Set �r, s� Best t uvw'' �vw'v 

E �0.1, 0.1� -4.0333 9.17264 [0.3659 0.1214 0.1112 0.1461 0.2554] 

 �0.2, 0.2� -2.0133 9.17030 [0.3656 0.1215 0.1114 0.1462 0.2553] 

 �0.3, 0.3� -1.34 9.16797 [0.3654 0.1217 0.1115 0.1452 0.2552] 

 �0.4, 0.4� -1.0067 9.17040 [0.3656 0.1215 0.1114 0.1461 0.2554] 

 �0.5, 0.5� -0.8068 9.17282 [0.3659 0.1214 0.1112 0.1461 0.2554] 

 �0.6, 0.7� -0.6989 9.20268 [0.3626 0.1236 0.1111 0.1457 0.2570] 

 �0.7, 0.9� -0.6173 9.22761 [0.3603 0.1252 0.1110 0.1453 0.2582] 

 �0.8, 1.0� -0.5358 9.22134 [0.3612 0.1246 0.1109 0.1453 0.2579] 

 �0.9, 1.1� -0.4726 9.21462 [0.3616 0.1243 0.1111 0.1455 0.2565] 

 �1.0, 1.3� -0.4332 9.22877 [0.3598 0.1255 0.1111 0.1454 0.2582] 

 
TABLE 4.The wealth �C��achieved by the orders 1, 2, 3 universal portfolios generated from the lognormal �q, \� 

distribution for data sets A, B, C and nine selected vectors of �q, \� x = w 
Set A Set B Set C 

Order Order Order qv qy qz 1 2 3 1 2 3 1 2 3 
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1 1 1 1.56822 1.56541 1.55418 2.17065 2.19625 2.20528 1.83489 1.85355 1.86753 

5 5 5 1.56822 1.56541 1.55418 2.17065 2.19625 2.20528 1.83489 1.85355 1.86753 

10 10 10 1.56822 1.56541 1.55418 2.17065 2.19625 2.20528 1.83489 1.85355 1.86753 

1 5 10 1.56392 1.63944 1.62518 4.29686 4.29702 4.29702 4.29675 4.29702 4.29702 

1 10 5 1.16369 1.16366 1.16366 1.55707 1.59869 1.65630 0.95960 0.97994 0.98689 

5 1 10 1.65396 1.63944 1.62518 4.29681 4.29702 4.29702 4.29681 4.29702 4.29702 

5 10 1 1.16369 1.16366 1.16366 1.55699 1.59869 1.65630 0.95955 0.97994 0.98689 

10 1 5 1.85338 1.87827 1.87827 1.36779 1.37379 1.34979 1.36651 1.37282 1.38571 

10 5 1 1.85336 1.87827 1.87827 1.36773 1.37379 1.34979 1.36642 1.37282 1.38571 

 
TABLE 5.The wealth �C��achieved by the orders 1, 2, 3 universal portfolios generated from the inverse Gaussian �q, k� distribution for data sets A, B, C and nine selected vectors of �q, k� { = v' 

Set A Set B Set C 

Order Order Order qv qy qz 1 2 3 1 2 3 1 2 3 

10 10 10 1.56579 1.56218 1.56369 2.16256 2.20005 2.20269 1.83429 1.85813 1.87247 

20 20 20 1.56627 1.56383 1.56113 2.16418 2.19649 2.20360 1.83441 1.85563 1.87144 

50 50 50 1.56700 1.56517 1.55785 2.16661 2.19441 2.20443 1.83459 1.85369 1.86964 

10 20 50 1.61155 1.62393 1.61872 3.66830 4.05787 4.17817 3.44854 3.96084 4.12944 

10 50 20 1.25595 1.19739 1.18018 1.78280 1.68365 1.69501 1.18687 1.06274 1.02608 

20 10 50 1.66514 1.64612 1.62853 3.61517 4.02966 4.16302 3.53413 3.99736 4.14655 

20 50 10 1.26624 1.20229 1.18245 1.63134 1.62437 1.66798 1.08763 1.02586 1.01036 

50 10 20 1.80533 1.85795 1.86772 1.59837 1.45947 1.39067 1.56272 1.44734 1.42046 

50 20 10 1.76152 1.84035 1.86071 1.48412 1.41797 1.37312 1.39741 1.38436 1.39324 
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Abstract. Conjoint choice experiment has been use widely in marketing to assist re-
searchers understand how people make complex judgments such as purchase decision
and product valuation by posing a series of choices about product or services. Data
generated from conjoint choice experiments are used to estimate marketplace behav-
ior. Over years, different type of conjoint choice experiment had been constructed and
developed such as full factorial conjoint choice experiment, fractional factorial con-
joint choice experiment, completely confounded factorial conjoint choice experiment
and partially confounded factorial conjoint choice experiment (PCFCCE). PCFCCE
overwhelmed other designs since it allows estimation of interaction effects as well as
able to estimate all effects including effects confounded with block.
Three level PCFCCE with three to nine number of factors (attributes) with two repli-
cate and three replicate had been constructed. A laptop preference study which con-
ducted as 35 PCFCCE was used to illustrate the used of three level PCFCCE. Log-Odds
Transformation method was applied to estimate the corresponding coefficients and ap-
proach for analyzing a 3n PCFCCE such as relative importance and willingness to pay
was developed. The results indicated that all main effects are significant and seven out
of ten first order interaction effects are significant.

1 Introduction

The modeling of consumer preferences among multi-attribute alternatives has
been one of the major activities in consumer behavior. Experimental analysis
has been the fundamental tool in modeling consumer preferences in market-
ing and economic. Traditional experimental analysis normally ask respondents
which product features or attributes are important, when purchasing a product
or services. Respondents are not required to make any trade-off between each
feature. This is unable to reveal the true situation of the market. For exam-
ple, all pro features are unable to find in one product as compared to other
products such as cheaper, better in quality and nicer in outlook. Other than
that, respondents normally will end up listing all the features are important.
The shortcoming of traditional experimental analysis had been overcome by
the development of conjoint analysis. Conjoint analysis is generally agreed to
be started in 1964 with the seminal paper by Luce, a mathematical psycholo-
gist and Tukey, a statistician [4]. Conjoint analysis is then brought to marketing
field by [1]. In conjoint analysis, products or services are described on a lim-
ited number of relevant attributes(characteristics) each with limited number of
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levels (specific quantities). These products are called profiles. For example, in
the consumer laptop preference study, some of the relevant attributes are price,
battery hours, RAM, storage and screen size, while, price has three levels, RAM
has two levels, battery hours has three levels, storage has one level and screen
size has two levels as shown in Table 1 below.

Table 1. Laptops’ Attributes and Corresponding Levels

Laptops’ Attributes Attributes’ Levels

Price
RM 1800
RM 2300
RM 2800

RAM
2
4

Battery Hours
6
12
18

Storage 640

LCD Screen Size
13
14

Conjoint analysis shows respondents different sets of profile in order to mea-
sure consumer preferences for products’ features, to forecast the likely accep-
tance of a product if brought to the market.

Thereafter, conjoint choice experiment (CCE) had developed as the exten-
sion of conjoint analysis. Conjoint choice experiment was introduced by [3]. In
CCE two or more profiles are group in a choice sets and respondents are re-
quired to choose the most preferable profile. Hence, respondents are required
to make trade-offs when choosing, which mimic the real market decision. This
enable us to understand how human beings make judgment when presenting
them with a series of choices about product and services. CCE reveals better
information on consumer preferences when purchasing goods and services. An
example of choice set for the laptop example is shown in Table 2. The choice
set shown below is form by three profile and one neither options.

Table 2. Sample of Choice Sets for Laptop

1.1 Option A Option B Option C Option D

Battery Life 6 12 18

None of it
LCD Screen Size 13 14 15
Price 1800 2300 2800
Storage 320 640 1000
RAM 2 4 8

I would choose :

Proceedings of the International Conference on Mathematics, Statistics and Financial Mathematics 2014 (ICMSFM2014)
with IASC-ARS Sessions, Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 137



In CCE, respondents are required to evaluate a number of choice sets and
each choice set are independent. Respondents need to choose the most preferable
alternatives from each choice sets. From the data collected, the preferences of
respondents are derived in terms of utilities. Utility is a numerical expression
representing the satisfaction respondents have on an attribute. The higher the
utility value, the bigger the satisfaction, vice versa.

An effective CCE is an experiment that able to reflect a better image of
consumer preferences with the following characteristics [2]:

1. level balance (each level occurs equally often within each factor)
2. orthogonal (parameter estimates are uncorrelated)
3. minimal level overlaps (minimal repeated level in each choice set)
4. utility balance (swapping and re-labelling of levels ensure no alternative will

dominate the other alternative)

CCE should provide as much information as possible on the relevant attributes.
However, problem exists when the number of attributes increases; the num-
bers of choice sets will also increase proportionally. Hence, each respondent is
required to answer more choice sets. This increase in quantity of information
is balanced off with decrease in quality of information due to effects such as
boredom [7]. Over decades, researchers had work onto to it in order to have
an efficient design that can obtain maximum information from the minimum
number of choice sets.

Designs such as fractional factorial designs and completely confounded fac-
torial designs are view as a solution to handle large number of attributes. Frac-
tional factorial design is an experimental design that only runs a fraction of
complete factorial design whereas completely confounded factorial design is a
design that arranges factorial experiment into blocks, where the block size is
smaller than the number of treatment combinations in a full factorial design.
Both designs are able to reduce the number of runs yet, completely confounded
factorial designs are more efficient than fractional factorial designs because frac-
tional factorial designs can’t estimate interaction effects and have larger bias
[8]. Yet, completely confounded factorial designs which have the same sets of in-
teractions confounded in all replicates causes all the information on confounded
interactions are lost, because it is impossible to separate confounded effects
from block effects. For example, to construct a three replicates 35 design with
three blocks, there are a total number of thirteen effects being confounded.
Information on the thirteen effects is lost.

Partially confounded factorial designs are view as extension of completely
confounded factorial design in CCE. Partially confounded means different sets
of interactions are confounded in different replicates and the confounded inter-
actions can be recovered from those replicates in which they are not confounded.
Partially confounded factorial conjoint choice experiments (PCFCCE) are able
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to handle large number attributes and all effects can be estimated as well as es-
timation of interaction effects. In the past, partially confounded factorial design
in CCE has been focusing on two levels partially confounded factorial designs
[6]. In this study, partially confounded factorial conjoint choice experiments are
extend to three levels partially confounded factorial designs.

Thus, the following are the objectives of this study:

1. To develop a construction method for 3N partially confounded factorial de-
signs that can be applied to conjoint choice experiments.

2. To develop an approach for analyzing 3N partially confounded factorial de-
signs in conjoint choice experiment.

2 Construction of 3N Partial Confounded Factorial
Conjoint Choice Experiment

Partially Confounded factorial design is view as a solution to completely
confounded factorial design. Completely confounded design is constructed by
using the technique of confounding effects into blocks and all the effects con-
founded is unable to be estimated. On the other hand, partially confounded fac-
torial design is able to estimate all the effects including those confounded effects
by confounding different effects in each replicate. In other words, the confounded
effects in one replicate can be estimated from other replicates. Hence, the prior
criteria for a partial confounded factorial design is the number of replicate must
be more than one(at least two) and blocks of each replicate is constructed by
using p different effects. For example, let 22 design with two replicates and two
blocks for each replicate, first replicate confounded by effect AB and second
replicate confounded by effect B. Therefore, first replicate can use to estimate
effects A and B; second replicate can use to estimate effect A and AB. All the
effects in 22 design are estimated.

When applying partially confounded factorial design to conjoint choice ex-
periments, two or more treatment combinations are positioned in a choice set.
Each treatment combination represents one choice(alternative). It is necessary
(1) to ensure that the treatment combination and its respective treatment com-
binations are in the same block or same choice sets and (2) all effects are able
to be estimate when designing or none of the effects are confounded in every
block in each replicate when designing CCE as partially confounded factorials
[9].

In order to have the treatment combination and its respective treatment
combinations in the same block or same choice sets for 3N design or require-
ment (1), the word length, l must have a modulus of 3 equal to 0 or With the

restriction of the the first nonzero αi must be unity in 3N design, there are
N−1∑
i=0

3i
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effects that can be chosen to be the p independent effects to be confounded with
blocks. In this study, only effects with word length of multiple three can be cho-
sen to be confounded with blocks to fulfill requirement (1). In 3N design, there

are total of
N−2∑
i=0

3i effects with word length of multiple of 3.

For example, in a 35 design, there are total of 283 effects with only 40 effects
that can be chosen to be confounded with blocks. To construct an 3p incomplete
blocks, there are p + (3p − 2p− 1)/2 effects to be confounded where all effects
are of word length, In addition, each replicate must have the same number of
blocks. Hence, firstly, it is important to determine the number of word length
of multiple three effects and then determine the number of blocks that can
be generated in each replicate with the condition that none of the effects are
confounded in every block in each replicate. Table 3 shows the possible design
of a two replicate 3N partially confounded factorial CCE that fulfill all the
requirement mentioned above. More replicates are needed to further reduce the
number of choice sets in a fraction in order to fulfill requirement(2).

The choice sets constructed in this study have four options per choice sets
including the treatment combination, two compliments of the particular treat-
ment combination and none of the above alternative option. None of the above
alternative option is added in each choice set is to mimic the real situation when
sometimes consumers do not make a choice based on the alternatives given.
Each block represents one questionnaire and every questionnaire is answer by
different individuals.

Table 3. Defining contrast for two replicate 3N partially confounded factorial CCE which ensure no
same effects is confounded in the two replicates.

Replicate 1 Replicate 2
n p Defining Contrast Other Effects Defining Contrast Other Effects B CS
3 1 ABC - AC2 - 3 3
4 1 ABC - ABD - 3 9

5
1 ABCDE2 - ABCD2E - 3 27
2 ABC2DE,

AB2DE2
ACD , BCE ABC2D2,

ABCDE2
ABE , CDE 9 9

6
1 ABCDEF - ABCDE2 - 3 81
2 ABCDEF,

AB2CD2
ACEF2,
BDE2F2

ABC2D2

,
ABCDF2

ABF , CDF 9 27

Note:
n: Number of Factors
p: Number of independent effects used as defining contrast
B: Number of blocks in each replicate
CS: Number of choice sets in a block

In this study, a data set from a laptop preference study on respondent’s
preferences was conducted as a partial confounded factorial CCE. The main
objective of this study is to evaluate the effects of the laptops attributes toward
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respondent’s decisions making. In this study, five main laptop’s attributes was
included since it is impossible to include all attributes in a CCE. The associated
attributes are Price (Factor A), Random Access Memory (Factor B), Storage
(Factor C), LCD Screen Size (Factor D) and Battery Life (Factor E), each with
three levels (as shown in Table 4).

Table 4. Laptops’ Attributes and Corresponding Levels in the Choice Sets

Laptops’ Attributes Factor Levels

Price
RM 1800
RM 2300
RM 2800

Random Access Memory (RAM)
2 GB
4 GB
8 GB

Storage
320 GB
640 GB
1000 GB

LCD Screen Size
13”
14”
15”

Battery Life
6 hours
12 hours
18 hours

The total number of laptops descriptions based on the five attributes are
35 = 243. The principal of CCE is to obtain information on the attributes
without asking respondents to answer more than a moderate number of choice
sets. Other than that, information overload will leads to respondent fatigue and
boredom, consequently affecting the precision of the results [7]. Hence, it is
inappropriate for each respondent to evaluate all 243 alternatives. Thus, con-
founded factorial CCE is used and the 243 descriptions are distributed over nine
blocks, left 27 descriptions in each fractions. In order to estimate all the effects,
partially confounded CCE is used in this laptop preference study. A PCFCCE
must have at least two replicates and each replicate must have sufficient number
of respondents. Thus, only Two replicates are constructed in this study due to
cost constraints.

The construction of the design can be found in Table 3 in n = 5 and p = 2
row. In each replicate, two different independent effects are chosen to be con-
founded with blocks forming a total of nine blocks in each replicate. The chosen
confounded independent effects are ABC2DE and AB2DE2 for replicate one
while ABC2D2 and ABCDE2 for replicate two. In addition, there are two other
generalized interactions which are confounded with blocks which are ACD and
BCE for replicate one whereas ABE and CDE for replicate two. Confounded
effects in replicate one: ABC2DE, AB2DE2, ACD and BCE are able to esti-
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mate by using information from replicate two. On the other side, confounded
effects in replicate two: ABC2D2, ABCDE2, ABE and CDE can be estimated
from replicate one. Hence, all the effects in this laptop preference study can be
estimated.

Since the chosen confounded effects are of word length, l mod 3 = 0, the lap-
tops descriptions are arranged in such a way that all compliment combinations
are in the same fractions. Each fraction has a total of 27 treatment combina-
tions or it can also known as 9 group of compliment combinations where each
group consists of 3 treatment combinations. Other than that, each group of
compliment combinations (total of three laptops descriptions) plus a null op-
tion or base alternative form a choice sets. This ensure that none of the levels
in each choice sets are overlap and increase the efficiency of the design [8]. This
form the nine choice sets and an extra choice set is added to each block for
reliability check but it is not included in data analysis. While, each fraction
represents a questionnaire and there are a total of 18 questionnaires. In other
word, each respondent is responsible to respond to one questionnaire with a
total of 10 choice sets and each choice sets with four alternatives. Besides, the
orders of attributes in each choice sets are randomized to avoid response bias
and obtain more precise results. Table 5 shows one of the choice sets from the
questionnaire. With this design, all the main effects and first-order interactions
are able to estimate.

Table 5. A fraction of the choice sets from questionnaire

1.1 Option A Option B Option C Option D

Battery Life 6 12 18

None of it
LCD Screen Size 13 14 15

Price 1800 2300 2800
Storage 320 640 1000
RAM 2 4 8

I would choose :

3 Analysis for 3N Partial Confounded Factorial Choice
Based Conjoint Experiments

Respondents of the laptop preference study were separated into two main groups
which are students and employees who ranging between 19 and 25 years old and
each of them only responded once to the questionnaire. Students were randomly
chosen from Faculty of Engineering and Science (FES) of University Tunku Ab-
dul Rahman, whereas employees were randomly chosen from Underwriter and
Claim departments of AIA Company. Students were responded to 13 fractions
of the questionnaire and each questionnaire was responded by 25 students. On
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the other hand, employees from AIA had responded to 5 fractions of the ques-
tionnaire and each questionnaire was also responded by 25 employees. Hence,
there were 325 and 125 respondents who were students from UTAR and em-
ployees from AIA respectively. This summed up to the total of 450 respondents
for the laptop preference study. However, some of the respondents did not pass
the reliability check and left a total of 369 questionnaires, with an average of
20 respondents per fraction that can be used for analysis. The analysis of the
laptop preference study was done by using Log-Odds Transformation method.

Log-Odds Transformation method was developed by [5] used for data an-
alyzing for data with single fraction. Log-odds transformation linearizes the
multinomial logit model into an additive model of the systematic components:

ln

(
πispl
πisp0

)
= ln




e
νispl∑

kεCisp

e
νispl

eνisp0∑
kεCisp

e
νispl


 = ln(eνispl − eνisp0) = νispl − 0 = x′isplβ (1)

where πispl is the true probability that alternative one is selected from the ispth

choice set and πisp0 is the true probability for the base alternative in choice set
ispth .

Covariance structure proposed by [5] for the multi-vector multinomial dis-
tribution is as follow:

Cov(P
(n)
∼l , P

(m)
∼k ) =





1
N
p

(n)
l (1− p(n)

l ), n = m, l = k

− 1
N
p

(n)
l p

(m)
k , n = m, l 6= k

1
N
p

(nm)
lk − p(n)

l p
(m)
k , n 6= m

(2)

where p
(n)
∼l and p

(m)
∼k are two multinomial vectors symbolize proportion,n and m

are indexes symbolizing choice set, l and k are indexes symbolizing alternatives
within choice set as well as N represents number of respondents.

Based on [8],for confounded factorial CCE, multiple fractions are present in
the designs and separate questionnaires are developed for each fraction/block
of subjects are assigned to each fraction. Thus, to apply the log-odds transfor-
mation method when blocks are assumed random, we should incorporate the
random block effects, u into the model. The corresponding mixed model for
confounded factorial CCE is

Y = Xβ + Zu+ ε (3)

where X is matrix associated with attribute levels of main effects and first-order
interaction effects and Z is matrix associated with random block effects u and
u is assumed to be normally distributed with mean zero and covariance matrix
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u, G = Cov(u). ε is normally distributed with mean zero and covariance matrix
R = Cov(ε). Thus,

Cov(Y ) = ZGZ ′ +R. (4)

This approach can also be used in PCFCCE.
In the laptop preference study, each respondent had answered a total of ten

choice sets, nevertheless only nine choice sets were used in data analysis; in
view that one of the choice set was served as internal reliability check. Each
choice sets consists of four alternatives. Thus, with each fraction of respondents
responded to 36 (9 choice sets × 4 alternatives) responses, there were total
of 13284 responses. On the other hand, each fraction consists of 36 observed
proportions and hence there were a total of 648 (36×18 fractions) observed
proportions. Yet, the fourth alternative (Option D) in the choice set was omitted
and set as based alternatives, leaving 27 observed proportions in each fraction
and a total of 486 observed proportions. Thus, for each choice set, An where
n = 1, ..., 9 , the vector of log-odds value are defined as:

Yn(p) =





ln
(
pn1
pn4

)

ln
(
pn2
pn4

)

ln
(
pn3
pn4

)

where the proportion of each alternatives ,pn1 ,pn2 and pn3 (Option A, B and
C) was divided by the proportion of the base alternative, pn4 (Option D) in a
choice sets.

Based on [8],for confounded factorial CCE, multiple fractions are present in
the designs and separate questionnaires are developed for each fraction/block
of subjects are assigned to each fraction. Thus, to apply the log-odds transfor-
mation method when blocks are assumed random, we should incorporate the
random block effects, u into the model. The corresponding mixed model for
confounded factorial CCE is

Y = Xβ + Zu+ ε (5)

where X is known matrix associated with attribute levels of main effects and
first-order interaction effects and Z is matrix associated with the random block
effects u and u is assumed to be normally distributed with mean zero and
covariance matrix u, G = Cov(u). ε is normally distributed with mean zero and
covariance matrix R = Cov(ε). Thus,

Cov(Y ) = ZGZ ′ +R (6)

For the proportion of times that the alternatives are selected, the corre-
sponding covariance matrix is a direct matrix calculation in the presence of
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data:

Ĉov(p) =
1

N(N − 1)

(
D′D − 1

N
D′11′D

)
(7)

where D is a matrix with each column represents alternatives in all choice sets
while each row corresponds to a respondent in presented order . Elements in D
are set to be either 1s or 0s: 1s for selected alternatives and 0s otherwise.

For each choice set, An where n = 1, ..., N , the vector of log-odds value are
defined as:

Yn(p) =





ln
(
pn1
pnJ

)

ln
(
pn2
pnJ

)

ln
(
pn3
pnJ

)

...

...

ln
(
pn(J−1)

pnJ

)

(8)

where J is the number of alternatives in each choice set and pnJ is the base
alternative which each proportion is divided by it.

When Y’=[Y1(p) Y2(p) ... YN(p)] where the elements are functions of p
with continuous derivate, there exists a consistent estimator for the covariance
matrix of Y, Cov(Y ) is

Ĉov(Y ) = H[Ĉov(p)]H ′ , H =

[
∂Y (π)

∂π

]

π=p

(9)

where Hn(n = 1, 2, ..., N) is:

Hn =




1
pn1

0 0 ... 0 − 1
pnJ

0 1
pn2

0 ... 0 − 1
pnJ

0 0 1
pn3

0 ... − 1
pnJ

.

.
0 0 ... 0 1

pn(J−1)
− 1
pnJ




(10)

and the H-matrix is:

H =




H1 0 0 0 ... 0
0 H2 0 0 ... 0
0 0 H3 0 ... 0
0 0 0 H4 ... 0
. . . . . .
0 0 ... 0 0 HN




(11)
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The estimates of the model coefficients and their covariance matrix is:

β̂ = |X ′[Ĉov(Y )]−1X|−1X ′[Ĉov(Y )]−1Y (12)

Ĉov(β̂) = |X ′[Ĉov(Y )]−1X|−1 (13)

4 Estimation of 3N partial confounded Factorial
Conjoint Choice Experiment

The result of the laptop preference study obtained from log-odd transformation
method. From the result obtained, all main effects were statistically significant
(p-value < α = 0.05). On the other hand, seven out of the ten first order
interaction effects were also statistically significant (p-value < α = 0.05), first
order interaction effects that were significant were Battery Life and LCD Screen
Size, Battery Life and Price, Battery Life and RAM, LCD and RAM, Price and
Storage, Price and RAM as well as Storage and RAM. Thus, it was important
to estimate first order interactions effects to avoid large bias to the main effects.

Table 6. The respective odds and percentage of battery life with given level

Battery Life Level (hours) Respective Odds Percentage (%)

6 e(−0.3193×6) ≈ 0.1472 85.5172%

12 e(−0.3193×12) ≈ 0.02167 12.5943%

18 e(−0.3193×18) ≈ 0.00319 1.8540 %

The effect of odds of a unit increase in battery life was eβ1 = e−0.3193 = 0.727,
holding other effects constant. It can also interpreted as the odds of purchasing
the product were decreasing as battery life increases. The odds of respondents
choosing laptop with one unit less of battery life (e.g. 1 hours) were 1.38 times
the odds of respondents choosing laptop with one unit more of battery life (e.g.
2 hours). Respondents were more favorable to laptop with lower battery life. In
the laptop preference study, 86% of the respondents were expected to be likely
to battery life of 6 hours, 13% were favor to battery life of 12 hours and 2%
were likely to battery life of 18 hours. The reason behind was the interaction
effect between RAM and battery life. When RAM life increased by one unit,
the rate of change of odds with respect to one unit increased in battery life,
increased by a factor of 0.9966678, holding other effects at fixed value. The rate
of change of odds with respect to one unit increased in battery life decreased as
the RAM increased. Hence, to increase the rate of change of odds, battery life
increased and RAM decreased or RAM increased and battery life decreased. In
the laptop preference study, RAM was more important as compared to battery
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Table 7. The respective odds and percentage of LCD screen size with given level

LCD Screen Size Level (inches) Respective Odds Percentage (%)

13 e(0.07364×13) ≈ 2.6046 30.9111%

14 e(0.07364×14) ≈ 2.80362 33.2732%

15 e(0.07364×15) ≈ 3.01786 35.8158 %

life (as discussed in relative importance section later). So, with high RAM,
respondents were favorable to battery life in low unit .

A unit increase in LCD screen size affects the odds of a positive response
multiplicatively by factor of e0.07364 = 1.07642, holding other effects at fixed
value. LCD screen size increased by 1 inch, respondent’s desire to purchase
the product was affected by 1.0764155. It can also deduced as the odds of
respondents choosing laptop with one inch more LCD screen size (e.g. 2 inch)
were 1.08 times the odds of respondents choosing laptop with one inch (e.g.
1 inch) less LCD screen size. Respondents preferred laptops with larger LCD
screen size. 31%, 33% and 35% of respondents in the laptop preference study
were expected to favor to products with LCD screen size of 13 inches, 14 inches
and 15 inches respectively.

Table 8. The respective odds and percentage of price with given level

Price Level (RM) Respective Odds Percentage (%)

1800 e(−0.001511×1800) ≈ 0.06585 59.1604%

2300 e(−0.001511×2300) ≈ 0.03093 28.7877%

2800 e(−0.001511×2800) ≈ 0.014528 13.0519 %

The coefficient of price, holding other effects constant showed that a unit
increased in price the odds of respondents choosing the product was affected
by multiplicative factor of 0.9984898. The odds of respondents choosing laptop
with RM 1 lesser were 1.0015 times the odds of respondents choosing laptop
with RM 1 extra. Respondents were more favorable to laptop with lower price.
In the laptop preference study, 59% of the respondents were expected to be likely
to price of RM 1800, 29% were favor to price of RM 2300 and 13% were likely
to price of RM 2800. Besides, the odds of respondents choosing the cheapest
laptop (RM 1800) were 0.06585/0.014528=4.5326 times the odds of respondents
choosing the most expensive laptop (RM 2800).

A unit increased in storage affect the odds of respondents choosing the prod-
uct by 1.0015899, holding other effects constant. The odds of respondents choos-
ing laptop with an extra gigabyte of storage (e.g. 2 GB) was 1.002 times the
odds of respondents choosing laptop with a gigabyte less in storage (e.g. 1 GB).
In the laptop preference study, 18% of respondents were expected to choose
laptop with 320 GB storage, 30% of respondents were favor to laptop with 640
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Table 9. The respective odds and percentage of storage with given level

Storage Level (GB) Respective Odds Percentage (%)

320 e(0.001588596×320) ≈ 1.662547 17.8318%

640 e(0.001588596×640) ≈ 2.764062 29.6463%

1000 e(0.001588596×1000) ≈ 4.896869 52.5219 %

GB and 53% of respondents choose laptop with 1000 GB storage in the laptop
preference study. Hence, respondents were favor to laptop with higher storage.

Table 10. The respective odds and percentage of random access memory (RAM) with given level

RAM Level (GB) Respective Odds Percentage (%)

2 e(0.8181×2) ≈ 5.1360 0.7061%

4 e(0.8181×4) ≈ 26.3787 3.6269%

8 e(0.8181×8) ≈ 695.8349 95.6671 %

The coefficient for RAM says that, holding other effects at a fixed value,
showed that the odds of respondents purchasing the laptops increased by 2.267
for one-unit increase in RAM. In the laptop preference study, the odds of re-
spondents choosing laptop with 8 GB were 135.48 (= 695.83

5.136
) times the odds of

respondents choosing laptop with 2 GB. The table above also shows that 95%
of the respondents in the laptop preference study were expected to choose lap-
top with 8 GB whereas only 0.71% and 3.63% were expected to choose laptop
with 2 GB and 4 GB respectively. Hence, changed of unit in RAM were signif-
icant to respondents; small changed in the unit of RAM increased the odds of
respondents choosing the product drastically.

When LCD screen size increased by one unit, the rate of change of odds
with respect to one unit increased in battery life, Y2 − Y1|X1increased by a
factor of eβ12 = e0.027116904 = 1.0275, holding other effects at fixed value. It
can also be interpreted as the rate of change of odds with respect to one unit
increased in LCD screen size increased by a factor of 1.0274879 when the battery
life increased by one unit. However, just presenting this result would be rather
incomplete. Hence, it was wise to add estimates of the effect of LCD screen size
at different inches, 13 and 15 inches.

The rate of change of odds with respect to one unit increased in battery life
when the LCD screen size was 15 inches was 1.05573 (= 1.5019

1.4227
) when the LCD

screen size was 13 inches. Thus, larger LCD screen size was more favorable to
the rate of change of odds with respect to one unit increased in battery life.

The coefficient for interaction terms between battery life and price showed
that, when price increased by RM 1, the rate of change of odds with respect
to one unit increased in battery life, affected by a factor of eβ13 = e0.00001644 =
1.000016, holding other effects constant. It can also be deduced as the rate of
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change of odds with respect to one unit increased in price was increased by a
factor of 1.0000164 when battery life increased by one hour. The rate of change
of odds with respect to one unit increased in battery life when the price was at
RM 2800 was 1.01657(= 1.030

1.047
) times when the price was at RM 1800.

When RAM increased by one unit, the rate of change of odds with respect
to one unit increased in battery life, increased by a factor of eβ15 = e−0.003338 =
0.997, holding other effects at fixed value. The rate of change of odds with
respect to one unit increased in battery life decreased as the RAM increased;
the rate of change of odds with respect to one unit increment in RAM decreased
as the battery life increased. The rate of change of odds with respect to one
unit increment in RAM when the battery life was at 6 hours was 1.04 times
when the battery life was at 18 hours. Hence, lesser battery life was more likely
to the rate of change of odds with respect to one unit increment in RAM.

The coefficient for interaction terms between LCD screen size and RAM
shows that, when LCD screen size increases by 1 inches, the rate of change of
odds with respect to one unit increase in RAM, affected by a factor of eβ25 =
e−0.035 = 0.966, holding other effects constant. The rate of change of odds
with respect to one unit increased in RAM decreased as the LCD screen size
increased; the rate of change of odds with respect to one unit increment in LCD
screen size decreased as the RAM increased. The rate of change of odds with
respect to one unit increased in RAM when the LCD screen size was at 13 inches
was 1.07(= 0.6344

0.5915
) times when the LCD screen size was at 15 inches.

5 Conclusion

In this study, a data set from laptop preference study on respondents’ prefer-
ence on laptop was conducted as PCFCCE. The constructed 35 designs was
applied in the laptop preference study with five attributes which are: battery
life, LCD screen size, price, storage and RAM, all with three levels. Data had
been collected by asking respondents to answer a questionnaire with ten choice
sets and four alternatives each. There are a total of 18 questionnaires (blocks)
and answered by 369 respondents. Each respondent responded to the question-
naire once. The estimation of the coefficients was obtained based on Log-Odds
Transformation method which is discussed in Chapter 4. Estimation was done
on main effects and first order interactions, higher order interactions are ne-
glected. From the result obtained, all the main effects and seven first order
interactions are significant (p-value < α =0.05).

In this study, all the attributes in the laptop preference study are quantita-
tive attributes. The study can be extent by focusing on qualitative attributes
such as type of graphic cards and brand of the laptops or mixture between quali-
tative and quantitative attributes. Design construction on qualitative attributes
is same as quantitative attributes; yet, method for estimation and analysis of
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quantitative attributes are yet to be develop. Besides, in this study, log-odds
transformation method was incorporated for coefficients estimation. However,
for log-odds transformation method, large samples size is required to increase
estimation accuracy. The average respondents for each questionnaire can be
increased to about 602 respondents for higher accuracy in the estimation. Anal-
ysis in this study only focuses on overall respondent’s preferences due to time
limitation. Hence, analysis can be further extent to compare respondents pref-
erences of different group such as compare between different gender, different
courses and different age-groups. In the meanwhile, other appropriate method
can be developed to construct 3N PCFCCE design such as Markov Chain Monte
Caarlo to replace simpler and less reliable design procedures. Other than that,
other efficient approaches on analyzing 3N PCFCCE can also be explored such
as Generalized Linear Model.
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Abstract. Consider the third party Motor Insurance data fromSweden for 1977 

described by Andrews and Herzberg in 1985. These data show the claim amount 

per insured (�) when the kilometers travelled per year (�), geographical zone (�), no claims bonus (�) and make of the car (�) are given. As the variables � 

and � are categorical and having respectively 7 and 9 categories, we may code 

them by using respectively the vectors (��, �
, … , ��)  and (��, �
, … , �
)  of 

binary variables. The variable �  is next modelled to be dependent on �∗ =(�, ��, �
, … , ��, �, ��, �
, … , �
)  via a conditional distribution which is 

derived from a 17-dimensional power-normal distribution. A suitably chosen 

quantile of the conditional distribution may then be used to determine the motor 

insurance rate when the value of �∗is given. 

 

 

1. Introduction 
 

Several authors have considered the problem of finding fair and accurate tariffs 

based on the car insurance data which include the numbers of claims and the 

total costs for the claims. Some authors studied the car insurance data using 

decision-trees and combination of regression techniques ([1], [2], [5] and [6]). 

Assuming that the number claims is Poisson distributed and the cost for 

individual claims is gamma distributed, Jørgensen and Souza [4] modelled the 

expected cost �  of claims per insured unit as a function of the explanatory 

variables. Smyth and Jørgensen [8] modelled the dispersion of the costs and the 

mean of the costs simultaneously using the double generalized linear models. 

They applied the double generalized linear models to the Swedish third party 

automobile portfolio of 1977 to estimate the tariffs. These authors used the 

main effects model as their final model because the model which includes 

interactions is too complex for practical use in setting insurance tariffs. 

 This paper uses yet another method to estimate the motor insurance rate 

based on the Swedish data for 1977. In using the method, initially we code the 

qualitative explanatory variables using vectors of binary variables. A 

multivariate power-normal distribution is next fitted to the (�x1) vector � of 

which the initial components are given by the components in the vectors of 

binary variables, and the original quantitative variables, and the last component 

is given by the amount of claims per insured. Let �∗ be the vector formed by 
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the � − 1 initial values of �. When the value of �∗ is given, we may find a 

conditional distribution for the last component �� which represents the amount 

of claims per insured. 

 The 100(� 2⁄ )%  and 100(1 − � 2⁄ )%  points of the conditional 

distribution may be regarded as the lower and upper limits of the nominally 100(1 − �)%  in-sample prediction interval for the amount of claims per 

insured. 

 From the Swedish data, we can form a total of 2183 values of �∗. Thus 

we can obtain a total of 2183 prediction intervals. The proportion of prediction 

intervals which cover the observed amount of claims per insured may be used 

to estimate the coverage probability of the prediction interval. Meanwhile the 

average length of the 2183 prediction intervals may be used to estimate the 

expected length of the prediction interval. 

 When the estimated coverage probability is close to the target value 1 − � and the average length is small, the prediction interval is considered to 

be able to predict the future amount of claims per insured. It turns out that 

when we choose � = 0.05, the estimated coverage probability is 0.937 which 

is close to the target value 0.95. However the average length is 1811.791 which 

is a fairly large value. An examination of the conditional distributions of the 

amount of claims per insured shows that these distributions are often skewed to 

the right and having a large variation in their variances. Thus it seems plausible 

to determine the car insurance rate using a suitably chosen quantile for each 

category of customers. 

 The layout of the paper is as follows. In Section 2, the method based on 

multivariate power-normal distribution is outlined. Section 3 presents an 

analysis of the Swedish third party motor insurance data for 1977. Section 4 

concludes the paper.  

 

 

2. Procedure based on multivariate power-normal distribution 
 
To introduce the multivariate power-normal distribution, we may begin with 

the following power transformation introduced in Yeo and Johnson [9]: 

 ̃ = "(#$, #%, &) =
'(
)
(* +(& + 1)-. − 1/ #$⁄ ,       (& ≥ 0, #$ ≠ 0)

log(& + 1),                         (& ≥ 0, #$ = 0) 
−+(−& + 1)-6 − 1/ #%⁄ , (& < 0, #% ≠ 0)

− log(−& + 1),                  (& < 0, #% = 0) 
8(2.1) 

 

If & in Equation (2.1) has the standard normal distribution, then  ̃ is said to 

have a power-normal distribution. 
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 Let � be a column vector consisting of � correlated random variables. 

The vector � is said to have a �-dimensional power-normal distribution with 

parameters 9, :, #;$, #;%, <; , 1 ≤ > ≤ � if  

    � = 9 + :?         (2.2) 

where 9 = @(�) , :  is an orthogonal matrix, and A  is a column vector 

comprising the uncorrelated variables  �,  
, … ,  � of which the >BC variable  ; 
is given by  ; = <;D ;̃ − @( ;̃)E Fvar( ;̃)JKL⁄  with <; > 0 representing a constant, 

and  ;̃ denoting a random variable having the power-normal distribution with 

parameters #;$ and #;%. 

 We may use the procedure given in Pooi [7] to fit a multivariate 

power-normal distribution to the observed values of �. From the multivariate 

power-normal distribution, we may use the method in Pooi [7] to find the 

conditional probability density function (pdf) of ��  given the value of ��, �
, … , ��%�. 

 However these are cases in which some of the variables ��, �
, … , ��%�  may originally be discrete. Consider, for example, the case 

when one of the variables, �; say, is originally binary with two possible values 

given by 0 and 1. Let �;(N)
 be the original binary �;  , and �;(O)

 the >BC 

component of � given by Equation (2.2). The event that "�;(N) = 0" may then 

be considered as equivalent to the event that "�;(O) ∈ @;(N) = (8−∞, 0.5E8", while 

the event that "�;(N) = 1"  may be taken to be equivalent to the event that 

"�;(O) ∈ @;(�) = (0.5, ∞)". 

 When the original �; is continuous, we may choose a small positive 

value S;  and use the event that "�; ∈ @; = (8�;∗ − S; , �;∗ + S;E8"  to describe 

approximately the situation when �; = �;∗. 

 Thus when some of the variables ��, �
, … , ��%� are discrete, we may 

need to find the conditional distribution of �� when �; is conditional to lie in a 

certain subset @; for 1 ≤ > ≤ � − 1. A way to find this conditioned distribution 

is by means of simulation.  Initially we generate a large number of the values 

of � using Equation (2.2).  

 Suppose ��DTE
 is the value of ��  when the generated �  satisfies 

"�; ∈ @;  for  1 ≤ > ≤ � − 1" for the VBC time. Let W be the total number of 

such ��DTE
. We next fit the values of ��D�E, ��D
E, … , ��DXE

 by a power-normal 

distribution. The fitted power-normal distribution may now be taken to be an 

approximation for the conditional distribution of ��  when �; ∈ @;  for 1 ≤ > ≤ � − 1. 

 From the conditional pdf of ��, we may obtain the 100(� 2⁄ )% point, YZ, and 100(1 − � 2⁄ )% point, [Z, of the conditional pdf to form a nominally 
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100(1 − �)% in-sample prediction interval DYZ , [ZE for the observed value of ��. The important characteristics of the prediction interval DYZ , [ZE are 

 

(a) its coverage probability \]  which is defined as the probability that DYZ , [ZE will cover the observed ��, and 

(b) its expected length @^  which is defined as the expected value of the 

length [Z − YZ. 

 

 

3. Swedish third party motor insurance 
 

Consider the Swedish Third Party Motor Insurance data for 1977 ([1] and [3]). 

From these data we can obtain the claims amount per insured (�) when the 

kilometers travelled per year (�), geographical zone (�), no claims bonus (�) 

and make of the car (�) are given. Variables �  and �  are quantitative and 

having 5 and 7 levels respectively. On the other hand, � and � are respectively 

7-level and 9-level qualitative variables. A qualitative variable _ of `a levels 

may be coded by using a vector of `a − 1 binary variables. For example, for 1 ≤ > ≤ `a − 1, the >BC  category of _ may be coded as (0,0, … , 1, 0, … , 0) in 

which the value 1 appears as the >BC  entry, while the `aBC  category may be 

coded as a vector of zeros. Thus variables Z and M may be coded by using the 

vectors (��, �
, … , ��)  and (��, �
, … , �
)  of binary variables. From the 

Swedish data for 1977, we can obtain a total of 2183 observed values of the 

vector � = (�, ��, �
, … , ��, �, ��, �
, … , �
, �). 

 After fitting a 17-dimensional power-normal distribution to the 

observed values of �, we may next find a conditional distribution for � when 

the value of �∗ = (�, ��, �
, … , ��, �, ��, �
, … , �
) is given. The mean of 

the conditional distribution will provide an estimate of the claims amount per 

insured when the value of �∗  is given. To examine the performance of the 

estimate, we may compare 

 b;T(c) = the average value of the observed claims amount per insured at the VBC 

level of variable > , obtained by averaging over all the levels of the other 

variables, with 

 b;T(d) = the average value of the mean of the conditional distribution at the VBC 

level of variable > , obtained by averaging over all the levels of the other 

variables. 

 Figure > displays the values of b;T(c)
 and b;T(d)

 for 1 ≤ > ≤ 4. Figure 1 

shows that b�T(c)
 is fairly close to b�T(d)

 for 1 ≤ V ≤ 5. Figures 2-4 show that 

there are some differences between the values b;T(c)
 and b;T(d)

 for some > and V. 
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Nevertheless for 2 ≤ > ≤ 4, the trend exhibited by the values of b;T(c)
 when V 

varies is still fairly similar to that shown by the values of b;T(d)
 when V varies.  

 A nominally 100(1 − �)% prediction interval DYZ, [ZE  may also be 

obtained for each given value of �∗ . When �  is chosen to be 0.05, the 

estimated coverage probability of the prediction interval for � is found to be 

equal to 0.937 which is close to the target value 0.95. On the other hand, the 

average length of the prediction interval for � is found to be equal to 1811.791. 

 The lower and upper limits of the first 100 prediction intervals are 

shown in Figure 5. The figure shows that the upper limits of the prediction 

intervals can be quite far from the mean of the conditional distribution. These 

upper limits also exhibit a fairly large variation. Thus it seems plausible to 

determine the car insurance rate using a f-quantile for some suitably chosen f > 0.5 for each category of customers. 

 

 

4. Conclusion 
 

The proposed method based on multivariate power-normal distribution for 

determining the car insurance rates is quite promising as it produces prediction 

intervals which have good coverage probability, and are capable of 

determining an individual rate for each category of customers. The proposed 

method is also fairly versatile as it can deal with the situation when the 

explanatory variables are a mixture of quantitative and qualitative variables.  
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Fig. 1. Mean of each level of the “Kilometres” factor obtained by averaging 

over all the levels of the other factors 

 

 
 

Fig. 2. Mean of each level of the “Zone” factor obtained by averaging over all 

the levels of the other factors 
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Fig. 3. Mean of each level of the “Bonus” factor obtained by averaging over all 

the levels of the other factors 

 

 
 

Fig. 4. Mean of each level of the “Make” factor obtained by averaging over all 

the levels of the other factors 
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Fig. 5. Lower and upper limits of first 100 prediction intervals for the amount 

of claims per insured (� = 0.05) 
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Abstract: A heterogeneous ecosystem can be divided into many groups of 

homogenous. Therefore, if there is spreading of disease inside the 

ecosystem then the occurring of cross relation infection between those 

groups are able to be analyzed. 

A mathematical model of a spreading contagious disease (epidemic) in a 

population of living beings, which are grouped as many of homogenous 

one, will be analyzed for the local and global stability from the system 

critical point with a multi group model approach. This paper provides a case 

of two groups where its infection rate is nonlinear. The method used here is 

to utilize Routh-Hurwitz criteria to analyze its local stability and the 

construction of Liapunov function for its global stability by implementing 

vector graph. By using graph theory approach, the system can be drawn as a 

network where each vertex represents a homogenous group and an edge �j, i�, which is present if and only if the disease can be contagious from 

group i to group j. 
After knowing the system critical point stability type of this nonlinear 

infection rate multi group epidemic model, then the number of reproduction 

RO can be obtained to understand whether this epidemic disease will be 

extinguished later or becoming endemic instead. 

 

Keywords: Stability Analysis, Liapunov Function, Nonlinear infection rate, 

Network 

 

1. Introduction 

Real time problem in this life can be accommodated by using certain 

assumptions to build a mathematical model which help us to easily find 

solutions of that problem analytically or numerically. Coupled system from 

nonlinear differential function on a network has been used to model many 

things such as: inspecting coupled system of nonlinear oscillator, 

understanding the spreading of contagious disease, and analyzing the stability 

and complexity of coupled system in a complex ecosystem model [4]. 

Researches have been conducted to analyse the stability model of the 

spreading of contagious disease by neglecting the heterogeneity of a population 

[5, 6, 8], where this heterogeneity can be caused by many factors.  A group of 
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individuals can be divided into groups of homogenous according to their 

different relational pattern on to something such as: group classification based 

on their age on the spreading of measles or goitre disease, or group 

classification based on their sex relation on a disease which the spreading 

media is through sex like HIV/AIDS [4]. 

Due to possibility of different infection rate within each group, therefore a 

network concept on the spreading of contagious disease is needed. By using 

approach from graph theory, the system can be drawn as a network where each 

vertex shows a homogenous group and an edge ��, �� will be present if and only 

if the disease is infectious from group � to group � . Some vertexes will be 

connected by a vector edge indicating connection between vertexes in the 

system. In this model, a vertex can present as an oscillator, a big ecology of 

community or a path, and can also present as homogenous groups for a 

common contagious disease, while the interaction between vertexes can be a 

physical connection between those oscillator, a spread between small groups in 

the path, or even a cross relation infection between homogenous groups within 

a heterogeneous group [4]. 

In this paper, local and global stability of the epidemic model of two groups 

with nonlinear infection rate will be analysed. A Routh-Hurwitz criterion is 

utilized for the local stability analysis, while graph theory is implemented for 

the global stability. 
 

2. Epidemic Model of Two Groups and the Solution Area 

Compartment is a flow that describes the spread of disease from individuals. 

There are phases in a compartment, they are: 

S : Susceptible; healthy individual but is not immune to disease. 

E : Exposed; infected individual but hasn’t shown a symptom (incubation 

area). 

I : Infective; Infected individual and also able to infect others. 

R : Removed; Immune individual after being infected. 

Epidemic model that consist of two groups are differential equation of 

epidemic model system with �, � = 1,2or can also be called as epidemic 2-

Group. If given the equation of the infection rate �
���
, ��� = �����
��  , then 

system of differential equations become : 

��� = �� − ����� − � ����������� 
�!�  (1) 
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"�� = � ����������� 
�!� − ���# + %��"� (2) 

��� = %�"� − ���& + '���� (3) 

�� = � − � �� − � � ������ �( 
�!�  (4) 

"� = � � ������ �( 
�!� − �� # + % �"  (5) 

�� = % " − �� & + ' ��  (6) 

The figure of compartment diagram from the model (2)-(6)  is depicted as 

follow: 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Compartment Diagram of Epidemic Two Group Model with Nonlinear Infection 

Rate 

 

Assuming that %�, % > 0 , and �
∗ > 0 where ��∗ = min {���, ��# , ��& + '�} , � ∗ = {� � , � # , � & + ' }, �
���
, ��� = �����
�� > 0for�
 > 0, �� > 0, and0� , 1
is a 

positive constant. By taking summation of equation 1-3 will produce 

��� + "�� + ��� = �� − ����� − � ����������� 
�!� �
 + � ����������� 

�!� − ���# + %��"�
+ %�"� − ���& + '���� = �� − ����� − ��#"� − ���& + '���� ≤ �� − ��∗��� + "� + ��� 

�  �  �� , � � 
�� �� ���, � � � �� ��� , ��� 

���������, ��� %�"� �� 

����� 

"� �� �� 

��#"� ���& + '���� 

% " �  

� ��  

"  �  �  

� #" �� & + ' ��  
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Therefore,lim sup7→9��� + "� + ��� ≤ :�;�∗ ,and the equations (4) – (6) will 

give 

�� + "� + �� = � − � �� − � � ������ �( 
�!� + � � ������ �( 

�!� − �� # + % �" 
+ % " − �� & + ' ��  = � − � �� − � #" − �� & + ' ��  ≤ � − � ∗�� + " + � � 

and lim sup7→9�� + " + � � ≤ :(;(∗ 

Thus the solutions area of the epidemic two group model can be written as Г = =���, "�, ��, � , " , � �� ∈ ℝ@AB|�
 ≤:�;�D , ��
 + "
 + �
� ≤ :�;�∗ , � = 1,2E                                                            

(7) 

3. Model Equilibrium Point 

Equilibrium point is a point where it’s characteristic is invariant with time. 

Then the equilibrium points are taken from  
;��;F = 0, ;#�;F = 0, ;&�;F = 0 and the 

equations 1 – 6 become: �� − �����
− � ����������� 

�!� = 0 
(8) 

� ����������� 
�!� − ���# + %��"� = 0 (9) 

%�"� − ���& + '���� = 0 (10) 

� − � �� − � � ������ �( 
�!� = 0 (11) 

� � ������ �( 
�!� − �� # + % �" = 0 (12) 

% " − �� & + ' �� = 0 (13) 
 

 

There are four equilibrium points achieved. They are equilibrium point of 

disease free, namely endemic point, a point where first group are disease free 

while second group are endemic, and a point where first group are endemic 

while second group are disease free. 
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3.1 Disease Free Equilibrium Point 

When, ��, � = 0, it will have free disease equilibrium point GH, where all the 

individuals are Susceptible or will have no any spread of disease in both of 

groups. By substituting ��H, � H = 0 to equation (10) and (13) will give: %�"� − ���& + '���� = 0 %�"�H − 0 = 0 "�H = 0 

And % " − �� & + ' �� = 0 % " H − 0 = 0 " H = 0 

This result substituted to equation (8) and (11) resulting 

�� − ����� − � ����������� 
�!� = 0 

�� − �����H − 0 = 0 ��H = �����  

And it will give: 

� − � �� − � � ������ �( 
�!� = 0 

� − � �� H − 0 = 0 � H = � � �  

Thus the disease free equilibrium point for this epidemic two group model 

can be written as GH = ���H, 0,0, � H, 0,0� where ��H = :�;�D , � H = :(;(D. 

 

3.2 Endemic Equilibrium Point 

Endemic equilibrium point is a condition where the disease will always be 

inside the population in both of group. Endemic equilibrium point G∗ =���∗, "�∗, ��∗, � ∗, " ∗, � ∗�  depend on the infected populations from contagious 

disease where ��, � ≥ 0. It is given from taking
;��;F = 0, ;#�;F = 0, ;&�;F = 0, ;�(;F =0, ;#(;F = 0, ;&(;F = 0.Thus the endemic equilibrium point from the this two group 

model is G∗ = ���∗, "�∗, ��∗, � ∗, " ∗, � ∗� where  ��∗, "�∗, ��∗ satisfying equations 

below: 
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 ����J = 0 

�� − �����∗ − � �����∗����∗��B
�!� = 0 

�� = �����∗ + � �����∗����∗��B
�!�  

(14) 

 �"��J = 0 

� �����∗����∗��B
�!� − ���# + %��"�∗ = 0 

���# + %��"�∗ = � �����∗����∗��B
�!�  

(15) 

 ����J = 0 %�"�∗ − ���& + '����∗ = 0 %�"�∗ = ���& + '����∗ (16) 

 �� �J = 0 

� − � �� ∗ − � � ���∗��� ∗�(B
�!� = 0 

� = � �� ∗ + � � ���∗����∗��B
�!�  

(17) 

 �" �J = 0 

� � ���∗����∗��B
�!� − �� # + % �" ∗ = 0 

�� # + % �" ∗ = � � ���∗����∗��B
�!�  

 

 

 

 

(18) 

 �� �J = 0 % " ∗ − �� & + ' �� ∗ = 0 % " ∗ = �� & + ' �� ∗ (19) 
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3.3 Equilibrium Point Where First Group is Disease Free While Second 

Group is Endemic 

On this equilibrium point, the first group are free disease. While the second 

group the disease are always present. Equilibrium point of G�∗ = ���H, 0,0, � ∗, " ∗, � ∗� depends on the infected population in the first group �� = 0 and the infected population from contagious disease in which � ≥ 0. 

This point will be given by substituting ��H = 0 to (10). %�"� − ���& + '���� = 0 %�"�H − 0 = 0 "�H = 0 

This result is substituted to equation (8) and (8) giving 

�� − ����� − � ����������� 
�!� = 0 

�� − �����H − 0 = 0 ��H = �����  

Thus the equilibrium point for two group epidemic model is G�∗ =���H, 0,0, � ∗, " ∗, � ∗� with ��H = :�;�D and � ∗, " ∗, � ∗  should satisfy equations (17) – 

(19). 

 

3.4 EquilibriumPoint Where First Group is Endemic While Second 

Group is Disease Free 

On this equilibrium point disease is always present in first group while on the 

second group all individuals are susceptible or in a case where the disease 

spread are not happening. Equilibrium point of G ∗ = ���∗, "�∗, ��∗, � H, 0,0� 

depends on the infected population in first group �� ≥ 0  and the infected 

population in second group is  � = 0. To find this equilibrium point, � H = 0 is 

substituted to equation (13) % " − �� & + ' �� = 0 % " H − 0 = 0 " H = 0 

The result is substituted once again into equation (12) and (11) giving 

� − � �� − � � ������ �( 
�!� = 0 

� − � �� H − 0 = 0 
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� H = � � �  

Thus the equilibrium point of disease free for this two model epidemic group 

is G ∗ = ���∗, "�∗, ��∗, � H, 0,0�  where ��∗, "�∗, ��∗  satisfy the equations (14) – (16) 

and � H = :(;(D. 

 

4. Basic Reproduction Number 

From previous examination, it is known that KH = L MN �
�%
O
���
H���
# + %
���
& + '
�PQ 
Assuming that if KH = L�RH� with RH = R���H, � H� = M �
�%
O
���
H���
# + %
���
& + '
�Q�S
,�S  
because of  �
���
, ��� = �����
��then O
���
H� = 0�����T��
H��

 

Therefore 

KH = L
U
VW

���%�0�����T���H�����# + %�����& + '�� �� % 0 � �(T���H�����# + %�����& + '��� �% 0�����T�� H�(�� # + % ��� & + ' � �  % 0 � �(T�� H�(�� # + % ��� & + ' �X
YZ 

To find KH it should be found the Eigen value of the matrix RH. det|RH − ^�| = 0 

 

__
���%�0�����T���H�����# + %�����& + '�� − ^ �� % 0 � �(T���H�����# + %�����& + '��� �% 0�����T�� H�(�� # + % ��� & + ' � �  % 0 � �(T�� H�(�� # + % ��� & + ' � − ^__ = 0 

 

And the polynomial equation can be converted into: ^ − �0 + 1�^ +�01 − `a� = 0 where: 

0 = ���%�0�����T���H�����# + %�����& + '�� 

1 = �  % 0 � �(T�� H�(�� # + % ��� & + ' � 
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` = �� % 0 � �(T���H�����# + %�����& + '�� 

a = � �% 0�����T�� H�(�� # + % ��� & + ' � 

Because KH = L�RH� = max
|^d|  , where L is a spectral radius, by using 

ABC equations resulting: 

^ = �0 + 1� + e�0 + 1� − 4�01 − `a�2  

^ = 12 g�0 + 1� + e�0 − 1� + 4`ah 

By substituting back variables 0, 1, `, a then it will give  

KH = 12 ijj
jjkM ���%�0�����T���H�����# + %�����& + '�� + �  % 0 � �(T�� H�(�� # + % ��� & + ' �Q

+
lmm
mmmmm
mmnM ���%�0�����T���H�����# + %�����& + '�� − �  % 0 � �(T�� H�(�� # + % ��� & + ' �Q +

4 �� % 0 � �(T���H��� �% 0�����T�� H�(���# + %�����& + '���� # + % ��� & + ' � opp
ppq 

This KH represents basic reproduction number for the two group epidemic 

model with nonlinear infection rate. 

 

5. Local Equilibrium Point Stability 

5.1 Local Equilibrium Point Stability of Free Disease Condition 

On the free disease equilibrium point GH = ���H, 0,0, � H, 0,0�with��H = :�;�D , � H =:(;(D, it is known that ��� = � � = %� = % = '� = ' = 0, so then its Jacobian 

matrix: 

r�GH� =
ijj
jjj
k−��� 0 0 0 0 00 −��# 0 0 0 00 0 −��& 0 0 00 0 0 −� � 0 00 0 0 0 −� # 00 0 0 0 0 −� & opp

ppp
q
 

The Eigen value can be taken from det|r�GH� − ^�| = 0, therefore resulting: 
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 ^� = −���    ^ = −��#   ^A = −��&                                ^s = −� �    ^t = � #                                  ^u = −� &  

Due to Eigen value of �^�, ^ ,  ^A,  ^s,  ^t,  ^u� are negative on the real 

components, therefore the equilibrium point GH = v:�;�D , 0,0, :(;(D , 0,0w is 

asymptotic stable. 

 

5.2 Local Equilibrium Point of Both Groups Are Endemic 

On the equilibrium point of G∗ = ���∗, "�∗, ��∗, � ∗, " ∗, � ∗� , both groups are on 

endemic condition. So that its Jacobian matrix is: r
=

ijj
jjk
−x − y 0 −z 0 0 −�y −{ z 0 0 �0 � −| 0 0 00 0 −ℎ −� − � 0 −~0 0 ℎ � −� ~0 0 0 0 � −�opp

ppq (20) 

With : x = ��� 

y = � �����∗��1�����T� 
�!�  

z = ���0���∗��T���∗�� � = �� 0 � �(T���∗�� { = ���# + %�� � = %� | = ���& + '�� 

ℎ = � �0���∗��T�� ∗�( � = � � 

� = � � ���∗��1 � ∗�(T� 
�!�  

~ = �  0 � ∗�(T�� ∗�( � = �� # + % � � = %  � = �� & + ' � 

Then it should be found det|r − ^�| = 0 

Resulting characteristic equation with model of 

 xH^u + x�^t + x ^s + xA^A + xs^ + xt^ + xu = 0         

With a0=1 x� =  x + y + { + | + � + � + � + � x = x{ + y{ + x| + y| − z� + x� + x� + y� + y� + {| + x� + y� + {�+ x� + {� + y� + |� + {� + |� + {� + |� + |ℎ + �� + �� + ��+ �� − ~� + �� 
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xA = −xz� + x{| + y{| + x{� + x{� + y{� + x|� + y{� + x{� + x|� + y|�− z�� + y{� + y|� − z�� + x{� + x|� + y{� + y|� − z��+ {|� + x|� + x�� + {|� + x�� + y|� + y�� − z�� + x��+ y�� + {|� + x�� − x~� + y�� + y�� − y~� + {|� + {��+ x�� + {�� + y�� + {�� + |�� + {�� − {~� + |�� + |��+ {�� + |�� − |~� + |�� − �~� + ��� + ��� xs = y{�� + y|�� − y|~� − z��� + z�~� + {|�� + x|�� − x�~� + {|��+ y|�� − y�~� − z��� + {|�� + x��� + {|�� − {|~� + x���+ y��� + y��� + {|�� − {�~� + {��� − |�~� + {��� + |���+ |��� − xz�� − xz�� − xz�� + x{|� + x{|� + y{|� − xz��+ y{|� + x{|� + y{|� + x{|� + x{�� + x{�� + y{|� + y{��+ x{�� + x|�� + y{�� + x{�� − x{~� + +x|�� + y{�� + y|��− z��� + x|�� + y{�� − y{~� + y|�� − z��� − ��ℎ� + x{��+ x|�� − x|~� + y|�� − z��� xt = −xz��� − xz��� − x��ℎ� − xz��� − xz��� + xz�~� + x{|�� + x{|��+ y{|�� − xz��� + x{|�� + y{|�� + x{|�� − x{|~�+ y{|�� + y{|�� − y{|~� + x{|�� − x{�~� + y{|��− y{�~� − ��ℎ�� + x{��� − x|�~� + x{��� + y{���− y|�~� + z��~� + x|��� + y{|��� + x|��� + y|���− z���� + y|��� − z���� − {|�~� + {|��� + {|��� xu = −y{|�~� − x{|�~� − xz���� − xz���� − x��ℎ�� + y{|��� + y{|���+ x{|��� + x{|��� + xz��~� 

To know the stability of that equilibrium point, a parameter will be chosen to 

refer to the solution area as below: �� = 0.2 ��� = 0.003 ��# = 0.004 ��& = 0.005 %� = 0.02 '� = 0.011 

� = 0.1 � � = 0.002 � # = 0.002 � & = 0.002 % = 0.02 ' = 0.012 

��∗ = 3 "�∗ = 8 ��∗= 10 � ∗ = 3 " ∗ = 4 � ∗ = 6 

��� = 0.005 �� = 0.002 � � = 0.002 �  = 0.002 

0� = 1, 1� = 1, 0 = 1, 1 = 1 

By inputting that value to characteristic equation, will result: xH = 1 x� = 0.175 x = 0.0113 xA = 0.0003719 xs = 0.000006534 xt = 0.000000046932 
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xu = 0.0000000002461 

 

Then Routh-Hurwitz criterion stability is used to analyze the stability of the 

endemic equilibrium point. 

 ^u xH x  xs xu ^t x� xA xt 0 

^s y� = x�x − xHxAx�  
y = x�xs − xHxtx�  

xu 0 

^A z� = y�xA − x�y y�  

z = y�xt − x�xuy�  
0 0 

^  �� = z�y − y�z z�  xu 0 0 

^� {� = ��z − z�xu��  0 0 0 ^H xu 0 0 0 

Results from the first row are: xH = 1 x� = 0.175 y� = 0.0092 z� = 0,00025454 �� = 0.0000047421 {� = 0.000000029032 xu = 0.0000000002461 

It is shown that values on the first column have the same sign, positive 

numbers, so then the stability of the equilibrium point G∗is local asymptotic 

stable. 

 

5.3 Local Point Stability of the First Group is Free Disease and the Second 

Group is Endemic. 

Equilibrium point G�∗ = ���H, 0,0, � ∗, " ∗, � ∗� with ��H = :�;�D and � ∗, " ∗, � ∗ satisfy 

equation (17) – (19). Due to equilibrium point G�∗ happened if the first group is 

free disease and the second is endemic, then ��� = �� = � � = %� = '� = 0.  

It will be shown that 
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K� = 12 �M �  % 0 � ∗�(T�� ∗�(�� # + % ��� & + ' �Q + �M �  % 0 � ∗�(T�� ∗�(�� # + % ��� & + ' �Q � 
K� = �  % 0 � ∗�(T�� ∗�(�� # + % ��� & + ' � 

And the Jacobian matrix of G�∗. Then it should be found the Eigen value of r�G�∗�, and it’s taken from 

 det|r�G�∗� − ^�| = 0                (21) 

The result shows that −���, −��# , −���& + '��is the Eigen value of that Jacobian 

Matrix on the equilibrium point G�∗ = ���H, 0,0, � ∗, " ∗, � ∗�. 

Thus giving three next Eigen values as  −^A − v�� & + ' � + �� # + % � + � �+ �  � ∗�(1 � ∗�(T�w ^   – v�� # + % ��� & + ' � + � ��� & + ' �  +�� & + ' ��  � ∗�(1 � ∗�(T� + � ��� # + % � +�� # + % ��  � ∗�(1 � ∗�(T� −% �  0 � ∗�(T�� ∗�(w ^ − �� ��� # + % ��� & + ' � +�� # + % ��� & + ' ��  � ∗�(1 � ∗�(T� −� �% �  0 � ∗�(T�� ∗�(� = 0                                           

(22) 

 

 

Equation (22) can be written in third polynomial order becoming: xH^A + x�^ + x ^ + xA = 0 

With the coefficient xH, x�, x xAas below xH = −1 x� = − v�� & + ' � + �� # + % � + � � + �  � ∗�(1 � ∗�(T�w x = − ��� & + ' � v�� # + % � + � � + �  � ∗�(1 � ∗�(T�w
+ �� # + % ��� � + �  � ∗�(1 � ∗�(T�� − % �  0 � ∗�(T�� ∗�(� xA = − v�� # + % ��� & + ' ��� � + �  � ∗�(1 � ∗�(T��− � �% �  0 � ∗�(T�� ∗�(w 

To calculate at its stability by using root characteristic (Eigen value of ^) from 

third polynomial order Routh-Hurwitz criterion is used. 
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λ
A
 xH x  

λ
 
 x� xA 

λ
�
 y� = x�x − xHxAx�  0 

λ
H
 xA 0 

A system can be called stable when the root of characteristic equation from a 

matrix has a real negative Eigen value if only the element from the first column �xH,  x�, y�, xA�has common sign. From the coefficient above it is known that 

the value of  xH = −1 < 0 x� = − v�� & + ' � + �� # + % � + � � + �  � ∗�(1 � ∗�(T�w < 0 y� = x�x − xHxAx� = x�x x� − xHxAx� = x − xHxAx�  

xA = − v�� # + % ��� & + ' ��� � + �  � ∗�(1 � ∗�(T��− � �% �  0 � ∗�(T�� ∗�(w 

It can be ensured that xH < 0 dan  x� < 0, while for y� dan xAcan’t still be 

ensured the value whether it is negative or positive. In order for endemic 

equilibrium point G�∗ = ���H, 0,0, � ∗, " ∗, � ∗� stable then the value of y� and xAshould be a negative. There it needs two conditions and they are: xA < 0 ⇔ − v�� # + % ��� & + ' ��� � + �  � ∗�(1 � ∗�(T�� − � �% �  0 � ∗�(T�� ∗�(w< 0 ⇔ v�� # + % ��� & + ' ��� � + �  � ∗�(1 � ∗�(T�� > � �% zw 

⇔ �� # + % ��� & + ' ��� � + �  � ∗�(1 � ∗�(T��� ��� # + % ��� & + ' � > � �% �  0 � ∗�(T�� ∗�(� ��� # + % ��� & + ' � 

⇔ � � + �  � ∗�(1 � ∗�(T�� � > K� 

⇔ 1 + �  � ∗�(1 � ∗�(T�� � > K� 

⇔ �  � ∗�(1 � ∗�(T�� � > K� − 1 

Because 
�((&(∗�(�(�(∗�(��;(D > 0resulting K� > 1 
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 y� = x�x − xHxAx� < 0 x� has been known as negative value and xH = −1, so it will give x�x + xA > 0 x�x > −xA 

Because xA < 0 then x�x > 0, where it has been known that x� < 0, in 

order for  y� < 0then x < 0, giving  �� # + % ��� & + ' � + � ��� & + ' � + �� & + ' ��  � ∗�(1 � ∗�(T�+ � ��� # + % � + �� # + % ��  � ∗�(1 � ∗�(T�− % �  0 � ∗�(T�� ∗�( < 0 

To ease the writings of this equations, it should be assumed that x =�� # + % �, y = �� & + ' �,   z = �  � ∗�(1 � ∗�(T�
, K = % �  0 � ∗�(T�� ∗�( 

and K� = ��� and it become ⟺ �y�x + � � + z� + x�� � + z� − K� < 0 ⟺ K > xy + � �y + yz + � �x + xz ⟺ K > xy + �y + x�� � + �x + y�z ⟺ Kxy > xy + �y + x�� � + �x + y�zxy  

⟺ K� > 1 + �y + x�� � + �x + y�zxy  

Because 
��@��;(D@��@����� > 0then K� > 1 

Thus the equilibrium point of G�∗ = ���H, 0,0, � ∗, " ∗, � ∗�is locally stable for K� > 1. 

 

5.4 Local Stability of First Group Endemic and Second Group Free 

Disease 

The equilibrium point G ∗ = ���∗, "�∗, ��∗, � H, 0,0� happen if the first group is 

endemic and the second group is free disease, so it can be written �� = �  =� � = % = 0, dan � H = :(;(D. And it will give 

K = 12 �M ���%�0���∗��T���∗�����# + %�����& + '��Q + �M ���%�0���∗��T���∗�����# + %�����& + '��Q � 
= ���%�0���∗��T���∗�����# + %�����& + '�� 

And the Jacobian matrix of G ∗  is   r�G ∗� 
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Eigen value is taken from det|r�G ∗� − ^�| = 0, obtained 

from the result it can be understood that −� � , −� # , −�� & − ' �  are Eigen 

values of r�G ∗�, and in order to obtain next three Eigen values 

⇔ �−��� − �����∗��1���∗��T� − ^ 0 −���0���∗��T���∗�������∗��1���∗��T� −���# + %�� − ^ ���0���∗��T���∗��0 %� −�� & + ' � − ^ � = 0 

This Matrix is similar to (22), and it give the same result which equilibrium 

point of G ∗ stabil is locally stable for K > 1. 

 

6. Simulation 

To interpret the analysis result of this two group epidemic model, a simulation 

is made by using Matlab software. And the analysis of simulation is done on 

four equilibrium point and they are free disease equilibrium point, where KH ≤ 1, an endemic equilibrium point where KH > 1, and equilibrium point 

where both groups do not interact each another. 

 

6.1 Free Disease Condition (�� ≤ �) 

Parameters taken for simulation is based on the solution area of the model 

which has been explained on the previous section, so then it is chosen 

satisfying parameters as below: 

 

First Group Second 

Group 

First 

Value 

Infection 

Rate �� = 0.2 ��� = 0.009 ��# = 0.02 ��& = 0.025 %� = 0.003 '� = 0.003 

� = 0.1 � � = 0.007 � # = 0.017 � & = 0.02 % = 0.001 ' = 0.002 

���0�= 15 "��0� = 1 ���0� = 4 � �0�= 10 " �0� = 1 � �0� = 3 

��� = 0.001 �� = 0.001 � � = 0.001 �  = 0.001 

And the coefficient 0� = 1, 1� = 1, 0 = 1, 1 = 1. 

By using those parameters, a number KH = 0.095 < 1 is achieved, and the 

rate of change graph is shown as: 
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Figure 2: The Rate of Change for Disease Free Condition (KH ≤ 1) 

 

The Rate of Change on the Susceptible Population 

In the beginning of the rate of change on the Susceptible, both groups 

experience a decrease in number due to the first infected individual and also 

slow infection rate, but subsequently the Susceptible population increase and 

become stable afterward, when the number of population is around 22 for the 

first group and around 14 for the second group. It shows that in free disease 

condition more individual will become susceptible on the contagious disease. 

The Rate of Change on the Exposed Population 

In the beginning of the graph on the Exposed, both groups experience an 

increase in number due to slow infection rate and first infected individual, 

therefore some individuals on the Susceptible population become Exposed 

population. After that it experience a decrease in number and become constant 

to zero, meaning that this system are free disease condition. 

The Rate of Change on the Infected Population 

The rate of change of infected population on both groups experiences a 

decrease in number and also become constant to zero, so that it can be 

concluded that the disease has disappeared from the population. 

 

6.2 Endemic Condition(�� > 1) 

To have the endemic condition it can be done by increasing the infection rate 

which happen in free disease condition or by defining other parameters which 

also satisfy the model solution area. Parameters chosen for this condition are: 

 

First Group Second 

Group 

First 

Value 

Infection 

Rate �� = 0.2 ��� = 0.003 

� = 0.1 � � = 0.002 

���0�= 30 

��� = 0.005 �� = 0.002 
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��# = 0.004 ��& = 0.005 %� = 0.02 '� = 0.011 

� # = 0.002 � & = 0.002 % = 0.02 ' = 0.012 

"��0� = 2 ���0� = 8 � �0�= 20 " �0� = 2 � �0� = 6 

� � = 0.002 �  = 0.002 

With the coefficient 0� = 1, 1� = 1, 0 = 1, 1 = 1. 

By using these parameters, it will give KH = 9.06 > 1 , and the rate of 

change can be shown as below: 

 

 
 

Figure 3: The rate of change of endemic condition (KH > 1) 

 

The Rate of Change on the Susceptible Population 

The rate of change of Susceptible population experience a decrease in both 

groups due to endemic condition of a disease, resulting more individuals from 

Susceptible population are infected and counted as in Exposed population. 

After that it increases a bit due to a big amount of recruitment rate and stable 

into 4. 

The Rate of Change on the Exposed Population 

The rate of change of Exposed population experiences an increase in number 

on both groups. But then it decrease due to the individuals in Exposed now 

showing number of infections and eventually they are sorted as Infected 

population and later on it stabilize on around 8 for the first group and around 4 

for the second group due to no more addition from Susceptible that are 

infected. 

The Rate of Change of the Infected Population 

The rate of change of the Infected population experiences an increase in 

number on both groups because disease is endemic on the second group. The 

increasing rate of change on the Infected population depends on how many 
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individuals from the Exposed population have shown the symptoms of 

contagious disease. After that the rate of change on the Infected population 

decreases and become stable due to no more addition of the Exposed 

individuals showing the symptoms of the disease. 

 

6.3 Condition where the First Group is Free Disease and the Second 

Group is Endemic (�� > 1) 

Parameters chosen from the model solution area of this condition are: 

First Group Second 

Group 

First 

Value 

Infection 

Rate �� = 0.2 ��� = 0.009 ��# = 0.02 ��& = 0.025 %� = 0.003 '� = 0.003 

� = 0.1 � � = 0.002 � # = 0.002 � & = 0.002 % = 0.02 ' = 0.012 

���0�= 15 "��0� = 1 ���0� = 4 � �0�= 20 " �0� = 2 � �0� = 6 

��� = 0 �� = 0 � � = 0 �  = 0.007 

With the coefficient 0� = 1, 1� = 1, 0 = 1, 1 = 1. 

By using these parameters, it will giveK� = 9.09 > 1, and the graph of the 

rate of change as below: 

 

 
 

Figure 4: The Rate of Change Graph for First Group is Free Disease while 

Second Group is Endemic. 

 

The Rate of Change on the Susceptible Population 

The rate of change on the Susceptible population on the first group 

experience an increase than become constant due to no disease spreading. On 
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both groups the rate of change on the Susceptible population decrease because 

there is disease spread so that some of the Susceptible population on both 

groups are infected and sorted as Exposed population. 

The Rate of Change on the Exposed Population 

The rate of change on the Exposed population on first group decreases and 

become constant to zero due to no disease spreading. While on the second 

group the rate of change of the Exposed population increases and decrease 

becoming constant due to no disease spread. 

The Rate of Change on the Infected Population 

The rate of change on the Infected population on first group experience a 

decrease and become constant to zero. It indicates that the disease has been 

disappeared. While the rate of change of the infected population on the second 

group experience an increase in number because some of the Exposed 

population are sorted as Infected population. It decrease and become constant 

due to no more addition of the Exposed individuals that shows disease 

symptoms. 

 

6.4 First Group is Endemic and Second Group is Free Disease (�� > 1) 

Parameters chosen from the model solution area of this condition are: 

First Group Second 

Group 

First 

Value 

Infection 

Rate �� = 0.2 ��� = 0.003 ��# = 0.004 ��& = 0.005 %� = 0.02 '� = 0.011 

� = 0.1 � � = 0.007 � # = 0.017 � & = 0.02 % = 0.001 ' = 0.003 

���0�= 30 "��0� = 2 ���0� = 8 � �0�= 10 " �0� = 1 � �0� = 3 

��� = 0.005 �� = 0 � � = 0 �  = 0 

With the coefficient 0� = 1, 1� = 1, 0 = 1, 1 = 1. 

By using those parameters, it will give K = 7.81 > 1 , and the rate of 

change graph as below: 

Proceedings of the International Conference on Mathematics, Statistics and Financial Mathematics 2014 (ICMSFM2014)
with IASC-ARS Sessions, Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 179



 
 

Figure 5: The Rate of Change Graph on First Group is Endemic and Second 

Group is Free Disease 

 

The Rate of Change on the Susceptible Population 

First group experiences a decrease in number while the second group 

increase due to no disease spread. 

The Rate of Change on the Exposed Population 

The rate of change on the Exposed population on first group increase, but 

then decrease and becoming constant.While the Exposed population on second 

group decrease and becoming constant as well to zero. The rate of change on 

the Exposed population is inversely related with a case where the first group is 

free disease and the second group is endemic. 

The Rate of Change on the Infected Population  

The first group increase due to the spread of the disease. But then decrease 

and become constant. It shows that on the first group the disease is endemic. 

While the second group decrease then becoming constant to zero. 

 

7. Conclusion 

According to the analysis and the explanation above we can conclude that: 

1. Basic reproduction number KH = L � ����� �����¡��;�¢@����;�£@¤����S
,�SB, where Lrepresents spectral distance. 

2. With the analysis of stability from the model provided previously, 

assuming ¥ = ��
��will not  be reduced, and resulting: 

a. If KH ≤ 1 the equilibrium point of free disease GH is local stable 

asymptotic. 
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b. If KH ≤ 1 the equilibrium point of free disease GH global stable 

asymptotic. 

c. If KH > 1 the equilibrium point of free disease G∗ local stable 

asymptotic. 

d. If KH > 1 the equilibrium point of free disease G∗ global stable 

asymptotic l. 

3. The result of simulation using Matlab shows the basic reproduction number 

and also the relation between the stability analysis in free disease or 

endemic condition equilibrium point.  
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Abstract. This paper determines the optimal results for scheduling and releasing 
packet transmission in wireless network using priority rules with fuzzy serious 
queues.  In wireless network data transmission are not crisp and deterministic, 
also the data cannot be described precisely. In the proposed Flexible Network 
Packet Releasing (FNPR) model, the packet scheduling, controlling and 
releasing are performed using Approximate Reasoning (AR) technique. In this 
technique the priority rules are applied for packet scheduling and dispatching 
method is used for packet releasing.  Slack time, waiting time and data criterion 
are considered as linguistic variable.  By using these parameters membership 
values and degree of packet are identified then the values are forwarded to fuzzy 
inference system. The system has to decide the packet transmission based on the 
parameters and queue size. It will reduce the packet loss and enhance the 
throughput , transmission time. 

 

Key words: Packet Releasing, packet scheduling, priority rules, fuzzy serious 
queues.  

1. Introduction 

Ubiquitous access to information anytime and anywhere will characterize whole 
new kinds of information systems in the future. This is being made possible by 
rapidly emerging communication systems that exploit wireless technologies. 
These systems have the potential to change how societies will evolve, as people 
are no longer constrained by information location or communication mechanisms. 
High speed networks technology, called also HSN, is a key component of these 
future wireless networks [2]. HSNs are likely to expand their presence in future 
applications [24]. 

Numerous challenges must be overcome to realize the practical benefits of HSN 
technology. These include power management, medium access, security, and of 
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principal interest here, Quality of Service (QoS) issue. It is expected that HSN 
technology will carry diverse kinds of multimedia services characterized by their 
high exigency level of quality delivery [3]. However, for various sensitive services 
like multimedia streaming or VoIP applications, additional Quality of Service 
(QoS) is required, especially in terms of bandwidth and end-to-end delay 
guarantees [4]. These services depend on the provision of adequate QoS support 
when deployed in the wireless networks. 

One of the most crucial mechanisms of a model for providing QoS support is the 
traffic regulation [5][6]. This later has the task of measuring the state of the 
network’s resources and thereby to decide which application data flows can be 
adapted [7]. In the past few years, some “conventional” QoS traffic adaptation 
models have been proposed [8]. These models, e.g. SWAN, are essentially based 
on traffic engineering mechanisms and QoS optimization techniques [9][10]. A 
number of works found in the literature have proposed techniques that build on a 
combination of well-established algorithms to provide distributed traffic control in 
wireless networks. For instance, AIMD (Additive Increase Multiplicative 
Decrease) and fair queuing have proven to be efficient components to achieve a 
distributed traffic control [11][12][13][14][15]. AIMD algorithm is implemented 
to control the sending rates of competing sources. While many of the proposals 
can provide some levelof QoS support they are based on a set of architectural 
assumptions where all nodes in the network implement a certain set of end-to-end 
control algorithms, or require the support of QoS-capable MAC at each node along 
the path. SWAN is the best example of protocols using AIMD algorithm [16]. 
However, one of the drawbacks of SWAN is how to calculate the threshold rate 
limiting any excessive delay that might be experienced [17] [18]. SWAN adopts 
engineering techniques that attempt to set the admission threshold rate at nodes to 
operate under the saturation level of the wireless channel. 

In this paper, we attempt to exploit the efficiency of intelligent learning theories 
such as Fuzzy Logic theory and Fuzzy Approximate Reasoning in networks to 
achieve the traffic adaptation in HSNs. The use of fuzzy logic theory in our 
proposal is justified by the fact that this theory is well adapted to systems 
characterized by imprecise states, dynamic nature, and uncertain information, as in 
the case of HSNs. Furthermore, the use of fuzzy logic can add more flexibility and 
capability for managing both the random traffic state and the arbitrary buffer 
change occupancy of devices due to the dynamic of HSNs. This theory has been 
successfully applied in many industrial systems, such as embedded systems and 
telecommunications control. 
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The dynamic nature of traffic behavior in HSNs may generate uncertain 
information [24]. Then, it is useful to conceive new intelligent models that deal 
with the imprecision information caused by the dynamic events of a network. Our 
proposed model contributes to this issue by dealing essentially with two 
parameters: packets delay and buffer size in intermediate nodes of HSNs. By 
manipulating these parameters, our model is capable to generate the convenient 
traffic adaptation rate for multimedia sessions, in the aim to avoid congestion in 
network. The efficiency of using fuzzy logic and Petri nets theories to ensure the 
traffic adaptation is proved by the extensive simulations we achieved compared to 
the conventional AIMD algorithm and IEEE 802 standard. The information 
generated by these mathematical tools will be used to study the behavior the traffic 
states with the network and to introduce a new detection and recovery algorithm 
that deals with the possible happening of errors that may affect the reliability of 
the proposed model. Note that through this paper, we use the terms “Slack time”, 
“Waiting time,” and “Time criterion” interchangeably. 

2. FuzzyHSN Model 

The proposed model (Fig. 1) aims to study the traffic adaptation behavior in order 
to ensure a convenient QoS decision regarding the traffic regulation rate according 
to network conditions. Based on Slack time measurement and packets waiting 
time, the traffic adaptation decision policy is established as a set of production 
rules “IF THEN” that define the action to be performed in a response to the current 
network state. Each production rule includes a set of antecedent input conditions 
“IF-part” and consequent output propositions “THEN-part”. 

 

Fig 1: proposed fuzzyHSN model 
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The slack time and waiting time represents the time it took to send the packet 
between the transmitter and receiver including the total deferred time plus the time 
to fully acknowledge the packet. This is simply measured at the source node by 
subtracting the time that a packet is passed to the MAC layer from the time an 
ACK packet is received from the receiver. 

It is important to note that the information about the status of a network in terms of 
congestion can be obtained tanks to the packet delay parameter. A big value of this 
parameter means that congestion may have appeared in the network; in this case, 
the process of traffic adaptation can start. The adaptation is performed in three 
steps: 

2.1. Fuzzification: The fuzzy inputs in our system are the slack time and the 
waiting time obtained as feedback from MAC layer. The traffic adaptation rate 
represents the fuzzy output. These two parameters have to be converted into fuzzy 
sets. In fuzzy theory, a fuzzy set is different from an ordinary set, because a fuzzy 
set may contain elements that have different degree of membership in a set, 
whereas the elements of an ordinary set are considered members of a particular set 
if they have full membership in this set. 

During the design of FuzzyHSN model, the choice of the rules base is performed 
depending on the manner how the system should behave to ensure the control of 
traffic rate. After classification of the appropriate rules, the membership functions 
associated to each parameter’s rule are identified. For that aim, a variety of 
membership functions may be applied such as triangular, Gaussian, and 
trapezoidal functions.  

Fuzzy logic is principally a multi-valued logic that allows transitional values to be 
defined between conventional evaluations like yes/no, true/false, and 0/1. 
Notations similar to warm cold or very cold can be formulated mathematically and 
developed by computers. Fuzzy numbers are generally used in a variety of fields, 
as the illustration uncertainty. In perform most of the things encountered in life are 
imprecise. Fuzzy logic is inherently robust since it does not necessitate precise, 
noise free inputs and humiliates gradually when system apparatus fail like if a 
feedback sensor quits or is destroyed. .The most frequently used shapes of fuzzy 
numbers are triangular and trapezoidal, which is appraised as follows. 
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Triangular Fuzzy Number 

A triangular fuzzy number A can be parameterized by a triplet ( , where 

the membership function of the triangular fuzzy number A is distinct by 

 

 

Fig 2: A triangular fuzzy number 

Trapezoidal Fuzzy Number 

A trapezoidal fuzzy number A can be parameterized by a four ( , 

where the membership function of the trapezoidal fuzzy number A is distinct by, 
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Fig 3: A trapezoidal fuzzy number 

In our study, we have chosen triangular functions because of their simplicity in 
computation. A fuzzy set in the universe of discourse U, U = ( ) which 

can be described by a membership function :U→ [0,1] , represented by, 

 
    (  

 
where  indicates the grade of membership of  in the fuzzy set A (e.g., to 
indicate the waiting time in the sets “high”, “medium”, or “low”). 
Let A and B be two triangular fuzzy numbers parameterized by the triplets, 
( , ( , respectively. The addition and multiplication operations 
between the triangular fuzzy numbers A and B is defined, respectively, as follows: 
 

 (  (  

=(  
 

 (  (  

=(  
 
The maximum operation  between A and B is defined as follows: 
 

 (  (  
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=(  
 
Where an Î [0, 1]. 
 
2.2. Rules Evaluation: in this step, a set of rules is applied using an inference 
engine to describe the different steps of the traffic adaptation process. The rule 
base includes a set of conditional statements as follows: 
 
R1: IF waiting time is long AND slack time is Critically-short THEN time 
criterion is urgent (1.0) 

R2: IF waiting time is medium AND slack time is Critically-short THEN time 
criterion is urgent (0.8) 

R3: IF waiting time is short AND slack time is Critically-short THEN time 
criterion is urgent (0.6) 

R4: IF waiting time is long AND slack time is short THEN time criterion is 
urgent (0.5) 

R5: IF waiting time is medium AND slack time is short THEN time criterion is 
urgent (0.2) 

R6: IF waiting time is medium AND slack time is short THEN time criterion is 
not-urgent (0.7) 

  
2.3. Defuzzification: In this step, the decision sets concerning the traffic 
adaptation are converted into precise quantities. There are several heuristics 
methods that permit to perform the defuzzification: mean of maximum, center of 
area, and max criterion. In our model, we have used the mean of maxima (MoM) 
method as defuzzifier method because of its light computational complexity. The 
evaluation result is obtained as the average of the elements that reach the 
maximum grade in a fuzzy set. 
In what follows, we will describe the modeling concept of traffic adaptation rules. 
FuzzyHSN considers both the traffic state and the network resources availability 
parameters. The input parameters are represented by both the Waiting time and the 
Slack time while the output parameter is represented by the Time criterion. 
 
3. Experimental Result: 
In this paper, we have made some assumptions regarding the routing protocol. We 
are assuming that a reactive multipath routing protocol AOMDV exists that makes 
node disjoint or link disjoint multiple paths from source to destination. The 
proposed scheme will assist the AOMDV in reducing the delay when route failure 
occurs.  
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3.1. Performance Metrics 

Following performance metrics are used to measure the performance of the 
proposed technique. 
 

3.1.1 Packet Loss Percentage 

The percentage of data packets dropped in the network either at the source or at 
intermediate nodes. Performance will get better, when the packet loss will 
decrease with the proposed technique. 
 

3.1.2. End-To-End Delay 

It is the time interval between the event when the source has transmitted a data 
packet and the event when destination receives that data packet. In the case, no 
link breakage prediction algorithm and multipath routing protocol are present then 
this delay will be high because the time spent in building a route is included in the 
end-to-end delay.  
 

3.1.3. Route Discovery Time 

The aggregate number of route requests generated by all sources per second. With 
the proposed technique, this time will be decreased. 
 

3.2. Simulation Setup  

For the evaluation of the proposed idea, the model for simulation that was used 
here is same as discussed in [1]. The version of network simulator used was 
ns2.34. A total of 100 nodes network was used in an area of 1000×1000 m2. The 
nodes were deployed randomly in the simulation area. The mobility model that 
was used for the node movement was random waypoint mobility model. There 
was no pause time between node movements, so nodes were moving continuously 
without any movement pause. The average speed v of the nodes was kept varying 
so that the mobility rate can change. The real speed of nodes was selected from the 
defined range of 0.9v to 1.1v.  
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Table I. SIMULATION PARAMETER VALUES 
Parameter Value 

Simulation time 100 sec 
Number of nodes 90 
Number of stationary nodes 10 
MAC layer WLAN 
Traffic type CBR 
Packet size 512 bytes 
No. of UDP connections Many 
Movement pause time 0 sec 
Maximum speed Varying 

 
The traffic was created with many UDP sessions with CBR traffic type. Each UDP 
session was started randomly in the first 100 seconds of the simulation time and 
the traffic sources and destinations were also selected randomly. The traffic 
sessions last till the end of the simulation. Total simulation time was 1000 
seconds. The parameters that were configured are shown in Table 1.The 
membership function of waiting time, slack time and Time criteria are defined (fig 
4-6). 
  

 
Fig 4. Input Membership function of packet waiting time 

 

 
Fig 5. Input Membership values of packet Slack time 
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Fig 6. Output Membership values of time criterion 

 

 
Fig  7. Surface value of the proposed model 

 
Figure 8 shows the Surface of the proposed fuzzy controller, Figure 8 shows the 
percentage of packets lost with the increase in node velocity. The packet loss here 
is due to the mobility of intermediate nodes. When an intermediate data relaying 
node moves away, then the packets sent by the neighbor node on the transmission 
path are lost.  

 

Fig 8. Packet loss comparison with varying speed. 
 
Also, when an intermediate node finds no path towards a destination, it drops 

the packet. Packets are also dropped by the sender in case of buffer overflow or 
when it fails to get the route after making several route discovery requests. It is 
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also evident from the Figure 9 that the percentage of packet loss is increasing for 
all the three protocols with an increase in the average speed of the node. The 
simulations were carried out 5 times setting varying node speeds.  

 

 
Fig 9. Route discovery frequency comparison with varying speed 

 
The AOMDV and proposed protocol always drop less number of packets as 

compared to the standard AODV protocol. The reason for this smaller packet loss 
is the availability of alternate paths to forward the packets when the primary path 
fails. The packet loss with the proposed idea is still less than the AOMDV because 
the proposed idea predicts in advance the status of a link and may shift the traffic 
to alternate path if an alternate path exists at that node or it generates the route 
error message, so that a new path can be established. 

Figure 9 shows the comparison of route discovery frequency of proposed 
protocol with the AODV and AOMDV. The route discovery frequency also 
increases with an increase in the average node speed. When the nodes are more 
mobile, then the path failures are frequent that resulted in the generation of more 
route discovery procedures.  

The route discovery frequency of the proposed idea and AOMDV are same. It 
is because, the proposed idea uses AOMDV for routing and helps it in detecting 
the link status in advance, thus reducing the delay in route discovery process rather 
than reducing the route discovery frequency. So, no improvement in the route 
discovery frequency is observed as compared to the AOMDV. 
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Fig 10. End-to-end delay comparison with varying speed 

 
Figure 10 shows the comparison of average end-to-end delay with varying 

speed. Average end-to-end delay increases with the mobility increase. The reason 
is that, with an increase in the number of route failures, the route discovery 
operation is triggered that increases the end-to-end delays. The average end-to-end 
delay for the proposed idea is lowest as compared to the other two because the 
proposed idea predicts in advance the status of a link and in case the link status is 
about-to-break, then it can trigger the route discovery procedure in advance, which 
will minimize the average end-to-end delay. 

 
 

4. Conclusion: 
 In this paper, we have introduced a new traffic adaptation model in HSNs 
based on fuzzy logic theory. The model named FuzzyHSN aims to enhance the 
traffic regulation rate decision of multimedia real time sessions, based on the slack 
time computed as the feedback delay measurement between the source and 
destinations nodes, and the packet waiting time in intermediate nodes. We have 
evaluated the performance of FuzzyHSN, compared to AIMD-SWAN and IEEE 
802.11, under diverse traffic and network conditions. The experimental results 
have demonstrated that the QoS design based on fuzzy theory promises to be an 
efficient solution and may constitute a good alternative to some conventional 
methods based on complex optimization and overloaded traffic engineering 
mechanisms. The promising results indicate that the proposed model can be 
hopeful to deal with the dynamics of mesh networks when managing QoS delivery 
especially for supporting multimedia services. 
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Abstract. In this paper we study numerical methods for addressing fuzzy differential
equations by an application of an accelerated Runge-Kutta method using a Bede’s char-
acterization theorem . We use an accelerated Runge-Kutta method in order to enhance
the order of accuracy of solutions by reusing of function evaluations from the previous
step which is reduced the number of function evaluations.We state a convergence result
and give numerical example to illustrate the efficiency of the proposed method.
Keywords: Fuzzy ordinary differential equation; Bede’s Characterization Theorem; Nu-
merical methods; Accelerated Runge-Kutta method; Seikkala derivative.

1 Introduction

The application of fuzzy differential equations (FDEs) has been rapidly growing
in recent years. Particularly (FDEs) appear in the diverse fields of sciences and
engineering as particle systems [23], quantum optics and gravity [24], medicine
[4], population models [13], synchronize hyperchaotic systems [39] and bioinfor-
matics and computational biology [12].
The applicable definitions of fuzzy derivative and the fuzzy integral was studied
by Dubois and Prade [14] and Puri and Ralescu [32]. Using Hukuhara derivative,
Kaleva [21] and Seikkala [36] started to develop a theory of FDEs. Subsequently,
several authors have been inspired to apply numerical and analytical methods
for the solution of these equations [1, 3, 5–9, 25–27, 29, 30, 34, 35]. The most im-
portant contribution on these numerical methods is the Euler method provided
by Ma et al. in [22]. Abbasbandy and Allahviranloo in [2] developed four-stage
order Runge-Kutta (RK) methods for a Cauchy problem with a fuzzy initial
value. Also Palligkinis and Papageorgiou [28] applied RK methods for a more
general category of problems, and they proved convergence for s-stage RK meth-
ods. Finally, Effati and Pakdaman [15] solved FDEs by artificial neural network
method.

Proceedings of the International Conference on Mathematics, Statistics and Financial Mathematics 2014 (ICMSFM2014)
with IASC-ARS Sessions, Universiti Tunku Abdul Rahman, Kuala Lumpur, Malaysia 196



In [11], Bede proved a Characterization Theorem which states that under cer-
tain conditions a fuzzy differential equation under Hukuhara differentiability
is equivalent to a system of ordinary differential equations (ODEs). Bede also
remarked that this Characterization Theorem can help to solve FDEs numeri-
cally by converting them to a system of ODEs, which can then be solved by any
numerical method suitable for ODEs. More specifically, in [10], Bede wrote, ”in
order to obtain numerical solutions of FDEs under Hukuhara differentiability, it
is not necessary to rewrite the whole literature on numerical solutions of ODEs
in the fuzzy setting, but instead we can use any numerical method for the ODEs
directly”. The contribution of this paper is to use Bede’s Characterization The-
orem to solve FDEs numerically by the fourth-order accelerated Runge-Kutta
(ARK) method.
The rest of the paper is organized as follows. In Section 2, we will give some
necessary notations and definitions of fuzzy set theory, fuzzy differential equa-
tions, characterization theorem and a family of accelerated RungeKutta meth-
ods. Fourth order ARK method for solving FDEs is introduced in Section 3.
Also Convergence and stability of the mentioned method are proved in this sec-
tion. The proposed algorithm is illustrated by solving three examples in Section
4. At the end of the paper we present some conclusions and further research
topics.

2 Preliminaries

We give some definitions and introduce the necessary notation which will be
used throughout the paper. See for example [16, 18].

2.1 Definitions and notations

We consider R, the set of all real number. A fuzzy number is mapping u : R→
[0, 1] with the following properties:
(a) u is upper semi-continuous,
(b) u is fuzzy convex, i.e., u(λx + (1 − λ)y ≥ min{u(x), u(y)} for all x, y ∈
R, λ ∈ [0, 1],
(c) u is normal, i.e., ∃x0 ∈ R for which u(x0) = 1,
(d) supp u = {x ∈ R|u(x) > 0} is the support of the u, and its closure cl(supp
u) is compact.

Let E be the set of all fuzzy number on R. The r-level set of a fuzzy number
u ∈ E, 0 ≤ r ≤ 1, denoted by [u]r, is defined as

[u]r =

{
{x ∈ R|u(x) ≥ r} if 0 < r ≤ r

cl(supp u) if r = 0
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It is clear that r-level set of a fuzzy number is a closed and bounded interval
[u(r), u(r)], where u(r) denotes the left-hand endpoint of [u]r and u(r) denotes
the right-hand endpoint of [u]r.

Definition 1. Let f : R→ E be a fuzzy function. We say f is differentiable at
t0 ∈ R, if there exists an element f

′
(t0) ∈ E such that limits

lim
h→0+

f(t0+h)	f(t0)
h

and lim
h→0+

f(t0)	f(t0−h)
h

exist and are equal to f
′
(t0). Here the limits are taken in the metric space (E,D).

Next we review one of the main results from Bede [11]( let ‖.‖ denote the usual
Euclidean norm).

Theorem 1. (Characterization Theorem) [11] Let us consider the fuzzy initial
value problem (FIVP)

{
x′ = f(t, x),
x(t0) = x0,

(1)

where f : [t0, t0 + a]× E → E is such that
(i) [f(t, x)]r = [f r(t, x, x), f

r
(t, x, x)],

(ii) f r and f
r

are equicontinuous ( that is, for any ε > 0 there is a δ > 0 such

that |f r(t, x, y)−f r(t, x, y)| < ε and |f r
(t, x, y)−f r

(t, x, y)| < ε for all r ∈ [0, 1],
whenever (t, x, y), (t1, x1, y1) ∈ [t0, t0 + a] × R2 and ‖(t, x, y) − (t1, x1, y1)‖ < δ
and uniformly bounded on any bounded set,

(iii) there exists an L > 0 such that
|f r(t, x, y)− f r(t, x, y)| ≤ Lmax{|x2 − x1|, |y2 − y1|} for all r ∈ [0, 1],

|f r
(t, x, y)− f r

(t, x, y)| ≤ Lmax{|x2 − x1|, |y2 − y1|} for all r ∈ [0, 1].

Then the FIVP (1) and system of ODEs





(xr(t))′ = f r(t, xr, xr)
(xr(t))′ = f

r
(t, xr, xr)

xr(t0) = (xr0)

x(t0) = (xr0)

(2)

are equivalent.

2.2 Fourth order accelerated Runge-Kutta

The general form of the ARK methods presented in this paper is

yn+1 = c0yn−c−0yn−1+c1k1−c−1k−1+
v∑

i=2

ci(ki − k−i) for 1 ≤ n ≤ N−1, (3)
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Table 1. Optimized ARK4 parameters set .

Parameters constant set

c0 1.0
c−0 0.0
c1 1.022831928839203211581411
c−1 0.02283192883920321158141016
c2 - 0.04515830188318023164196973
c3 - 0.08618700613581317473462200
c4 0.6085133791797901947951855
a1 0.2464189848045352027663988
a2 0.3794276070851120107016269
a3 0.7567561779707407028536669

where 



k1 = hf(yn), k−1 = hf(yn−1),
k2 = hf(yn + a1k1), k−2 = hf(yn−1 + a1k−1),
k3 = hf(yn + a2k2), k−3 = hf(yn−1 + a2k−2),
k4 = hf(yn + a3k3), k−4 = hf(yn−1 + a3k−3).
k5 = hf(yn + a4k4), k−5 = hf(yn−1 + a4k−4).

(4)

where v denotes the number of function evaluations performed at each time
step and increases with the order of local accuracy of the ARK method. The
fourth-order ARK with using of (3),(4) and v = 4 is of the following form:

yn+1 = yn + c1k1 − c−1k−1 + c2(k2 − k−2) + c3(k3 − k−3) + c4(k4 − k−4), (5)

where

k1 = f(yn), k−1 = f(yn−1), k2 = f(yn + a1k1), k−2 = f(yn−1 + a1k1), (6)
k3 = f(yn + a2k2), k−3 = f(yn−1 + a2k−2), k4 = f(yn + a3k3), k−4 = f(yn−1 + a2k−4).

Specific nonzero constants for the fourth order ARK which we applied in this
paper, are in table 1 . The local truncation error is [31]

T (t, h) =
31h5

360
y(5)(ζn) +O(h6).

Table 1 is a set of approximate values and naturally contains some round-off
error. The effects of this round-off error (in parameter values) can be significant
if the error produced by the ARK methods is small enough to be of the same
order. Therefore, to measure the accuracy of the ARK methods correctly (see
[31]) ,we have considered the parameter values using 25 digits of computational
precision in MATLAB. Note, however, that such high precision is not required
for the ARK methods to be effective.
It is important to note that at the first step, there is no previous step. Therefore,
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ARK methods cannot be self-starting. A one-step method must supply the
approximate solution y1 at the end of the first step t1. The one-step method
must be of sufficient order to ensure that the difference y1 − y(t1) is of order p
or higher. For example, the ARK4 method can be started by the RK4 method.

3 Fourth order fuzzy accelerated Runge-Kutta method

Consider the autonomous fuzzy initial value problem (FIVP)

x′(t) = f(x(t)),
x(0) = x0, t ∈ I = [0, T ], (7)

where f : R→ E be a fuzzy valued function and x0 ∈ E.
Theorem 1 shows us a way to translate the FIVP (7) into a system of ODEs
which is equivalent with the FIVP. Let [x(t)]r = [xr(t), xr(t)]. If x(t) is Seikkala’
s differentiable then [x′(t)]r = [x′r(t), x

′
r(t)], and (7) translates into the following

system of ODEs:
{
x′(t) = f

r
(xr, xr), x(0) = x0,

x′(t) = f r(xr, xr), x(0) = x0,
(8)

where [f(x)] = [f
r
(xr, xr), f r(xr, xr)]. Then, it can state that if we ensure that

the solution [xr, xr] of the system (8) are valid level sets of a fuzzy number
valued function and [x′r, x

′
r] are valid level sets of a fuzzy valued function, then

by the Stacking Theorem [21], it is possible to construct the solution of FIVP
(7).
The Characterization Theorem 1 [11] proved that FIVP (7) is equivalent to the
system of ordinary differential equations (8) under ceratin conditions.
Now, we consider fuzzy initial value problem (7) with step-size h = T

N
and grid

points
tj = j.h, j = 0, 1, ..., N.

at which the exact solution [Y (t)]r = [Y r(t), Y r(t)] is approximated by [y(t)]r =
[y

r
(t), yr(t)].The generalized fourth-order ARK method based on the fourth-

order approximation of Y ′r(t) and Y
′
r(t) and Eqs. (5),(6) and (8) is obtained as

follows: 



y
n+1

(r) = y
n
(r) + F (y

n
(r), yn(r)),

yn+1(r) = yn(r) +G(y
n
(r), yn(r)),

y(0; r) = y
0
(r),

y(0; r) = y0(r),

(9)

where
{
F (y

n
(r), yn(r)) = c1k1 − c−1k−1 + c2(k2 − k−2) + c3(k3 − k−3) + c4(k4 − k−4),

G(y
n
(r), yn(r)) = c1k1 − c−1k−1 + c2(k2 − k−2) + c3(k3 − k−3) + c4(k4 − k−4),
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at which 



k1 = hf(yn(r)), k1 = hf(yn(r)),
k2 = hf(yn(r) + a1k1), k2 = hf(yn(r) + a1k1),
k3 = hf(yn(r) + a2k2), k3 = hf(yn(r) + a2k2),
k4 = hf(yn(r) + a3k3), k4 = hf(yn(r) + a3k3),

and 



k−1 = hf(yn−1(r)), k−1 = hf(yn−1(r)),
k−2 = hf(yn−1(r) + a1k−1), k−2 = hf(yn−1(r) + a1k−1),
k−3 = hf(yn−1(r) + a2k−2), k−3 = hf(yn−1(r) + a2k−2),
k−4 = hf(yn−1(r) + a3k−3), k−4 = hf(yn−1(r) + a3k−3).

where y0 is an initial value.

4 Examples

Example 1. [17] Consider the fuzzy initial value problem

y′(t) = v1y
2(t) + v2, y(0) = y0, (10)

at which y
0

= −0.0012 + 0.0012r, y0 = 0.0012 − 0.0012r and vi > 0 for i = 1,
are fuzzy numbers.

Regarding to a Note published by Karimi et al. [33], the exact solution is given
by

Y1(t, r) =
A tan(At

4
+arctan(−3+3r2

1250A
))

2+2r
,

Y2(t, r) =
−
√
2B tan(

√
2

4
[Bt+2

√
2 arctan(

3
√
2(−3+r)(−1+r)

2500B
)]

−6+2r
,

where
A =

√
6 + 8r + 2r2,

B =
√

(−5 + r)(−3 + r).

The result of ARK4 method, RK4 formula and Euler method with h = 0.1 at
t = 1 are shown in Table 2.
The exact and approximate solutions by Euler, ARK4 and RK4 methods are
compared and plotted at t = 1 in Fig. 1.

5 Conclusion

A family of accelerated Runge-Kutta formulae has been applied in this paper.
The ARK methods are more computationally efficient than RK methods at
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Table 2. The result of the accelerated ARK method for Example ?? with h = 0.1 .

r yr

n
yrk4r

n
Eu. Y |yr

n
− Y | |yrk4r

n
− Y | |Eu.− Y |

0 8.585372e-1 8.585647e-1 8.381748e-1 8.585385e-1 1.320206e-6 2.612539e-5 2.036377e-2
0.1 9.060921e-1 9.061242e-1 8.807003e-1 9.060941e-1 2.059972e-6 3.002945e-5 2.539387e-2
0.2 9.568802e-1 9.569156e-1 9.254290e-1 9.568834e-1 3.182790e-6 3.215571e-5 3.145444e-2
0.3 1.011350e0 1.011397e0 9.725813e-1 1.011354e0 4.885827e-6 4.20363e-5 3.877366e-2
0.4 1.070031e0 1.070088e0 1.022411e0 1.070039e0 7.472675e-6 4.852846e-5 4.762847e-2
0.5 1.133558e0 1.133625e0 1.075207e0 1.133570e0 1.141538e-5 5.497288e-5 5.836302e-2
0.6 1.202690e0 1.202776e0 1.131286e0 1.202708e0 1.745615e-5 6.765738e-5 7.142234e-2
0.7 1.278352e0 1.278456e0 1.191015e0 1.278379e0 2.677684e-5 7.633849e-5 8.736466e-2
0.8 1.361678e0 1.361809e0 1.254799e0 1.361719e0 4.128642e-5 8.940021e-5 1.069205e-1
0.9 1.454074e0 1.454242e0 1.323101e0 1.454138e0 6.411828e-5 1.039685e-4 1.310370e-1
1 1.557307e0 1.557406e0 1.396394e0 1.557407e0 1.005098e-4 1.724654e-5 1.610137e-1

r yr
n yrk4

r

n Eu. Y |yr
n − Y | |yrk4

r

n − Y | |Eu.− Y |
0 4.467569e0 4.490504e0 2.605837e0 4.499280e0 3.171124e-2 8.776448e-3 1.893443e0

0.1 3.792954e0 3.803834e0 2.425309e0 3.807681e0 1.472720e-2 3.847755e-3 1.382372e0
0.2 3.291519e0 3.296986e0 2.263145e0 3.298843e0 7.323670e-3 1.857307e-3 1.035698e0
0.3 2.904280e0 2.907066e0 2.116890e0 2.908122e0 3.842863e-3 1.05686e-3 7.912328e-1
0.4 2.596040e0 2.597496e0 1.984427e0 2.598145e0 2.105239e-3 6.490281e-4 6.137180e-1
0.5 2.344600e0 2.345375e0 1.863970e0 2.345795e0 1.194614e-3 4.200984e-4 4.818250e-1
0.6 2.135311e0 2.135693e0 1.754030e0 2.136009e0 6.978694e-4 3.162470e-4 3.819792e-1
0.7 1.958132e0 1.958317e0 1.653308e0 1.958549e0 4.176625e-4 2.325667e-4 3.052415e-1
0.8 1.805960e0 1.806030e0 1.560724e0 1.806214e0 2.550668e-4 1.843243e-4 2.454903e-1
0.9 1.673631e0 1.673640e0 1.475339e0 1.673789e0 1.584210e-4 1.496930e-4 1.984506e-1
1 1.557308e0 1.557406e0 1.396394e0 1.557407e0 9.978339e-5 1.724654e-6 1.610137e-1
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Fig. 1. h = 0.1
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providing the same order of local accuracy because they reuse function evalua-
tions from previous steps of integration. We introduced the fuzzy ARK method
of order four for the approximation solution of a fuzzy initial value problem
and illustrated it by a numerical example. Numerical example show that the
accuracy-optimized fuzzy ARK4 presented here are superior to fuzzy RK meth-
ods that computationally cost the same in terms of the number of function
evaluations. Also, the fuzzy ARK methods are comparable to fuzzy RK meth-
ods that have the same order of local accuracy.
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