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1 INTRODUCTION 2

Abstract

In this paper, we formulate six different resolutions of a continuous-time
approximation of the Wright-Fisher sample genealogical process. We derive
Markov chains for the six different approximations in the spirit of J.F.C. King-
man. These Markov chains are essential for inference methods. Two of the
resolutions are the well-known n-coalescent and the lineage death process due
to Kingman. Two other resolutions were mentioned by Kingman and Tajima,
but never explicitly formalized. Another two resolutions are novel, and embed
the genealogical objects of Kingman and Tajima into a general framework via
the theory of lumped Markov chains. We show that any sample genealogical
Markov chain is amenable to Kingman’s n-coalescent approximation if it has
the lineage death chain as its lumped Markov chain. We formulate a lumped
n-coalescents graph that embodies multiple n-coalescent resolutions of the un-
derlying sample genealogical process and leads to computationally efficient
inference.

1 Introduction

Kingman’s n-coalescent [15], [14] is a process of central importance in mathematical
population genetics. The n-coalescent is a continuous-time Markov chain formulation
for a limiting approximation of the genealogical history of a labeled sample of size
n from a Wright-Fisher population [7, 32] of a large and constant size N. The state
space of the n-coalescent is C,,, the set of all set partitions of the label set £ =
{1,2,...,n}. At time zero, the n integer labels in £ are all in separate “blocks.”
As time t advances into the past, each transition that allows two blocks merging
into a single block happens at rate one, until the process reaches a terminal state
in which all integer labels are together. If one considers just the discrete skeleton or
the embedded jump chain of this Markov chain, then at each time step one picks
two blocks of the partition at random and merges them together, until there is just
a single block after n — 1 time steps.

In this paper, we consider six variants or genealogical resolutions of this coalescent
process. They are briefly introduced below.

e The vintaged and labeled n-coalescent { BT ()} of § is the same as the process
described above except that, at all times, each block of the partition has an
associated number called the vintage, which records the time step or coalescent
epoch in which the block was created. Its state space B,, is an augmentation of
C,, with coalescent vintage tags. This is the Kingman-Tajima n-coalescent.
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e The unvintaged and labeled n-coalescent {C'(t)} of § is obtained from
{B'(t)} by dropping the vintage. This is the standard Kingman’s n-coalescent.
Every sequence of states in C,, that is visited by this process is an element
of C,, the set of n-coalescent sequences or c-sequences. A c-sequence induces
a ranked, rooted, binary tree with leaves labeled by £ as defined in [2.1] and
depicted in Figure [3

e The vintaged and sized n-coalescent {D'(t)} of §|3.3|is obtained from {B'(¢)}
by keeping track only of the vintage and the size of each block of the partition,
and dropping the integer labels 1,2,...,n. Its state space D, is an ordered
integer partition.

e The vintaged and shaped n-coalescent {G'(t)} of §[3.4)is obtained from {D'(¢)}
by keeping track only of the vintages of the blocks at each time step, and
throwing away the sizes of the blocks. The state space (G, is contained in
the vertices of the hypercube {0,1}"~!. The sequence of states visited by this
process gives Tajima’s evolutionary relationships [28, Figures 1-4], which resolve
genealogical histories up to ranked, rooted, binary tree shapes as defined in
and depicted in Figure [3] This is Tajima’s n-coalescent.

e The unvintaged and sized n-coalescent { F''(t)} of §|3.5|is obtained from {C(t)}
by just keeping track of how many blocks there are of each size. This process is
also known as the label-killed n-coalescent [15], (5.2)] or unlabeled n-coalescent
[23] or family-size process [13], 30, p. 136-137] on F,,, the integer partitions of
n.

e The pure death process {H'(t)} of § is obtained from any of the other five
processes above by just keeping track of the number of blocks or the number
of ancestral sample lineages in H,, = {n,n —1,...,1}.

Using the theory of lumped Markov chains [12], § 6.3, p. 123], we formalise a unified
multi-resolution coalescent as the lumped n-coalescents graph (Definition . Itisa
partially ordered graph whose nodes represent the six coalescents described above and
whose edges describe Markov lumpings. We show that a Markov chain {B'(¢)} on B,
called (i) the vintaged and labeled n-coalescent or the Kingman-Tajima n-coalescent,
can be lumped into (ii) Kingman’s labeled n-coalescent or the unvintaged and labeled
n-coalescent {C1(t)} on C,, (iii) the unvintaged and sized n-coalescent on F,, and
(iv) the vintaged and shaped n-coalescent on G,. The latter two Markov lumpings
are mediated via another Markov chain called (v) the vintaged and sized n-coalescent
on D,. Finally, all these Markov chains are built from the coarsest resolution of
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(vi) the pure death process on H,, that gives the number of ancestral lineages of our
sample. Figure|l|depicts the six state spaces and the Markov lumpings between them.
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Figure 1: State spaces B,,,C,,,D,,F,,G,, H,, and the lumpings between them.

Here we focus on specific algebraic representations of these six Markov chains
and derive their backward-transition, sequence-specific, state-specific and forward-
transition probabilities. These derivations are novel for all but Kingman’s labeled
n-coalescent and the pure death process [I5] [14]. Our motivation for this study is
two-fold. The first is historical and the second is statistical as outlined in the next
two subsections, respectively.

1.1 Historical Motivation

Kingman and Tajima independently described the genealogical or evolutionary rela-
tionship of a sample of size n from a Wright-Fisher population in the early 1980s.
The relation between the genealogical objects described by Kingman and Tajima has
not been characterised before. We make the first formalization that relates the two
distinct sample genealogical descriptions of Kingman and Tajima via the theory of
lumped Markov chains. The vintaged and shaped n-coalescent {G'(¢)} or Tajima’s
n-coalescent is the first Markov description of Tajima’s evolutionary relationship in
the spirit of Kingman’s n-coalescent. {G'(¢)} requires temporal information about
the extant sample lineages. Such temporal information is not required for Kingman’s
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n-coalescent {C1(t)}. The other resolutions of the sample genealogy studied in this
paper make the Markov lumping relations among the n-coalescents, that are natu-
rally spanned by the n-coalescents of Kingman and Tajima, explicit.

Phylogenetics and population genetics, despite being sub-fields of mathematical
genetics, are studied by research communities that do not entirely overlap. This is
partly driven by methodological preferences between inter-species and intra-species
approaches to the study of genetic inter-relatedness. This paper attempts to use
definitions and notions that are consistent across phylogenetic and population genetic
literature. We show how different resolutions of coalescent sequences are in bijection
with different kinds of phylogenetic trees. We show that various classical phylogenetic
tree shape statistics can be directly obtained from coarser coalescent resolutions. We
express the probability of obtaining coalescent sequences at the coarser resolutions in
terms of phylogenetic tree shape statistics. We also show in this paper that classical
phylogenetic tree shape statistics, such as, Colless’ index [0], Sackin’s index [28], 21],
number of cherries [18], Sequential Aldous shape statistics [2] and runs statistics
[8], can be obtained efficiently from Markov lumpings of the Kingman-Tajima n-
coalescent.

1.2 Statistical Motivation

The n-coalescents provide the basic probability models underlying statistical experi-
ments of interest in population genetics. They arise as prior mixtures over *T,,, the
partially observed genealogical space of binary coalescent trees with branch-lengths:

T, :=C, T, := {t:=("t,, " p_1,...,%) :c€Cpt €T}

that one needs to integrate over, in order to obtain the likelihood of a parameter
¢ € 4@ on the basis of some observed data x.p.:

Planld) =3 [ Plaltopcio) oo,

where 9 (°t) is the dominating measure on T, (given as a product of counting
measure on discrete-valued trees in C,, and Lebesgue measure on the continuous-
valued coalescent times in R?™' =: T,) and P(°t|¢) is an n-coalescent induced,
possibly ¢-specific, prior density over “T,. The integration space is depicted for
n = 3 in Figure [2

Computational feasibility of “full-likelihood” methods that conduct Monte Carlo
integration over »T,,, the partially observed genealogical space of binary coalescent
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Figure 2: Realizations of 3-coalescent trees in the space of such trees is plotted on
the three rectangles as colored points in middle panel. The lines on the rectangles
are the contours of the independent exponentially distributed epoch times for each
c-sequence. Each of the three coalescent trees, with two branch lengths (t3,t3), rep-
resenting a realization in the corresponding rectangle and the transition probability
diagram of the embedded discrete time Markov chain {CT(k)}reqz 213 on Cs are
shown counter clock-wise in the four corner panels, respectively. See Proposition
for details.
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trees with branch-lengths, in order to compute the likelihood P(zqs|¢) via impor-
tance samplers [9, [10] [3| 27, 26], [11] for instance, scales poorly with the resolution and
size of modern population genomic data. Typical data sets contain DNA sequences of
large homologous tracks of the genome for thousands of individuals in a population.

Given the massive scale of current genomic data, computational biologists are us-
ing “summary statistics” of the available data to reduce the computational burden of
the inference procedure and make it “likelihood-free” on the basis of simulations from
the finest genealogical resolutions [311, [19, [5, [17, 25, 14} [16]). However, these “approx-
imate likelihood/Bayesian” computations do not take advantage of the appropriate
and sufficient Markov lumpings of the hidden genealogy space for the “summary
statistics” being used.

Markov lumping can be powerful in inference if the observed statistic of interest
T'(xops) only depends on the original chain through the lumping. This can reduce
large summations over excessively fine state spaces as noted in [I2] p. 124]. The
reduction in state space can also be helpful in dynamic programming during inte-
grations over some appropriate Markov lumping of the hidden genealogy space. The
Markov lumpings of the Kingman-Tajima n-coalescent developed here can facilitate
a computationally efficient and statistically sufficient approach to population-genetic
inference based on various families of population-genetic statistics as done in [23] and
[22].

Briefly, in [23], the sufficiency of the unvintaged and sized n-coalescent for the
likelihood of a popular statistic called the site frequency spectrum or SFS is ex-
ploited. Computationally efficient inference based on SF'S as well as its linear combi-
nations [22], including, the number of segregating sites [1|, pair-wise heterozygosity,
and Tajima’s D [29], is possible due to the invariance of the sampling distribution of
SE'S up to the equivalence class induced in the hidden space C, by the sequence of
states visited by {F'(¢)}, the unvintaged and sized n-coalescent. This Markov lump-
ing # : C, — [, allows us to efficiently integrate over f-sequences or sequential
realisations of {F1(t)} in F, to compute the likelihood of the SFS, as opposed to the
more conventional approach of integrating over (in importance sampling) or simulat-
ing from (in approximate Bayesian/likelihood computations) the unnecessarily finer
resolution of c-sequences in C,. Importance sampling using a controlled Markov chain
is developed in [23] from the forward-transition probabilities of the unvintaged and
sized n-coalescent in order to produce f-sequences that are conditioned on the data.
Similar inferential methods based on statistics that depend on the other lumped
coalescents can be obtained from the coalescent probabilities developed here.

Thus, we formally describe lumped Markov processes at more resolutions of the
hidden genealogy space. These descriptions, especially at the coarser resolutions, are
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a prerequisite for subsequent computationally efficient inference in the spirit of [23]
on the basis of other appropriate genetic statistics, including the sequential Aldous
shape statistics, Colless” index, Sackin’s index, number of cherries and runs statis-
tics. Moreover, several non-classical statistics can be obtained from the genealogical
resolutions studied here.

The backward-transition, sequence-specific, state-specific and forward-transition
probabilities at each of our coalescent resolutions described in this paper consti-
tute the applied probabilistic core of computationally efficient Monte Carlo algo-
rithms for statistical inference in population genetics that can exploit the Markov
lumping relations among the different coalescent resolutions. Several such algo-
rithms are implemented in lce: a C++ class library for lumped coalescent
experiments that is publicly available from http://www.math.canterbury.ac.nz/
~r.sainudiin/codes/1lce/.

1.3 Outline

The rest of this paper is organized as follows. In § [2| we review the conditions under
which a lumped process is Markov, describe the basic population genetic model and
the n-coalescent approximation of any sample genealogical Markov chain. In § (3| we
introduce and discuss six n-coalescent resolutions of the genealogical space. Examples
and applications are given in § [4]

2 Preliminaries

Let N := {1,2,3,...} denote the set of natural numbers. Let Z, := {0,1,2,...}
and Z_ :={0,—1,—2,...} denote the set of non-negative and non-positive integers,
respectively. For any set A, let |A| denote its cardinality or the number of elements
in it. Let [n: n/|_ :={n,n—1,...,n' 4+ 1,n'} denote the linearly ordered descending
index set from n to n’ < n, where n,n’ € Z and let [n|_ := [n : 1] = {n,n —
1,...,2,1}. Similarly, let [0’ : n], = {n/,n’ +1,...,n — 1,n} denote the linearly
ordered ascending index set from n’ to n > n’, where n,n’ € Z and let [n], = [1:
nly =41,2,....,n—1,n}.

The n-coalescent resolutions (with exception of the unvintaged and sized n-
coalescent and the lineage death process) induce trees on n leaves. We will formally
define the trees we will observe throughout this paper.

Definition 2.1. We define the following trees as in [24, § 2.4]. A ranked, labeled tree
on n leaves is a rooted binary tree with unique leaf labels from the label set £. The
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Figure 3: Example for a ranked, labeled tree with leaf label set £ = {1,2,3,4,5}, a
labeled tree with £ = {1,2,3,4,5}, a ranked tree shape and a tree shape (from left
to right).

interior vertices have a total order < assigned, such that the root is the minimum in
this order, and for any interior vertex v which is on the path from an interior vertex
w to a leaf, we have w < v. We assign to the root of the tree the rank 1, to the
second smallest element in this total order the rank 2, etc.

A labeled tree on n leaves is a ranked, labeled tree where the total order with the
ranks are omitted.

A ranked tree shape on n leaves is a ranked, labeled tree where the leaf labels are
omitted.

A tree shape on n leaves is a labeled tree where the leaf labels are omitted. For
examples see Figure [3]

2.1 The lumped chain

In the following we define a lumped chain of a Markov chain as in [12, § 6.3, p. 123].
Assume we are given a discrete time Markov chain {S(n)},ecz, on a finite state space
S = {s1,52,...,5g/}. Suppose that for an initial distribution , the values

{P(sjlsi) == P(S(n+ 1) = 54|S(n) = si) }ijepsy

are the time-homogeneous 1-step transition probabilities for our Markov chain.
Let the map
M S — M= {my,mq,...,muy}

induce a partition of S into |M| non-empty elements via its inverse .# ~!. We denote
this . -partition or .4 -lumping of S by

S = {7 (), M (M), T ()}

Next, we define the lumped chain {S*(n)},ez, on S from the original Markov
chain {S(n)}nez, on S. The state visited by the k-th step in the lumped chain is
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the set that contains the state visited by the k-th step in the original chain, i.e. with
m; ‘= //(Si/),

S(kf) = Sy € S — S%/ > S%/(k’) = %_1(%(81'/)) = %_1(7717;) D Sy
At the first level we assign, for the lumped chain,
P, (S(0) € ///_1(mi)) .

The probability of the sequence (.~ *(my),...,. 4 (m;), #'(m;)) of n states
visited by the lumped chain is defined to be:

P, (S(n—1) € .7 (my),S(n—2) € A (my),...,S(0) € . (my)) .

The lumped chain can replace a Markov chain on a vast state space with a chain on
fewer states. Such coarser .Z-lumpings when statistically sufficient for the considered
problem can be advantageous, especially when the lumped chain is also Markov.

The proof of the next proposition is given in [12, Thm. 6.3.2, p. 124]. As this
proposition is frequently applied throughout the paper, we give a proof using our
terminology.

Proposition 2.2. A necessary and sufficient condition for the lumped chain
{S(k)}rez, to be a Markov chain on S and not depending on the initial dis-
tribution m 1s:

For every pair of sets 4~ (m;) and .4~ (m;) in S7, the probability of moving
from a state sy € M (m;) to the set A~ (m;),

Pt mlse) = D Plsylsi),

s €M~ (my)

is identical for every sy € M~ (m;), and thus depends on sy only through 4~ (m;).
We refer to these common probabilities by

Pt~ (mg)] = (mi)) = P(m|ms),

and use them to define transition probabilities between sets of states .#~'(m;),
M~ (my) for the lumped Markov chain {S* (k)}rez, onS™ or equivalently the tran-
sition probabilities P(mj|m;) between states m;, m; for a Markov chain {M (k)}rez,
over M.
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Proof. As the transition probability of the lumped chain does not depend on the
initial distribution 7, we have,

P (S(1) € a0 (my) | S(0) € .t~ (ms))

being the same for all 7. In particular, this also holds for 7 having a 1 in the i'-th
component, for state sy € .#~1(m;), i.e. when the initial state in the original chain
is s;;. We denote this probability by

pij i= Py (S(1) € A~ (my)) = P (A" (my)]si)

for every sy € .4~ (m;). So the condition given in the proposition is necessary.
To prove that it is sufficient, we must show that, if the condition is satisfied, the
probability

P (S(n—1) €~ (my) | S(n—2) € A (my),...,5(0) € 4 (myp)) (1)
only depends on . ~*(m;) and .#~'(m;). We rewrite the probability (1)) in the form
P,r/ (S(l) € %71(77%'))

Where 7' is a vector with non-zero components only on the states contained in
“1(my). The vector 7' depends on 7 and the first n — 1 outcomes. However,
1

1f Py (S(1) € A~ (m;)) = piy; for all sy € #~(m;), then it is also clear that
P (S(1 ) € /// Y(m )) pi;. Thus the probability in (1) only depends on .#~*(m;)

and 4~ (m;). O

Remark 2.3. The continuous-time Markov chains we encounter in this paper are
constructed by composing independent and exponentially distributed waiting times
with the discrete-time embedded Markov chain. We are primarily concerned with
the lumped chains of the discrete-time Markov chains, since the independent waiting
times can be composed with the lumped discrete-time Markov chains to obtain their
continuous-time versions as we will see in § [2.2.3]

2.2 The Standard Neutral Wright-Fisher Model

In the Wright-Fisher model [7), B2] of selectively neutral reproduction within a finite
population of constant size IV, there are discrete, non-overlapping generations labeled
by integers ..., —k, —k+1,—k+2,...,—2,—1,0,+1,42, ... as we go forward in time.
The current generation is labeled 0. Each individual in generation —k + 1 is the child
of exactly one individual in the previous generation —k and the number of offspring
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born to the 1%¢, 27 . 4th . N' individual of generation —k is the symmetric
multinomial random vector V := (V1, V4, ..., V), such that:
N
ZJ':l V; = N7 N (2)
P(Vi=v,Va=1g,...,Vy = 0n) = 5t (%)

This reproduction scheme is independently and identically enforced in each gen-
eration to obtain the standard neutral Wright-Fisher model as we go forward in time.
This model has a simple structure as we go back in time. The forward-time offspring
distribution of is equivalent to the scheme where each individual in generation
—k 4 1 chooses its parent uniformly at random from among the N individuals in
the previous generation —k. This simple scheme as we go back in time is at the
foundation of the n-coalescent approximation to the Wright-Fisher model.

We can choose to track the sample genealogy (see Fig.l4)), i.e. the sub-genealogy of
our sample of size n with label set £ = {1,2,...,n}, within the population genealogy
of a Wright-Fisher population of constant size IV, at some resolution of interest over
an appropriate time-scale. In § we simply track the number of lineages that are
ancestral to our sample in the time-scale of the discrete Wright-Fisher model. The
sample genealogical description of § is the coarsest resolution and contrasts with
the finest studied resolution of the sample genealogy in § [3.1] The finest resolution
is depicted in Figure [ for a small example.

2.2.1 Number of Ancestral Lineages of a Wright-Fisher Sample

In the simple Wright-Fisher discrete generation model with a constant population size
N the offspring “choose” their parents uniformly and independently at random from
the previous generation due to the symmetric multinomial sampling of N offspring
from the N parents in the previous generation.

Let Si(j ) denote the Stirling number of the second kind, i.e. Si(j ) is the number of
set partitions of a set of size ¢ into j blocks. Let Ny := N(N —1)--- (N — (j — 1))
and note that the following ratio can be approximated:

Ny _N(N—-1) - (N=(j—9)) _NN-1 N-(j—1)
NiJ Ni N N N
7j—1

:1<1_]1[>...(1_j_Nl> :H(l—kNl)zl—N1§k+O(N2)

k=1
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Figure 4: Genealogy of a sample of size n = 3 with label set £ = {1,2,3} within a
Wright-Fisher population of constant size N = 5. The vintage tags / in the labeled
lineages are assigned as follows. The n sampled individuals at generation 0 have
vintage tag ™ assigned. Now, going back in time, the first coalescent event has
vintage tag "' assigned, the next coalescent event has "2 assigned, and so on.
Finally, the most recent common ancestor of the sample on n individuals has vintage

tag 1) assigned (see §.



2 PRELIMINARIES 14

Thus, the N-specific probability of ¢ extant sample lineages in the current gener-
ation becoming j extant lineages in the previous generation is:

1— (H)NT+O(N?) if j =1,

SV (Mg N~) = () (V- Wiy t=v) =
(N (A=NT() +O(N?) =

YPi=3% (ONT+O(N7?) ifj=i—1, (3)

SO (Ny_gN™F) = SE9 (NN _g N0 =

7

STONT (=N +O(N2)) =O(N2) if j=i—t,

L0 otherwise .

where 1 < ¢ <i—1. Let Z_ :={0,—1,—2,...} be the ordered and countably infinite
discrete time index set. The discrete time Markov chain {¥NH'(k)}rez_ over the
state space H,, := {n,n —1,...,1} with 1-step transition probabilities is termed
the death chain of the number of ancestral sample lineages within the Wright-Fisher
population of constant size N. The initial state and the final absorbing state of this
chain are n and 1, respectively.

2.2.2 Death process of the number of lineages

Let us first obtain a coalescent approximation of {¥H'(k)}rcz_, the death chain
of the number of ancestral sample lineages within the Wright-Fisher population
of constant size N from § [2.2.1] This is the coarsest of the six coalescent resolu-
tions we study here and forms the foundation for a continuous time approxima-
tion of any discrete time sample genealogical Markov chain {¥ AT(k)}rez_ that has
{NAT%(k:)}keK = {NH'(k)}rez_ as its lumped chain via the lumping 5 : A,, — H,
that reports the number of ancestral lineages of our sample (see § .

Let us rescale time in the discrete time Markov chain {¥ H'(k )}kez over the
state space H,, := {n,n — , 1} with 1-step transition probabilities (3]). Let the
rescaled time ¢ be ¢ in units of N generations, i.e. ¢ = | Nt|. In words, the probabﬂlty
that any specific pair of lineages, among the (;) many pairs of the currently extant ¢
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ancestors of the n sampled lineages, coalesces in one generation is 1/N and that this
pair remains distinct for more than g generations is (1—1/N)9. Then, the probability
that a pair of lineages remain distinct for more than ¢ units of the rescaled time is:
(1 — 1/N)WNt) ™2%° o=t The | Nt|-step transition probabilities, NP, i(INt]), of the
discrete time death chain {"H'(|Nt])} nijez_ converge to the transition probabili-
ties P; j(t) of the pure death process { H'(t) }1er. , in the rescaled time ¢, over the state
space H.,,, as the population size N tends to infinity. The instantaneous transition
rates for this pure death or epoch-time process is [14, (1.9)]:

NP (INt]) =3 P(t) = exp (Qf),  where

—(5) if =i
Gj=q@l)=<() if j=i—-1 . (4
0 otherwise

The matrix () is called the instantaneous rate matrix of the death process Markov
chain {H(t)}ier, and its (7, 7)-th entry is ¢;; = ¢(j]¢). Thus, the i-th holding time
or epoch-time random variable 7; during which time there are ¢ distinct ancestral
lineages of our sample is approximately exponentially distributed with rate parameter
(;) and is independent of other epoch-times. In other words, for large IV, the random
vector T' = (T3, T3, ..., T,) of epoch-times, corresponding to the epoch times of the

pure death process {H'(t)};er, on the state space H,, has the product exponential

density ., (;) e~ (Dt over its support T,, := R?"'. Note that the initial state of
{H'(t)}+er, is n and the final absorbing state is 1.

Let [n]- :={n,n—1,...,2,1} denote the ordered discrete time index set of the
jump chain. The embedded discrete time jump chain {H'"(k)}gepy of this death
process, termed the embedded death chain, moves from state i to state i — 1 with
probability 1, as follows:

We keep track of the discrete time in terms of the extant number of lineages for
convenience. The discrete time steps k € [n]_ :={n,n—1,...,2,1} of the embedded
chain {H'"(k)}kep of the death process {H'(t)}ier, are referred to as coalescent
epochs or epochs as they mark the beginning of a lineage death or coalescence event.
Note however that the embedded discrete time jump chain of {¥ H'(k)}rez_ denoted
by {NH'(k)}kepn). can reach the absorbing state in merely n — n’ jumps where
1<n <n.
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2.2.3 Coalescent approximation of any sample genealogy Markov chain

If the desired Markov description of our sample genealogy within a Wright-Fisher
population, as we go back in time, at a possibly finer resolution than that of the death
chain {VH'(k)}rez_, is seen in an appropriate time-scale involving the population
size N, then it can be approximated in the large population limit by a simpler one
called the n-coalescent of the desired resolution. This is a natural extension of the
basic approximation idea in Kingman’s n-coalescent [15], 2.7-2.10].

Let {VAT(k)}rez_ be any discrete time sample genealogical Markov chain that
has {NAT%)(k')}keZ_ = {NH'(k)}rez_ — the Wright-Fisher death chain over H, :=
{n,n—1,...,1} with I-step transition probabilities in (3) — as its lumped Markov
chain, via the lumping map 7 (a;) : A,, — H,,. We show that {V¥A'(k)}rez_ can be
approximated by {A'(t)}ier, , the n-coalescent of the desired resolution.

Let A, be the state space of {NAT(k)}rez_. Let ay <Y a; denote the immedi-
ate precedence relation between states ay,a; € A, in the one-step state transition
diagram of {N A" (k)}rez_, i.e.

A,day <N a;ch, &= PMNA(k—-1)=ay|VA' (k) =a;) >0,Vk € Z_ .

For some 7/, such that 1 < n’ <mn, let a := (an, an_1,...,ay_1,a,) be a sequence of
distinct states visited by {N A" (k)}rez_, i-e.

NAVk, =0) = a,, YAk, 1) = an_1, . . .,
NAT(kn/fl) = an/flaNATUfn’) = Ay’

k; € Z_ for every j € [n: n/|_ and the set of such a-sequences be A,, i.c.,
A i={a:a;iy <Y a,Vice{nn—1,...,n =20 —1},1<n’ <n}.

Thus, A, contains all sequential realizations of the genealogy of our sample of size n
within the discrete time Wright-Fisher population of constant size IV at the resolution
of a-sequences obtained by the sequence of distinct states visited by the jump chain
{NAY(E) }repnny. embedded in {NAT(k)}rez_. Let NPy, o, == VP(ay|a;) denote the
time-homogeneous transition probability from state a; to state a; in one time-step
or one Wright-Fisher generation as we go back in time. Let 57 (a;) = i and 5 (ay) =
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i’ =i —/{, i.e. there are 7 and ¢’ lineages in a; and a;, respectively. Then,

NPy = P (VAR +1) = ay | YA(K) = a;)
= P(NA(k+1) =y, VA(k + 1) € %ﬂ*(%( »>> | NA( ) = a;)

P(NA(k+1) =ay,YA(k+1) € 7 (i — = a;)
N P (MA(k) Zaz‘)
=P NA(k+1) =ay | YAk +1) € 27 (), VA(k) = a;)
x P(NAk+1) e #7() | VA(k) = ;)
= "P(ay | ap € #7(),a;) P (A7) | @) . (5)

Let the conditional transition probability of the jump chain {N¥ AT(k)}repn_ be
P((Ii/ | ai) = NP ((Ii/ | a; € ji”_l(%(ai/)),ai) . (6)

If the lumped chain {NA" (k)}tez. of {NAT(k)}xez_ is the Markov chain
{NH'"(k)}rez_ then the last probability term in (5]) simplifies:

P(NA(k+1) € o7 (i) | VA(K) = ay)
= Y P(MA(k+1) =as | VA(K) = a)

ay € 1(i)
=P (A7) | @)
=Np (A7) | # 7 a;)) . of Proposition 2.2
=VP(i'| i) = “WNMN”)'M#QD (7)

Combining ([5)) with @ and we get

(157 (Nig N _i) =
1— (O)NT+O(N7?) if a; = ay and
H(a;) = H(ay) = 1,
Play | a;) S (Ny_yN~) =
P (ay | a;) (é)N‘1 +O(N72%) if ay <Y a; and

NP, —
Qaq,a;r ’L = %(CL2> = %(a’t/) _'_ 1)

(8)
P(ay | a) S (Np_gN™) =

O (N7?) if ay <Y a; and
1= %(CLZ) = %(CL,’/) +€,

0 otherwise ,
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where 1 < ¢ < ¢—1. Let us define the more restrictive immediate precedence relation
on A, 3 a;,a;:

ay =g a; = ay <N a;,i=H(a;) = H(ay) +1 .

The |Nt]-step transition probabilities, N Py, o, ([ Nt]), of {NAT(|Nt])} n¢jez_ con-
verge to the transition probabilities P,, o, () of the n-coalescent {A'(f)}ier,, in the
rescaled time t, over the state space A,,, as the population size N tends to infinity. The
instantaneous transition rates for this continuous-time Markov chain, {A'(f)}ier, ,
generalizes [15], (2.10)] to the sample genealogical resolution of a-sequences in A,,.
More formally,

NPaszLi/ ( LNtJ) Niio P(li,ai/ (t) = exp (Qt)7 Q = {Qai,ai/ }ai,ai/GAna and

—(;) if a;r = Q;
q%ai, = q(ai/|a,~) = P (ai/ | ai) (;) if Ay <q ai,z’ = (%ﬂ(az) . (9)
0 otherwise

This establishes the following proposition.

Proposition 2.4. Let {NA'(k)}rez_ be any discrete time sample genealogical

Markov chain that has {NAT%(/@)}kez, = {NH'(k)}rez_ — the Wright-Fisher death
chain over H,, := {n,n—1,... 1} with 1-step transition probabilities in — as its
lumped Markov chain, via the lumping map H(a;) : A, — H,,. Then {¥ A1 (k)}rez_
can be approzimated by {A'(t) }er, , the n-coalescent of the desired resolution, in the
sense of @D

Remark 2.5. Further, the Markov chain {A'(¢)};cr, has two independent com-
ponents: (I) the death chain over {H'(t)}cr, with waiting times (), and (II)
the simpler jump chain {A"(k)}kep,)_ that only looses one lineage at each jump
with transition probabilities P (ay | a;) (as opposed to complicated jump chain
{NAV(k)}eepnn_, embedded in {NA'(k)}rez ). Note that {AT(k)}repm). is our re-
finement or delumping of the embedded death chain {H(k)}repn_ -

3 Six coalescent resolutions

{H"(k)}repn_, the embedded discrete time jump chain of the death chain introduced
and discussed in §[2.2.2] is the coarsest of our coalescent resolutions. In this Section,
we introduce n-coalescent approximations of five refined resolutions of the sample
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genealogy. One of them (§[3.2) was completely developed as Markov processes by
Kingman. Another (§ [3.5) was pointed out by Kingman and yet another (§ by
Tajima without a full Markov description. The remaining two (§ , §, including
the finest resolution of § [3.1] have not been studied before. Figure [T] depicts the six
state spaces and the Markov lumpings between them.

As derived in the previous section, we can decompose the coalescent process:
we have a continuous time process describing the time between a jump from k to
k — 1 lineages and we have an embedded jump process describing the state of the
genealogy at each jump at the given resolution. When the chain makes a jump we
have a resolution-specific coalescence event. In the following, we will describe this
embedded jump process at different resolutions.

3.1 Vintaged and labeled n-coalescent

We introduce the finest coalescent resolution in this study. At this resolution, in each
epoch, we keep track of the descendants of each existing lineage as well as the epoch
at which this lineage was created as we follow the genealogy of our sample back
through continuous time. We will see that this genealogical process, {B'(f)}ier, ,
called the vintaged and labeled n-coalescent, is a continuous time Markov chain and
that each each sequence of distinct states visited by {B'(k)}repn_, the jump Markov
chain of {B'(t) }+er, , induces a unique ranked, labeled tree, i.e. there is a bijection
between the set of sequential realizations of the jump chain of the vintaged and
labeled n-coalescent and the set of ranked, labeled trees. Furthermore, this process
can be lumped to any other process we will introduce below.

Next we derive the state space, B, of {B(k)}kep. and {B'(t) }er, . Let C,, be
the set of all set partitions of the label set £ = {1,2,...,n} of n samples. Let |c,]|
denote the number of elements in ¢, € C,. Denote by C!, the set of all set partitions
with ¢ blocks, i.e., C, = U, C.. Let ¢; := {ci1,¢2,...,¢:} € C, denote the i
elements of ¢;. The partial ordering <. on C,, is based on the immediate precedence
relation <,:

Cit =¢ Ci &= Cyr = G \ Ci j \ Cik U (CiJ U ci,k); ] 7é k,j, ke {1, 2, RN |Cl|}

In words, ¢;; <. ¢;, read as ¢; immediately precedes ¢;, means that ¢;; can be obtained
from ¢; by coalescing any distinct pair of elements in ¢;. Thus, ¢y <. ¢; implies
|co| = lei] = 1.

Let the coalescent epochs be labeled n,n —1,...,1 as we go back in time. Thus,
there are k lineages during epoch k. We say that a lineage identified by ¢; ; in the i-th
epoch, i.e. the lineage that subtends the sample labels in the set ¢; ;, is of m, ; vintage
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if ¢; ; originated in epoch m, ;. We also say that m; ; is the coalescent-epoch vintage
or simply the vintage of ¢; ;. We notate such lineage-vintage pairs, lineage(vintage)
or vintaged lineages by b; ; := 052” ! and let

bi = {bi1, big, ..., bii} = {CgTi’l>, cggbw), ce ,C§?i’i>} )

denote the ¢ vintaged lineages in epoch ¢ formed by pairing the j-th element ¢; ; € ¢; €
C!, with its respective vintage m; ; € {n,n —1,...,i}, for each j € {1,2,...,4}. Let
the set of such b;’s be B, and let B, := J;_, B,. Thus, B,, is a vintage augmentation
of C,. The partial ordering <, on B, is inherited from the immediate precedence
relation <p:

by <y b; < by = b; \ C@{?i,ﬂ \CYZH U(Cz‘,j U Ci’k)(|bi|—1>,
jAk ke {1,2,...,|bl} .

In words, by <, b;, read as by immediately precedes b;, means that by can be
obtained from b; by coalescing any distinct pair of lineages in b; and updating the co-
alesced lineage’s vintage tag to that of the new epoch label. Let b := (b,,, b,,_1, ..., b1)
be a sequence of states in B, that consecutively satisfy the immediate precedence
relation <, and the set of such b-sequences be B, i.e.,

b= (bo,bpi,...,b1)
EBn = {bbl E]B;,bi,1 =p bi,ViE {n,n—l,...,3,2}} .

The initial state and the final absorbing state of {B'(k)}4ejn)_, the jump chain on
B,, are b, = {{1}™ {2} ... {n}™} and by = {{1,2,...,n}V}, respectively. The
three b-sequences when n = 3 are given in Table [3] Next we give the transition
probabilities of {B'(k)}rep)_ on By,

Proposition 3.1 (Backward transition probabilities of a b-sequence). The transition
probabilities of the jump Markov chain {B'(k)}x, with discrete time k = n,n —
1,...,2,1 and finite state space B,, are:

(;)_1 if i1 <p b, b; € BL

10
0 otherwise (10)

Proof. When there are ¢ vintaged lineages in the i-th coalescent epoch, a coalescence
event can reduce the number of lineages to i — 1 by coalescing one of (;) many

pairs of vintaged lineages uniformly at random. Hence, the inverse (;) appears
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in the transition probabilities. The conditions that b;_; <, b; and b; € B¢ for each

i€{n,n—1,...,3,2} ensure that our b-sequence b = (b,, ..., by) remains in B,, as we
go backwards in time from the i-th coalescent epoch with ¢ samples to the (i — 1)-th
coalescent, epoch. n

Proposition 3.2 (Probabilities of a b-sequence). The probability of a b-sequence
b:= (bn,bp_1,...,b1) € B, is:

2n—1

P(b) = P(bp_1|bn) P(by_2|bp_1) - - - P(b1]by) = ———. 11
(8) = Plbuclb) Plbacalby) - Plbalb) = = ()
Proof. The first equality in is a consequence of Markov property and the second
equality results from a telescoping cancellation when applying (10)) to the product
components of the second term in ([11)). ]

Therefore the probability of a b-sequence in is constant for all b-sequences,
i.e. it is uniformly distributed over B,, with

1 n!(n—1)!

(12)

Proposition 3.3 (Bijection between ranked, labeled trees and b-sequences). There
15 a bijection between the set of ranked, labeled trees on n leaves and B, the set of
b-sequences.

Proof. 1t is easy to see that each ranked, labeled tree induces a distinct b-sequence
and any two distinct b-sequences induce two distinct ranked, labeled trees. [

The next proposition gives the probability of visiting a particular state b; with 4
blocks.

Proposition 3.4 (Probability of b; € B). Without loss of generality, let us chrono-
logically list b; = {cﬁ*l),cﬁ;@”, o ,cg?i’i>}, such that m;; < m;s < -+ < m;,;. Let
Ci1:j = Ci1UciaU- - -Ucg; ;, where ¢; j s are the unvintaged blocks in the chronologically

listed b;. Then,

P(by) = il(i —1)! <H3=1 |cii'(leil — D(leingl =3 —1—my +i)!> )

ni(n —1)! [120 (i = 5 = Mg +0)!
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Proof. For a b-sequence b € B,, define b,,.; := (b, b1, ..., biy1,b;). Then by and
(10,

2m=il(i — 1)!

Plbs) i= P((bns b)) = Plbucalba) o P(blbis) = = 15,

In particular, each sequence b,.; is equally likely. Let N; be the number of b,;-
sequences which lead to b; = {cﬁ”’ﬁ, cgi’2>, . ,C§T>} Determining N; establishes

the probability for b;, since each b,,.;-sequence is equally likely, i.e.

Without loss of generality, we can assume for a given b;, we have m; 3 <m;o < --- <
m; ;. Thus, we assume that each b; is chronologically listed. Let ¢ = max{j : m; ; <

TL} Further define Ci1 U Ci2 U---u Cij—1 = Ci1:5—1-
(mi,j)

For a vintaged lineage b; ; = ¢; ;" in epoch ¢, the number of possible b-sequences

in By, | using (12) is:

Ci i ‘ Ci il — 1 '
By, | = alllal 212 (15)

In order to calculate N;, we need to define N; ;. Let INV;; be the number of b-
sequences on the label set ¢; ;.; stopped when all but j lineages coalesced, respecting
(1) a fixed b-sequence on the label set ¢; ;.1 stopped when all but j — 1 lineages
coalesced, and respecting (ii) a fixed b-sequence on the label set ¢; ;, j < ¢’ stopped
when all lineages coalesced. We have

Ni = |B|ci,1|| X |B\ci,2|| X NLQ X ‘B|ci73|| X Ni,3 X+ X |B\c“/\‘ X Ni,i’- (16)

We will now determine NN; ;. Note that there are |¢;1.;_1| — (j — 1) coalescent events
on ¢;1,j—1 up to epoch i. There are |¢; ;| — 1 coalescent events on ¢; ;. The coalescent
events in epoch 7,141, ..., m; ;—1 happen on ¢; 1.;_1, coalescent event m; ; happens on
¢i j. The remaining elements are shuffled together arbitrarily, the number of possible
shuffles equals V; ;, which is,

N, - (|Ci,1:j—1| — =1 = (miy—i) + el — 2)_ (17)

|ci sl — 2
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So overall, using Equations - , we obtain,

P(b;)) = P(bni)N;

— gn—i il(i — 1)! H lei,il(lei, | = 1)!

nl(n —1)! gleiil—=1

ﬁ (|C¢,1:j—1| = (G —1) = (mi; —9) + e — 2)

fale’ lei,sl — 2

e ()t ({1 e
- ZIEZ (chm) (lein] — 1)t

<H el 1)> ( I_H[g/_flf l(T;lljl I:jjil(;nfzf : Z))))!’ )
i) (B

_ il =) iy lei ! (|Cw| —1)(|611]| —J—1-my;+9)
T onl(n-—1)!

] 1(|011]| = mi g1+ )

which completes the proof. [

Next we study the jump Markov chain on B, forward in time. This chain is
denoted by {Bl(k)}ke[nh over the ordered time index set [n], := {1,2,...,n} that
denotes the epochs.

Proposition 3.5 (Forward transition probabilities of a b—sequence). The transition
probability from state b;_; to state b;, such that b,_y <, b; € B!, in the forward jump
chain {B(k )} repn).» denoted by P(bi|bi—1) is, by Bayes law,

P(bi—1]bs)P(b;)  P(bs)

P(bilbi—1) = P(b;_1) N (;)P(bifﬂ

using the P(b;) from Equation .

Let {VBT(k)}rez_ be the discrete time sample genealogical Markov chain of n
vintaged sample lineages labeled by £ = {1,2,...,n} and taken at random from the
present generation of a Wright-Fisher population of constant size N over the state
space B,,. We derive an approximation of this chain in rescaled time next.
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Proposition 3.6 (Vintaged and labeled n-coalescent). The |Nt|-step transition
probabilities, N Py, ,,,(|Nt]), of the chain {NB'(k)}rez_, converge to the transition
probabilities of the continuous-time Markov chain {B'(t)}ier, with rate matriz Q,
1.€.

N Py, (INE]) =5 Py, (1) = exp (Q1),

where the entries of Q, q(by|b;), by, b; € B,,, specifying the transition rate from b; to
by, are:

a(bolbs) = Pslb) (D) = (57 Q) =1 if be =< by . (18)
0 otherwise

We call this continuous-time Markov chain as the vintaged and labeled n-coalescent.
The initial state is b, = {{1}™ {2} ... {n}™} and the final absorbing state is
by = {{1,2,...,n}}.

Proof. The proof is merely a consequence of substituting the backward transi-
tion probabilities at in the general n-coalescent approximation of @ since
{NH"(k)}pez_ is a lumped Markov chain of {¥ BT(k)}rez_ . O

We call this vintaged and labeled n-coalescent as the Kingman-Tajima n-
coalescent. We will see that Kingman’s n-coalescent of § as well Tajima’s n-
coalescent of § are lumped Markov processes of the Kingman-Tajima n-coalescent.

3.2 Unvintaged and labeled n-coalescent

We will obtain {C"(¢)}4er, , the Markov chain called the unvintaged and labeled n-
coalescent over C,, by a Markov lumping of {B'(¢)}+cr, , the vintaged and labeled
n-coalescent over B,,, that omits the epoch vintages from the states in B,,. Each se-
quence of distinct states visited by the jump chain {CT(k)}rep_ that is embedded
in {C7(t)}er, once again induces a ranked, labeled tree, i.e. there is a bijection
between the set of sequential realizations of the jump chain of the unvintaged and
labeled n-coalescent and the set of ranked, labeled trees. Note that we already estab-
lished a bijection between the set of sequential realizations of the jump chain of the
vintaged and labeled n-coalescent and the set of ranked, labeled trees. However, the
state space of the unvintaged and labeled n-coalescent is significantly smaller than
that of the vintaged and labeled n-coalescent. In our nomenclature, the unvintaged
and labeled n-coalescent is Kingman’s n-coalescent [15], [14]. The number of elements
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in C,, is the number of set partitions of a set of size n which is Bell(n), the n-th Bell
number

|C,.| = Bell(n Z SY) (19)

where S is the Stirling number of the second kind.

Consider the jump Markov chain {CT(]C)}ke[n}, on C, with initial state ¢, =
{{1},{2},...,{n}} and final absorbing state ¢c; = {{1,2,...,n}}, with the following
transition probabilities [14], (2.2)]:

i\ —1 . i
vif ey <e ¢y, ¢ € C
P(Ci/|Ci) — (2) () C ) ) n ) (20)
0 : otherwise
Now, let ¢ := (¢u, ¢n1,--.,C1) be a c-sequence or coalescent sequence obtained from

the sequence of states visited by a sequential realization of {CT(k)} ke[ » and denote
the set of such c-sequences by

Co:={c:=(cn,Cn1,...,c1) i €CL c;i 1 <cciyi€{n,n—1,...,2}}

The probability that ¢; € C!, is visited by the chain [14, (2.3)] is

p(e) = MR Hrc”r (21)

n—l

and the probability of a c-sequence is uniformly distributed over C,, with

2

P(e) =TT Plecale) = - 5:_ = |c1n|‘ (22)

i=n

Let {VC'(k)}rez_ be the discrete time sample genealogical Markov chain of n
samples labeled by £ = {1,2,...,n} and taken at random from the present genera-
tion of a Wright-Fisher population of constant size N over the state space C,,. We
derive a continuous-time Markov chain that approximates {VC'(k)}xrez_ next.

Proposition 3.7 (Unvintaged and labeled n-coalescent [15, (2.10)]). The | Nt|-step
transition probabilities, N P,, ., (|Nt]), of the chain {NC"(k)}rez_, converge to the
transition probabilities of the continuous-time Markov chain {C"(t)}er, with rate
matriz QQ, i.e.

NP (INE) 220 P (1) = exp (Q1),
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where the entries of Q, q(cy|c;),ci,c; € C,, specifying the transition rate from c; to
Cir, are:

—(;) Zf Cyt = Ci, C; € (C:I
Q(CZ‘/’Ci> = P(CZ/‘CZ)(;) = (;)_1(;) =1 Zf Cir <c Ci . (23)
0 otherwise

We call this continuous-time Markov chain as the unvintaged and labeled n-
coalescent. The initial state is ¢, = {{1},{2},...,{n}} and the final absorbing state

is ey = {{1,2,...,n}}.

Proof. The proof is merely a consequence of substituting the backward transi-
tion probabilities at in the general n-coalescent approximation of @ since
{NH"(k)}rez_ is a lumped Markov chain of {NCT(k)}rez_ - O

The unvintaged and labeled n-coalescent is Kingman’s n-coalescent [15], T4] specif-
ically constructed in [14, (Sections 1, 2)]. We retain our nomenclature to emphasize
the particularities of the sample genealogical resolution of Kingman’s n-coalescent.
Figure [2| depicts the coalescent tree space ©T3 = C3 x [0,00)? for the label set
£ = {1,2,3} with sample size n = 3. Thus, elements of T3 are the sequence of states
and their waiting-times visited by the continuous time Markov chain {C'(¢) };er, on

C,.
Remark 3.8. We can show that P(c;) can also be obtained from P(b;) in (13)). Since

we are not interested in the coalescent vintage of any of our lineages, Equation (17
becomes .
(|Cz’,1:j—1| = (= 1)+ eyl - 1)
|cil —1

as we allow any shuffle of the |¢;1.;_1| — (j — 1) coalescent events with the |¢; ;| — 1
coalescent events. Let ¢/ = max{j : m;; < n}. We have,

e 16— D) feigMleag] = D flestgo1l = (G — 1) + les] — 1
P(e) = 2t H J J H( J J )

nlln =1 L gleng =T o
- (H Ic”|'> (lein| — 1)1 (}j (Iclf|jzi\JLzle - )
- () ()
- ( |cm|') (n— 1)
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since (|¢; 1./ —4')! = (n — (¢ —4') —')!. Therefore, P(c;) can be obtained from P(b;),
the probability that a vintaged and labeled n-coalescent visits a particular vintaged
partition b; in B! .

Proposition 3.9 (Bijection between ranked, labeled trees and c-sequences). There
15 a bigection between ranked, labeled trees on n leaves and C,, the set of c-sequences.

Proof. Tt is easy to see that each ranked, labeled tree induces a different c-sequence.

Vice versa, any two different c-sequences induce two different ranked, labeled trees.
]

Proposition 3.10 (Forward transition probabilities of a c-sequence). The transition
probability of the forward jump chain {C’l(k‘)}ke[n]+ from ¢,y € C:t to ¢; € C!,
where ¢;_1 <. ¢;, and j,j', j" are indices such that ¢; ;U ¢; jy = ¢i_q1 40, is

2
(n — i+ 1)(‘Ci,j‘+|cz‘,j/|)

lei,l

P(Ci|Ci_1) = (24)

Proof. For the forward jump chain {C'(k)} kefn], - first consider the case when ¢;_1 <,
¢; with ¢; € C! and 7,7, 7" such that ¢;; U ¢y = ¢i—1» € ¢;—1. Then with Bayes’
rule,

P(Ci_l |CZ)P<CZ)

P(cilciz1) =
(C |C 1) P(Ci_l)

_ (n =)l (i = DT, [eijlin! (n = 1)!
(Dn!(n—Dln —i+ 1)1 (i — 1) (@ — 2 T2 [eimy)!

_ 211 i, _ 2 eiglt e !
(n—i+ DT[] leimaglt  (n—i4 Dlei ]

o 2 |Ci,j|! |Ci,j’|! . 2
(=1 )i+ gD (a4 1) (")

If we do not have ¢;_1 <. ¢;, then P(¢;|c;_1) = 0. O]

Note that we can also obtain the relationship in from the forward transition
probabilities in ([24)):

Ple) = [] Plessile) = —— S

1 (TL — 1)' (|027j| + ’CQJ’D. (n - 1)' n!
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Remark 3.11. Our forward-time Markov chain {C*(k)} kefn], o0 Gy is different from
Aldous’ beta-splitting model [2]. The beta-splitting model also produces bipartitions
of a label set forward in time as a Markov branching model. The distinguishing feature
of the beta-splitting model is its recursive repetition of the same bipartitioning or
splitting process anew on elements of a partition of the label set. Therefore the beta-
splitting model only induces labeled trees, but no ranking. When the parameter 3 =
0, the beta-splitting model induces the same distribution on labeled trees (without
ranking) as the vintaged/unvintaged and labeled n-coalescent. In § we revisit
Aldous’ shape statistics that originated under the beta-splitting model from the
lumped Markov chains of § {FY (k) Yeepy, and {F'(k)}iep, on Fo.

Proposition 3.12 (Markov lumping from B,, to C,, via €). Let the vintage-dropping
map € (b;) = ¢; : B,, — C,, be the following:

(g(bj) = Cg({bj’h R 7bj,j}> = %({C;f?j’n, R ,C;?j’j>}> = {Cj,b e ;Cj,j} .

The lumped chain, {BT%(i)}ie[n],; of {B'(i) }icpn)_, the jump Markov chain of the
vintaged and labeled n-coalescent on B, is Markov and equivalent to {C" (i) }icp_,
the jump Markov chain of the unvintaged and labeled n-coalescent on C,,.

Proof. Let ¢;,¢; be any two states in C,, and € '(¢;), 4 *(c;) be their respective
inverse images in B,. Then, the probability of moving from a state by € €~ *(¢;) to
the set €71(c;):

()" if by <y by, by € B,

2
0 otherwise

P& (e)lbe) = Y Ploylb) = {

by€C—1(cs)

only depends on by through ¢ ~!(c;) and more specifically through ¢ = |c;|. The
Proposition follows from Proposition [2.2 ]

3.3 Vintaged and sized n-coalescent

Under {D'(t)}ier, , the vintaged and sized n-coalescent, in each state d; € D, we
keep track of the number of descendants of each lineage along with its vintage. Fach
sequence of visited states or sequential realization of the jump chain, {D"(k)}ren_ .
embedded within {D'(#)}icr, , induces a ranked tree shape. We will see that there is
a bijection between the set of sequential realizations of {D'(k)}yepn. and the set of

ranked tree shapes. Next, we develop the n-coalescent approximation of the sample
genealogy at the resolution of ranked tree shapes.
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Consider the coalescent epoch ¢ during which there are ¢ lineages. Let d; ; denote
the number of leaves subtended by a lineage during the i-th epoch with coalescent
vintage j = 1,2,...,n — 1. Let d;,, represent the number of leaf lineages (i.e. the
number of lineages with coalescent vintage n) during the i-th epoch:

Let the number of leaves subtended by the non-leaf lineages during the i-th epoch be
vintage-specifically represented by d; := (d;1,d; 2, ..., din—1). The state space of such
vintaged and sized ancestral sample lineages during the i-th epoch can be defined by
the set,

i—1
Zj:l dij =0,
i — n— n—1 .
Dn = dz € Zi 1 : ijll 1N<d2,]) + (n — ijl dl,]) =1, y
di,l 7é ]-udi,Q 7é 17 cee 7di,n—1 ;é 1
Let e; be the i-th unit vector of length n. The partial ordering <, of interest on

D, is based on the immediate precedence relation <;. We say d; <4 d; € ]Dfl if and
only if:

di + (d;j +dig)ei—1

o _di7j€j — di,kek if 4 < j < k< n, di,j ?é O, di,k 7é 0
’ d; + (d@j -+ 1)61',1 — di,jej ifi < j <n, di,j 7£ O, di,n >1
di + 261'_1 if di,n Z 2
A d-sequence d := (d,,,d,_1,...,dy) is an n X (n — 1) matrix:
d; din dip - dip—
dsy da doo -+ dap—
d :: . — . : . . ,
dnfl dnfl,l dn71,2 e dnfl,nfl
dn dn,l dn,2 e dn,nfl

that is obtained from a sequence of immediately preceding states in ID,,. Let D,, be
the set of such d-sequences,

de€ D, ={d:=(dy,dy1,...,d):d; €D} di 1 <qd;,i€{2,3,...,n}}.
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The initial state and the final states of the jump chain {D'(k)}xep,_ are

dn = (dn,ladn,% Ce ,dnjnfl) = (0,0, c. ,0) € DZ and
dl = (dl,ladl,Qa s 7d1,n—1) = (’I’L,0,0, cee a()) € ]D:L )

respectively, and D, is the set of d-sequences or sequential realizations of this chain
on I,.

Proposition 3.13 (Backward transition probabilities of a d-sequence). The transi-
tion probabilities of the jump Markov chain {D"(k)}yep. on D, is:

d: i\ —1 . ;
“n di/ dl ]DZ
P(dy|d;) = {(()di’n_dian) . / e : (26)

otherwise

Proof. The number of leaf lineages that coalesced at the end of epoch 7 is d;,, —
dit y, where D71 5 dy <, d; € Di. Note that (d;,, — dv,) € {0,1,2}, for any
i€{2,3,...,n}. Therefore, three type of coalescent events need to be discriminated
among the (;) many pairs from ¢ distinct lineages during epoch 4. First, when (d;,, —
dy ) = 0 we have a coalescent event between two specific non-leaf lineages, each with
coalescent vintage smaller than n. Thus, there is exactly (did") = 1 such event among
(;) possibilities. Second, when (d;,, — dir,,) = 1 we have a coalescent event between
one specific non-leaf lineage and any one of d;,, many leaf lineages. Thus, there are
exactly (dl") = d;,, many events among (;) possibilities of the second type. Third,
when (d;,, — di,,) = 2 we have a coalescent event between any two of d;, many leaf
lineages. Thus, there are exactly (d“") many events among (;) possibilities of the

2
third type. All three types of events are accounted for in . ]

Proposition 3.14 (Probability of a d-sequence). The probability of a d-sequence can

be obtained as follows:
2n73(d)71

PU) =y

where 1(g) is the number of cherries in d, i.e. the number of times that we have
din — di—1, =2 as i varies from n to 2. More formally,

(27)

J(d) = Z 1{2} (dz,n - di*l,n) .
=2

Note that P(d) has been established in [28, Eqn. 1].
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Proof.
2 2 4 AN\
P — P - ) — 7,1
(d) ];[n (di—1d;) 1:[ ( g dﬂ»ﬂ) (2)
2 N\ -1 2 N -1
= 11 din! AN a1 1 0
Pl dic1 N (di — di1 )\ 2 el (di, — di10)!\2
2 2\l
-1
2 i -1
= | N\ 2o 153 (din—di—1,n)
”(H (j)~ ==t )H(Q)
7=0,1,2 i=n
2\l
= (1 %1 x 92 2i= 1{2}(di,n_difl,n)>
n( x 1 x 2 g )

on—1(d)—1

n! o (i)
B 23<d>g(2)  (n—1)!

]

Proposition 3.15 (Bijection between ranked tree shapes and d-sequences). There
is a bijection between ranked tree shapes on n leaves and D, the set of d-sequences.

Proof. 1t is easy to see that each ranked tree shape induces a different d-sequence.
Vice versa, any two different d-sequences induce two different ranked tree shapes. [

Let {¥D'(k)}rez_ be the discrete time sample genealogical Markov chain of n
vintaged and unlabeled samples taken at random from the present generation of a
Wright-Fisher population of constant size N over the state space D,,. We derive a
continuous-time Markov chain that approximates {¥ D1(k)}xez_ on D, next.

Proposition 3.16 (Vintaged and sized n-coalescent). The | Nt|-step transition prob-
abilities, ™ Py, 4, (|Nt]), of the chain {N D'(k)}rez_, converge to the transition prob-
abilities of the continuous-time Markov chain {D'(t)}er, with rate matriz Q, i.e.

N Ppea, (INT]) =5 Py, (1) = exp (Q1),
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where the entries of Q, q(dy|d;),dy,d; € D, specifying the transition rate from d; to
dy, are:

—(2) if dy =d; € DL
a(doldi) = (4,25, ) if dv =< d; €D, (28)

0 otherwise

The initial state of the chain is d,, = (0,0,...,0) € D and the final absorbing state
is di = (1,0,0,...,0) € D}. This continuous time Markov chain {D'(t)}1er, on D,
15 called the vintaged and sized n-coalescent.

Proof. The proof is merely a consequence of substituting the backward transi-
tion probabilities at in the general n-coalescent approximation of @ since
{NH"(k)}rez_ is a lumped Markov chain of {¥ D1(k)}rez_ . O

The vintaged and sized n-coalescent gives a novel n-coalescent resolution. Our
nomenclature emphasizes the particularities of the sample genealogical resolution of
this n-coalescent. In subsequent sections we will see that the vintaged and sized n-
coalescent can be lumped into the vintaged and shaped n-coalescent of Tajima as
well as to the unvintaged and sized n-coalescent of Kingman. Next we show that the
lumping & from B,, to D,, is Markov.

Proposition 3.17 (Markov lumping from B,, to D,, via 2). We define the lumping
map D(by) = d; : B, — D, by

D(b) =2 <{c,<$k’1>, . ,cﬁk’w})

k k
= <Z lexs Ly (), ) !Ck,j|1{n—1}(mk,j)> :

Jj=1 J=1

The lumped chain, {BT@(i)}ie[n],, of {B'(¢) }iepn)_, the jump Markov chain embed-
ded in {B'(t) }+er, , the n-coalescent on B, is Markov and equivalent to {D'(2) }icp
the jump Markov chain embedded in {D'(t)}er, , the vintaged and sized n-coalescent
on D,.

Proof. Let d;,d; be any two states in I, and 27'(d;), 27'(d;) be their respective
inverse images in B,,. Then, the probability of moving from a state by € 27(d;) to
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the set 271(d;):

P77 d)lb) = Y Plbylb)

birez-1(d;)

— (di jirz;ljn) (;)_1 if d;j <4d; €D,
N 0 otherwise

only depends on by through 27*(d;) and specifically through d;,. Proposition
completes the proof. [

Proposition 3.18 (Probability of d; € D!,). The probability that the Markov chain
{D"(k)}pem)_ visits a state d; € D}, is

. . n_l . .
Z!(’L B 1), (Hj:l,di7j>0(di’j — 1)(di,1:j - ki,j —J]— 1+ Z)') ’ (29)

P(d;) = = .
(n—1)! [T, o(diy = oy — mf; +0)!

where d;1.; = Zi:l diy, and m; = min{k > j : dip > 0} and k;; == {m < j:
dim > 0}

Proof. We exploit the Markov lumping from B,, to D,, (Proposition and derive
P(d;) from P(b;) (Proposition [L3), where d; € D?, and b; € B, such that dropping
the labels in each subset of b; (but retaining the size and vintage) yields d; = 2 (bz)
We count the number of possible labelings of an element d;. This is i o i . We

have, with Proposition (13| by multiplying over all epochs (j =1...n — 1)

n!

P(d;) = P(bi) ==

Hj:l,di,]'>0 di 5!
a1 (TG54 50 @i (dig = D(diny — ki — 1~ +1)! nl
nl(n — 1)t . 11(1 j>olding = kij —mg 5 +9)! H;’:1,d,;,_7~>0 di5!

il(i — 1)! (H?_ll,divj>0(di7]' —D(di1j —kig—3—1+ Z)')

- i> :
(n—1)! 1720, s0(disg = kig —mi j +4)!
]

Proposition 3.19 (Forward transition probabilities of a d-sequence). The transition
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probability of the forward jump chain {Dl(lf)}ke[n]+ from d;_y to d; is:

P(di]d; 1)
n—1 . .
& d; i—1)(d; 1.;i—k; i—j—1+i)!
2(d dic,l'n ) HJ:l"ndia{>0( 1, )( 1,1:5 7,,]/ J i)
R 1= ks i—ml 4i)!
B W ol R L if diy =adi €D
= H;‘L;llvdiflj>0(di*17]‘71)<di*1a11]‘7ki*17j7j72+i)! - ’ " (30)
H?:_f,di,l j>0(di—1,1rj_ki—l,j_mg—Lj‘“'_l)!
0 otherwise

where d; 1.; = Zi:l di, and m; = min{k > j : d;j, > 0}.

¢ where

n’

Proof. P(d;|d;_;), the probability of transition from d;_; € D! to d; € D
d;_1 <4 d;, is obtained as follows from (26)) and using Bayes’ rule,

P(d;)
P(d;i—1)

(, din)(3)ThilEzy! (Hj=1,d,-,,->o(d1«7 D(di, 1 —ki =i 1“”)
d 2

P(d;|di—1) = P(di—1|d;)

(n—1)!

ion—di_— ? ks i—m! i
in—di—1,n Hj:l,di,7->0(d1«1‘J ki mi,j+7‘)‘

n—1

7 -
=1 a, 7A>0(dz‘—1,1:j*7%—1,]‘*mi,l,frlfl)!

(i—1)1(i—2)! <H;=_11,d1’17j soldim1, =D (di—1,1:5—ki—1,j —j—2+i)3>
(n—1)!

4 n—1 -
in—di—1,n njzlydi‘j>0<di71:j—ki7j—m;‘j+z)!

1720 0 oo(diyj—1)(di 15 —ki,j—i—1+4)!
din j=1,d; ;>0\%,J 1 g
2(d ) < J )

(H?ll,di1,j>0(dil,j_l)(dil.lzj_kil,j_j_2+i)!>

n—1 ) k. ! i—1)!
Hj:1,4i71j>0(d1—1‘1:] ki—1,5 my_y ;+i 1!

And if di—l 74d dz then P(dz|dl_z) =0. 0

3.4 Vintaged and shaped n-coalescent

We have seen that there is a bijection between the set of c-sequences and the set
of ranked, labeled trees. Another set of interest is that of the evolutionary relation-
ships of Tajima [28, Figures 1-3|, which are ranked tree shapes in our terms. In this
section, we develop {G'(t)}icr,, the vintaged and shaped n-coalescent of Tajima
via {G'(k)}rep)_, its embedded jump chain. We will see that there is a bijection
between G,, the set of sequential realizations of {G'(k)}iejn)_, and the set of ranked
tree shapes or Tajima’s evolutionary relationships. Note that we already established
a bijection from the set of sequential realizations of {D'(k)}xef)_, the jump chain of
the vintaged and sized n-coalescent, to the set of ranked tree shapes. However, G,
the state space of {G'(k)}ep_, is significantly smaller than D,,, the state space of
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{D"(k)}repn)_ - Therefore, it is preferable to use the vintaged and shaped n-coalescent
for inference if it adequately describes the hidden genealogical space up to equivalence
classes of ranked tree shapes.

Consider the coalescent epoch i during which there are i lineages. Let g, ; denote
the presence (g;; = 1) or absence (g;; = 0) of a lineage during the i-th epoch with
coalescent vintage j = 1,2,...,n — 1. Define the set of such vintaged and shaped
ancestral lineages of our unlabeled sample of size n, during the ¢-th coalescent epoch

by,
i1 n—1
G, = {gi € {0,1}" 1 giy = LZgi,g‘ = 07291‘,]’ < l} ;
P =1

with G,, := U™ ,G’,. We interpret the vector g; € G!, in the i-th epoch as follows.
The component g;; = 1 represents the lineage that just arose at the beginning of the
i-th epoch. The component with g, ; = 1, for i < j < n, represents the presence of
the lineage with coalescent vintage j. The vertices of the unit (n — 1)-dimensional
hypercube contain G,,. We count the elements in G! and G,, next.

Proposition 3.20. The number of elements in G is, fori < n,
— (n—i—1
s=> ("7 7). (31)
k=0

For i =n, we have |G'| = 1.

Proof. For i = n, we only have one element, a sequence of only 0s, i.e. |G| = 1.
Now let ¢ < n. Let g; € G'. Since we have i lineages in epoch i, we have at the
most ¢ non-zero entries in g;. In g;, we have g;; = 0 for j = 1,...,7 — 1. Further,

gii = 1. The remaining n — 1 — ¢ elements are 0 or 1. For £ non-zero entries in the
remaining elements, we have ("7171) possibilities to assign the 0Os and 1s. Summing

k
over all possible k-values yields . [

Proposition 3.21. The number of elements in G, is
|G| = Fibo(n +1) , (32)
where Fibo(n) is the n-th Fibonacci number.

Proof. From Proposition we have, by summing over all 7,

n n—1 1—1 .
G =Y I6H =" (”_;_1> +1.
=1

i=1 k=0
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By basic properties of the binomial coefficient, we get,
S EE0 S0
, , k par k+1

e (” - ’f) = Fibo(n+1)—1 (33)

g

which proves the proposition. O

Lemma 3.22. Let the jump Markov chain {G'(k)}yepm). be at state g;. Then the
number of leaves not having coalesced by epoch 1 is

n—1
gn:i—zgi,j : (34)
j=1

Proof. The proof is by induction on 4. In epoch 1 =n— 1, two leaves are coalescing,
i.e. we have n—2 remaining leaves. Due to , we get, gp—1, = n—1— E; L Gn—-1, =
n—1—-1=n-2.

Now assume that holds for all ¢ > k. Then, for g, we have to consider three
cases:

(i) gx is the result of the coalescence of two leaves in gii1. By the induction

. n—1 . .

assumption, we have gx11, =k+1—> =1 Jkt1,5- Since two leaves are coalescing, we
have grn = gry1m — 2. Further, grp = 1, griix = 0 and grj = gry1y for k < j <n.
So,

n—1 n—1 n—1
Gkn —gk+1n—2—k+1—ng+1g—2—k—1—ng3+1—k ng
Jj=1 Jj=1

(ii) gy is the result of the coalescence of one leaf and a non-leaf component in
Jrk+1. By the induction assumption, we have gx11, =k + 1 — Z;le Jk+1,5- Since one
leaf is coalescing, we have g, = gr+1,,— 1. Further, gy = 1, gx+1,x = 0. Assume that
component which evolved in epoch j* is coalescing with the leaf. Then gi; = gi11,
for k < j<mn,j#j" and gx; = 0. So,

n—1 n—1
Gkn = Gk+1n —2=k+1— ng+1,j —1l=k- ng,j‘
j=1 j=1

(iii) gy is the result of the coalescence of two non-leaf component in gp;.
By the induction assumption, we have gyi1, = k + 1 — Z;:ll Jk+1,5- Since no
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leaf is coalescing, we have gr, = gri1,. Further, grx = 1, grr1x = 0. Further,

n—1 n—1
Jkn = Gk+in —2=k+1— ng—&-l,j =k - ng,j-
j=1 j=1

]

Let e; be the i-th unit vector of length n. The partial ordering <, of interest on
G,, is based on the immediate precedence <,. We say g <, g; € G!, if and only if

gitei1—e—e, i<j<k<n, g;=gr=1

9 = 9 +ei1—¢€ ifi<j<n, gij=10¢in>1
gi + € if gin > 2
A g-sequence g := (Gn, gn—1,---,01) is an n X (n — 1) matrix:
g1 g1 diz2 0 Jin-1
g2 92,1 922 - G2n-1
In-1 In-11 Gn-12 " Gn—-1n—1
dn gn, gn2 e Gnn—-1

that is obtained from a sequence of immediately preceding states in G,,. Examples
of g-sequences when n = 3 and 4 are depicted in Table [2] Let G, be the set of such
g-sequences:

9€G:={9:=(9nGn-1,---,91): 9 € GL,gi1 =4 gi,i €{2,3,...,n}} .

Proposition 3.23 (Backward transition probabilities of a g-sequence). The transi-
tion probability of the jump Markov chain {G'(k)}kep)_ on G, is

Ji,n A , ) G
P(g@-/\g»:{(g“"_g”’”)@ g e (35)

0 otherwise

where g;, is the number of leaves that have not coalesced by epoch i, as derived in
of Lemmal[3.29, The initial state of the chain is g, = (0,0,...,0) € G and the
final absorbing state is g, = (1,0,0,...,0) € GL.
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Proof. 1t is identical to that of d-sequence transition probabilities in . ]

Proposition 3.24 (Probability of a g-sequence). The probability of a g-sequence can
be obtained as follows:

P(g) = i_ﬁnp(gz‘ﬂgi) = ﬁ (gm o ) (;) i

—Gi—1n
R O
~ 21(9) H (2) T (36)

n
=2

=n

where 1(g) is the number of cherries in g, i.e. the number of times that we have
Gim — Ji—1n = 2 as © varies from n to 2. More formally,

J(g) = Z 1{2}(gz,n - gi—l,n) .
=2

Note that P(g) has been established in [28, Eqn. 1].
Proof. The proof is similar to that of Proposition |3.14 O

Proposition 3.25 (Bijection between ranked, labeled trees and g-sequences). There
is a bijection between the set of ranked tree shapes on n leaves and G, the set of g-
sequences.

Proof. 1t is easy to see that each ranked tree shape induces a different g-sequence.
Vice versa, any two different g-sequences induce two different ranked tree shapes. [

Let {¥G'(k)}xez_ be the discrete time sample genealogical Markov chain of n
vintaged and unlabeled samples taken at random from the present generation of a
Wright-Fisher population of constant size N over the state space G,. We derive a
continuous-time Markov chain that approximates {¥G'(k)}rez_ on G,, next.

Proposition 3.26 (Vintaged and shaped n-coalescent). The | Nt|-step transition
probabilities, N Py, o (| Nt]), of the chain {NG"(k)}rez_, converge to the transition
probabilities of the continuous-time Markov chain {G'(t)}ier, with rate matriz Q,
i.€.

N—o0
Npgmgil ( LNtJ) I Pgi,gi/ (t) = exp (Qt)’
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where the entries of Q, q(gi7|g:), 91, i € Gy, specifying the transition rate from g; to
gir, are:

—(%) if 9o =g €G]
q(gil9:) = (gi,ngigi/,n) if g <49 €Gy, (37)
0 otherwise

The initial state of the chain is g, = (0,0,...,0) € G and the final absorbing state
is g1 = (1,0,0,...,0) € GL. This continuous time Markov chain {G'(t)}ier, on G,
15 called the vintaged and shaped n-coalescent.

Proof. The proof is merely a consequence of substituting the backward transi-
tion probabilities at in the general n-coalescent approximation of @ since
{NH"(k)}rez_ is a lumped Markov chain of {NG'(k)}rez_ . O

The genealogical resolution of the vintaged and shaped n-coalescent is Tajima’s
evolutionary relationships. We sometimes call the vintaged and shaped n-coalescent
as Tajima’s n-coalescent. Next we show that the lumping ¢ from D,, to G,, is Markov.

Proposition 3.27 (Markov lumping from D,, to G,, via ¢4). Consider the following
size-dropping map 9 (dy) = gn : D, — Gy,:

g(dk) = g((dk,la Ce 7dk,n)) = (1N<dk,1)> ey 1N(dk,n71)) = (gh,la e 7gh,n71)

The lumped chain, {DTg(i)}ie[n]f, of {D1(i) i), the jump Markov chain embedded
in {D'(t) }er, , the vintaged and sized n-coalescent on D, is Markov and equivalent
to {G"(i)}ie)_, the jump Markov chain embedded in {G'(t)}ier, , the vintaged and
shaped n-coalescent on G,,.

Proof. Let g;,g; be any two states in G,, and 4 *(g;),%9 *(g;) be their respective
inverse images in D,,. Then, the probability of moving from a state dy € ¥~'(g;) to
the set 91(g;):

P& (g))\dy)

Jin -1 . ' o ;
= Z P(d]”dz’) — {(()gi,n—gj,n) (2) if gj '<g i, 9i € Gn

dye9=1(g;) otherwise

only depends on d;s through g¢; and specifically through g; . Propositioncompletes
the proof. ]
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The probability that g; € G? is visited by the chain is obtained by considering
the inverse images, ¢ 1(g;):

Plg) =P "(g))= Y Pdy)

djed~1(g:)

with P(d;) from Proposition [29 The probability P(g;) = P(4~'(g;)) can be written
explicitly as follows. Let L = ¢—g; ,,, which is the number of non-leaf lineages in epoch
1. Let f(gi,jl; c 7jL) =d; € ]D)ZL where di,j =0 if and OIlly if Gij = 0, d,’m = Gin and
d; ; = ji if and only if g, ; is the k-th entry which is bigger than zero. The probability
P(g;) is,

n—gin—2(L—1) n—g; n—2(L—2)—j1
P(g)= Y >
Jj1=2 Jo=2
n—gin—2-31_1" ji L2
Z P(f(giyjlw-~7jL—1an_gi,n_Zji)) - (38)
i=1

Jjr—1=2

Finally, the transition probabilities of the forward jump chain {G*(k)}ref, can be
obtained from Bayes’ rule as follows:

P(QPH%)% if gi1 =4 9i € G,

0 otherwise.

P(gilgi—1) = {

3.5 Unvintaged and sized n-coalescent

The unvintaged and sized n-coalescent is mentioned as a lumped Markov chain of the
unvintaged and labeled n-coalescent and termed the ‘label-killed” process by King-
man |15, 5.2]. Tavaré [30], p. 136-137] terms the unvintaged and sized n-coalescent as
the ‘family-size process’ as part of the nomenclature of a more general birth-death-
immigration process [I3]. The transition probabilities of this Markov process are not
explicitly developed in [I5] or [30]. They have been developed in [23] into {F'!(¢) }ier, ,
the unvintaged and sized n-coalescent. It is shown in [23, 22] that {F'(¢)}ier, re-
solves the hidden genealogy space just enough to prescribe the likelihood of site
frequency spectrum and its linear summaries. We briefly retrace {F'(t)}+er, and its
embedded jump chain {F"(k)}sepn. and show that they can provide the sampling
distribution of a large family of shape statistics including several classical ones. The
significantly smaller state space of {F(t)};er, allows for a computationally efficient
and statistically sufficient inference based on these statistics.
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Consider the coalescent epoch at which there are ¢ lineages. Let f;; denote the
number of lineages subtending j leaves, i.e. the frequency of lineages that are ancestral
to j samples, at this epoch. Let us summarize these frequencies from the 7 lineages as
J varies over its support by f; :== (fi1, fi2, ..., fin). Then the space of f;’s is defined

by,

IF:L = {fl = (fi,17fi,27 <o 7fi,n) S Zi : ijl’] =n, Zfl’] = 2}
j=1 j=1

Let the set of such frequencies over all epochs be F,, := |JI_, F,. Note that F,
contains the frequency of the cardinalities of sets belonging to every element of C,,,
the state space of {C(¢)}ier, , the unvintaged and labeled n-coalescent. Thus, F,
is the frequency representation of the integer partitions of n, i.e. the solutions to
the Diophantine equation {(p1,pa,...,pn) € Z% = Y i, ip; = n}, and F!, are those
integer partitions composed of ¢ positive integers. Thus, the cardinality of FF,, is the
number of integer partitions of n:

Ln/2]
F,| =1+ Z p(k,n—k), where
k=1

0 it k>n
p(k,n) =41 if k=n . (39)
p(k+1,n)+p(k,n—k) otherwise

Let us define an f-sequence f as follows:

f=fnsfotseo s J1) EFn={f: fi €FL, fic1 <5 fi, Vi€ {2,...,n} },

where <; is the immediate precedence relation that induces the partial ordering <
on [F,,. It is defined by denoting the j-th unit vector of length n by e;, as follows:

fo =y fie fo="Ffi—e—exr+ejm .

Thus, F,, is the set of f-sequences with n samples. One can see F, as the set of
the frequencies of the cardinalities of c-sequences in C,,. Recall the c-sequence ¢ =

i—1 ; o
(CnsCnet,-..,c1), where ¢;_y <. ¢, ¢ € Col ¢, € Cand ¢ := (¢1,Ci, -+, Cis)
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contains its canonically ordered i subsets. Then the corresponding state space lump-
ing map . (¢;) = f; : C,, — F,, and the sequence map % (c) = f : C,, — F,, are:

ZF(¢;) = (Z Ly (einl)s- 0 Y 1{n}(|ci7h|)> ,

Z(c) = (F(c), ..., F(c1)) . (40)

An f-sequence f written as (f,, fu_1, ..., f1) IS an n X n matrix:
S Ji1 Jiz o finer Jin
Ja JER) Jaz o fon Jom
f= : = : : : :
fnfl fnfl,l fn71,2 e fnfl,nfl fnfl,n

fn fn,l fn,Z T fn,n—l fn,n

Note that F,, indexes an equivalence class in C,, via the inverse map .# —Lat .
Having defined f-sequences and their associated sets, we are ready to define
{F"(k)}xep_, the jump Markov chain of the unvintaged and sized n-coalescent on

F,.. Equations (1)), (42), (43), and have been derived in [23]. The transition
probability of {F'(k)}repm). from f; € Fi to fiy € Fi ! is:

P(fi-1lfi)
-1

fzgfzk(;)l if fii=fi—e—ex+ejn jFEk
- (fzj) (;) if fii=fi—ej—entenj=k - (41)
0 otherwise

The initial state and the final absorbing state of {F'(k)}kep). on F, are f, =
(n,0,...,0) and f; = (0,0,...,1), respectively. The probability of an f-sequence,
f=(fns fn-1,---, f1) € Fpn, is given by the product:

P(f) = H P(fialfy), (42)

and the probability that {FT(k)}xep,  visits a particular f; € F? at the i-th epoch
[30, Equation (7.11)] is:

P(f) = H—'f, (0= 11) (13)
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Let us consider the forward time jump chain {F*(k)}xep), on F,. The transition
probability of {F*(k)}repn), from fi_y € Fit to f; € Fl is:

P(filfi-1)
(Q.fi—Lj—i-k(n —i+ 1)71 if fl = fi—l + €; + e — €itk, j 7é k‘,
]+k > 1, fz € IF;, fi,1 € F%_l
fiojorm—i+ D)™ if  fi=fiitejter—ejn j=Fk (44)
j+k>1, f; el fig e Ft

0 otherwise

N\

\

The final absorbing state and the initial state of {F T(k‘)}ke[n]_ on F, are f, =
(n,0,...,0) and f; = (0,0,...,1), respectively. The probability of an f-sequence,
f={(fn, fu-1,---, 1) € Fp, is given by the product:

n

P(f) = HP<fi|fi—1)7 (45)

=2

Let {VF1(k)}rez_ be the discrete time sample genealogical Markov chain of n
unvintaged and unlabeled samples taken at random from the present generation of
a Wright-Fisher population of constant size N over the state space F,,. We derive a
continuous-time Markov chain that approximates {¥ F''(k)}rez_ on G,, next.

Proposition 3.28 (Unvintaged and sized n-coalescent). The |Nt|-step transition
probabilities, N Py, ;,(|Nt]), of the chain {NF'(k)}rez_, converge to the transition
probabilities of the continuous-time Markov chain {F'(t)}ier, with rate matriz Q,
i.e. N N

Pfivfi’(LNtJ) - Pfi;fy (t) = exp (Qt)’
where the entries of Q, q(fu|f:), fir, fi € Fn, specifying the transition rate from f; €
F: to fi, are:

q(furlfi)
—i(i—1)/2 if  fi=fu, fi €FY
_ ) figfir if fi=Ffi—ej—extejniFk fi€ F;L, fir € ]F;fl (46)
(fii)(fig —1)/2 if fo=fi—ej—ex+ejin, j=k, fi €FL, fo e Ft
0 otherwise

The initial state is f, = (n,0,0,...,0) and the final absorbing state is f; =
(0,0,...,1). This continuous time Markov chain {F'(t)}er, on F, is called the
unvintaged and sized n-coalescent.
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Proof. The proof is merely a consequence of substituting the backward transi-
tion probabilities at in the general n-coalescent approximation of @ since
{NH"(k)}rez_ is a lumped Markov chain of {¥F'(k)}rez_ . O

Next we show that the lumping .% from C,, to F,, as well as the lumping .%’ from
D,, to IF,, are Markov.

Proposition 3.29 (Markov lumping from C,, to F, via .%). Our lumping of the
unvintaged and labeled n-coalescent over C,, to the unvintaged and sized n-coalescent
over F,,, via the mapping F (¢;) = f; : C,, — F,, in , 18 Markov as pointed out by
Kingman [15, (5.1),(5.2)] using the arguments in [20, § I11d)].

Proof. Let f;, f; be any two states in F,, and .Z1(f;),.# (f;) be their respective

inverse images in C,,. Then, the probability of moving from a state c; € Z~1(f;) to
the set Z1(f;):

-1

fi,zfi,k}(;) if fi=fi—e—ex+emn (#Ek
S Pl = ()0 i dy= e exben =k |

e €F1(f5) 0 otherwise

depends on ¢; only through f; = .%(c¢y). For any given f;, f; € F,, this condition
is satisfied by construction, since the above sum equals P(f;|f;) at , a quantity
that only depends on f;. ]

Proposition 3.30 (Markov lumping from D,, to F,, via .#"). Consider the following
vintage-dropping map F'(dg) = f; : D, — Fy,:

gl(dk) = f}\/((dk,l, e ;dk,n>>

n—1 n—1 n—1
= (n — de, Z 1oy (i), - -, Z l{n}(dk,i)> = (fin, fizs--oy fin) -

The lumped chain, {DTy, (i) Yiepn_» of {D'(i) i), the jump Markov chain embedded
in {D'(t) }er, , the vintaged and sized n-coalescent on D, is Markov and equivalent
to {F'(i)}ie)_, the jump Markov chain embedded in {F'(t)}ier, , the vintaged and
shaped n-coalescent on F,,.

Proof. Let fi, f; be any two states in F,, and #'~1(f;),.-#~'(f;) be their respective
inverse images in D,,. Then, the probability of moving from a state dy € .Z'~1(f;) to
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the set Z#'~1(f;):

P(F' 7 (f)lde) = > P(dy|dy)
dyeF'=1(f))
-1

Foekin () A fi=fi—eo—en e L# K
. i\ —1 .
=9 (596) it fy=fi—er—ex+emn, L=k
0 otherwise

only depends on d;; through f; for any given f;. Proposition completes the proof.
O

Next we define a shape statistic triple of any f € F,,. Let us denote the entry-wise
maximum or minimum of a vector z by max(x) and min(z), respectively. There are
n — 1 coalescence events in any f. Define J(f) as the number of events resulting
from the coalescence of a pair of leaves or samples. Such an event is also said to
be a cherry. Next define 7I(f) as the number of events that arise from coalescing
two sets of distinct sizes. Let the number of the remaining events in f be defined as
3(f). Thus, 3(f) is the number of events resulting from the coalescence of two sets
of equal size that are not cherries. A distinctly-sized split of a lineage subtending ¢
leaves gives rise to two lineages subtending i, and iy leaves, such that i; # iy and

1 = 11 + io. In formulae, the above is,

f) = Z 1ay(fici2 — fi2) (47)
() = D Ty(max(fi = fia)) (48)
) = n—1-"1F) - 3(F) (49)

Denoting the entry-wise or Hadamard product by K, let us define f; as the frequency
of lineages that subtend the same number of leaves as the lineage that was split at the
beginning of the i-th epoch (forward in time) and the corresponding split frequency
vector A(f) = f := (fa, f3, ..., fn) for a given f-sequence f by

Af)y=Ff= (fz, farooo fo) 2 Fn — Fo, fi = fict—min((fi—fi)RA,2,..m))-  (50)

For example, if there were four lineages that subtend three leaves each and one of
these four lineages split at the beginning of the i-th epoch, then f; = 4.
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Proposition 3.31 (Probability of an f-sequence in terms of its shape statistics).

a2
PO = o L1 61)

=2

Proof. For any f € F,,, we can simplify P(f) given by and ([44)), as follows:

PP = TIPGA- =TT (20t ton i+ 1))
=2 =2
o i Ly max(fi—fiz1) M 9 M

(n—1)! ,Qfl_(n—l)!, fi-

1= =2

We get from the definition of 7(f) at (48) as the number of distinctly-sized
lineage splits in f. [

4 Applications of lumped n-coalescents

Next we introduce the formalities to frame a partially ordered graph of lumped n-
coalescents. We identify any n-coalescent {A'(f)};er, with its constitutive ordered
triple €, := (A, {A"(k) }rep)_, An). The three components are €,(1) := A,,, its state
space, €,(2) := {A"(k)}repn)_, its embedded jump Markov chain, and €,(3) := A,,
the set of its sequential realizations. We index the n-coalescent triple €, by a generic
a-sequence a € €,(3) := A,. Let €, and €3 be two n-coalescent triples with a Markov
lumping A, 5 : €,(1) — €5(1). We can apply this lumping to each component of
any a-sequence & = (Q, 0, 1,...,01) € €4(3) to obtain the lumped [-sequence
according to the sequential lumping:

Map(a) =B €a(3) — €4(3),
Map(@) = (Mop(an), ..., Mapler)) = (B, f1) = 8 € Cs(3) .

Definition 4.1 (The lumped n-coalescents graph). Consider an U-indexed set of
n-coalescent triples {€,, a € V}. Let, #, 5 : €,(1) — €5(1), for some «, 3 € UV be a
Markov lumping. Let € be a set of such maps as well as the identity map. Then, the
directed graph &g ¢ with vertices in {€,, a € U} and directed edges from a vertex
¢, to a vertex €z, provided there exists an .#, 3 € €, is the lumped n-coalescents
graph. The immediate succedence relation: €, >¢ €3 <= 3 4,3 € &, induces the
partial ordering =¢ on {€,, a € U}, the vertices of Gy ¢.
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We introduced six different resolutions of the n-coalescent and the Markov lump-
ings between their state spaces (Figure . Suppose A, is the state space of another
n-coalescent with a Markov lumping #(a;) = b; : A, — B,. Although there are
several ways to augment B,, to A,,, depending on the statistical problem and data at
hand, we abstract A,, here to emphasize that B,, is not the finest possible n-coalescent
resolution. Our lumped n-coalescents graph is Gg; ¢ with

U ={a,b,c,d, f,g,h} and
C={Mup, Myc, Mg, Me g, My, Mag, Msp, H#yp}, where
Moy =B A, — B, M. =%¢:B,—C,, My=9:B,—D,,
Moy =F :Cp—F,, Myy=F :D,—F, My=%9:D,—G,,
My, = F, > H,, My, =H:G,—H, .

The lumped n-coalescents graph is the companion structure of the n-coalescent
experiments graph defined in [23]. The lumped n-coalescents graph formalizes equiv-
alence classes in the hidden space of genealogical sequences that one has to integrate
over in order to compute the likelihood of the observed statistics at each node of the
n-coalescent experiments graph. We can achieve maximal computational efficiency
during likelihood evaluation if we conduct our integrations over the coarsest possible
n-coalescent resolution in &g ¢ that will yield the exact likelihood of the desired
statistics. We can measure this efficiency by the extent of various Markov lumpings
and the size of the state spaces at different resolutions of Gy ¢.

4.1 Nature and extent of Markov Lumpings

Here we study the nature and extent of the Markov lumpings between our six concrete
state spaces in the lumped n-coalescents graph oy ¢ with the sequence-specific index
set U ={b,c,d, f,g,h} and & = {€, 2,7, F' 4,7, 7'} (Figure[l). We have seen
that there is a bijection from B,,, the set of b-sequences, as well as from C,,, the set
of c-sequences, to the set of ranked, labeled trees. We introduced b-sequences since
there are Markov lumpings from b-sequences to all other resolutions. Since the state
space of c-sequences is much smaller — there are no vintage tags — we will only
consider c-sequences when the object of interest in inference is a ranked, labeled tree.
The next two propositions state the impossibility of Markov lumpings between some
state spaces in our lumped n-coalescents graph.

Proposition 4.2. There is no Markov lumping from the state space of c-sequences
to that of g-sequences and vice versa.
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Proof. Since |G,| < |C,]|, due to and (32), there is clearly no lumping from
G,, to C,,. For the other direction, consider the trees below. In the left tree, for
¢ € C? we have ¢; = {{1,2},{3,4,5}}. Also in the right tree, for ¢, € CZ we have
e = {{1,2},{3,4,5}}, i.e. ¢, = c,. In the left tree, for g; € G% we have g, = (0,1,0, 1).
However, in the right tree, for g, € G we have g, = (0,1,1,0).

- T

3 4 5 1 2 3 4 5

y

So for two different states in G2 we have the same state in CZ. Thus there is no
lumping from C,, to G,,. [

1

Proposition 4.3. There is no Markov lumping from the state space of g-sequences
to that of f-sequences and vice versa.

Proof. Since |F,| < |G,|, due to and ([39)), there is clearly no lumping from F,, to
G,,. For the other direction, consider the trees below. In the left tree, for g; € G we
have g, = (0,1,1,0,0). Also in the right tree, for g, € GZ we have g, = (0,1, 1,0,0),
i.e. gy = g,. In the left tree, for f; € F2 we have f; = (0,1,0,1,0,0). However, in the
right tree, for f, € GZ we have f, = (0,0,2,0,0).

1 1

5ﬂﬁ 4 TP

So for two different states in F§ we have the same state in GZ. Thus there is no
lumping from G,, to F,,. [

Let us now gain some insight on the extent of lumpings between C,,, G,, and F,,.
Note that the cardinality of C,, |C,|, is the n-th Bell number in . Further, the
cardinality of G,,, |Gy, is the (n+1)-th Fibonacci number in (32). The cardinality of
F,, |F,|, is the number of integer partitions of n in . The approximate values of
|C,.|, |G,| and |F,| are shown in Table [1| for typical samples sizes of interest to us. In
fact, |F,|/|G,| — 0 and |G,|/|C,,| — 0 as n — oo. This can be advantageous during
integrations, involving dynamic programming, over paths of the Markov chain on G,,
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or IF,, instead of C,, or over paths on IF,, instead of G,,, provided the coarser resolution
preserves the likelihood of the statistic of interest, i.e. the sampling distribution of
the statistic of interest only depends on ¢, the hidden c-sequence, up to equivalence
classes specified by % (c) = f or 4(c) = g, the corresponding f- or g- sequences, via
their inverse sequential images in C,, given by .Z '(f) or 4 '(g), respectively.

Table 1: Cardinalities of the state spaces C,,, G,, and F,,.

n=|H, 4 10 30 60 90 120
C, 15 1.2x10° 85x10%® 9.8 x 107 1.4 x 101 5.1 x 10%
|
G, 5 88 1.3 x 106 25 x 102 4.7x10® 8.7 x 10*

|F.| 5 42 56 x 103 9.7x10° 57x10" 1.8 x 10°

In the following, we will investigate how much information is lost when lumping
the c-sequences to g-sequences or f-sequences. The next two propositions precisely
describe the number of c-sequences or b-sequences or ranked, labeled trees that are
coarsened by any specific f- or g-sequence.

Proposition 4.4 (The ranked, labeled trees of an f-sequence). Let f € F, be
any given f-sequence and let ¢ € F ' (f) be a corresponding c-sequence. Then the
number of c-sequences (which is the number of ranked, labeled trees) corresponding
to the given f is

Z) = 2l 0= 1) PG = 2 O [ (52)
=2

and the conditional probability of ¢ given f is

n

P(c|f) = 27D (pl) IHffl (53)

Proof. The uniform probability on C,, given by 2"~!(n!(n — 1)!)~! invokes the prob-
ability on f-sequences in F, via the inverse image of .Z ', i.e.,

P(f)=P(Z () =1Z(Hl2"  (nl(n - 1))~
and we have the first equality at . The second equality at follows from
substituting P(f) at (51)). The probability P(c|f) at follows from
Pc, f) _ P(c)
P(c|f) = = .
“WD="py TR
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Proposition 4.5 (The ranked, labeled trees of an g-sequence). Let g € G,, be any
given g-sequence and let b € (20%) ' (g) = {27 '(d) : d € 47 "(g)} be a corre-
sponding b-sequence. Then the number of b-sequences (which is the number of ranked,
labeled trees) corresponding to the given g is

(Z20o%)  g) = |2 g (9)| =2 nl (n— 1) P(g) =nl 2770 (54)

where 1(g) is the number of cherries of the ranked tree shape induced by g. The
conditional probability of b or ¢ given g is

P(blg) = P(clg) = 279 /n! . (55)
Proof. The bijection ¢ : D,, — G, yields the first equality in as follows:
(Z209) g):={Z(d):de g (9)} =27(Z ' (9)) -

We derived P(g), the probability of a g-sequence, at in Proposition [3.24] Since
each b-sequence b € B, = (Z0%)(G,), that is bijectively mapped to a ranked,
labeled tree, has probability 2" *(n!(n — 1)!)™!, we obtain,

on—1(g)—-1

N =npl2739
(n—1)!

(229) ' (9)] =2""nl(n— 1) P(g) =2""nl (n —

Thus, gives us the number of ranked, labeled trees that map to any given g-
sequence g based on 1(g), the number of cherries of g. Due to the bijection from B,
to C, and the uniform distribution on B,, and C,, the probability P(c|g) = P(b|g)

_ P(e,g)  Ple) P& '(c) Pb) Pbyg
Plelg) = P(g) Pl  Plgg  Plg) Ply) = Pla) -

Now,
P(c) 2" '(nl(n—1)h)!

P(g) 27301 ((n —1)!)”

P(blg) = P(clg) = - =219 /pl

O

There is a bijection from D,,, the set of d-sequences, as well as from G, the set
of g-sequences, to the set of ranked tree shapes. Again, since the state space of g-
sequences is much smaller — as we do not track the size of components — we will
only consider g-sequences when the object of interest in inference is a ranked tree
shape. We introduced d-sequences since there are lumpings from d-sequences to f-
sequences. For various shape statistics of ranked tree shapes, whose likelihood only
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depends on the hidden f-sequence (described in § , it is preferable to study the
lumped Markov chain on F,, as opposed to that on G,,. The next proposition gives
the number of g-sequences or d-sequences or ranked tree shapes that are coarsened
by any specific f-sequence.

Proposition 4.6 (The ranked tree shapes of an f-sequence). Let f € F,, be any
given f-sequence and let d € F'~'(f) and g € 4(F'~'(f)) :={¥(d) : d € Z' ' (f)}
be a corresponding d- and g-sequence, respectively. The number of ranked tree shapes
corresponding to the given f is

2= E ) = 2L (56)

and the conditional probability of g given f is

Plglf) = 220 (Hf) . (57)

Proof. The first equality in is due to the bijection between D,, and G,. For the
second equality in (56)), we estabhsh .Z" ()| = 2-3f) [T, fi next. Recall that out
of the n — 1 splits in an f, J(f) many of them are cherries and directly lead to leaves
while TI(f) many of them lead to distinctly-sized splits. Let the number of remaining
splits in f be defined as J(f) := n — 1 —1(f) — I(f). Thus, I(f) is the number of
balanced or equal-sized splits that are not cherries.

Let us highlight the following two facts: (1) for any b0/ € 27 (F''(f)) =
¢ HZ(Sf) C B, P(b) = Pl) = 2" (nl(n — 1)), and (2) for any d,d" €
Z'7\(f) and any g,¢' € 9(F'"(f)), P(d) = P(d) = P(g) = P(¢') = 2" /(n—
D)l since I(f) = >0y fio = 3(d) = I(d’) = I(g9) = I(¢’). Therefore, the number of
ranked tree shapes mapped by a given f-sequence is the number of ranked labeled
trees of an f-sequence divided by the number of ranked labeled trees of a g- or
d-sequence with the same number of cherries as the f-sequence:

€ (Z ] _ 2N _1Z )
(209 (g)| n!2-9) n!2-30)

' = 19(F ()] =

— NN TT £,
1=2

where we use . ) for the third-last equahty and (| . for the last equality. Finally,
(56) follows from the definition of A(f) =n—1-"1(f) = I(f). We get (57] (7 from
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P(g) at (36), P(f) at and the definition of ﬁ(f) as follows:

_Plg,f) P9  2r0 Y ((n—1hTh e =N
P(glf) = P(f) - P(f) - 27 ((n — 1)1)-1 H?:sz - H;l:2f‘z

4.2 Examples

Next we provide some concrete examples of a-sequences for small n where o € Y’ =

{b,c,d. f,g.h} and caleulate P(f), [Z'(f)], P(g), (Z29) " (g)] and |Z' (/)]
based on , , and , respectively.

Example 4.7 (2 Samples). When there are 2 samples, we have exactly one b-, ¢
, d-, g- and f-sequence. We provide the d-, g- and f-sequences in Table [2] The
only c-sequence in Cy is ({{1},{2}},{{1,2}}) and the only b-sequence in By is
({2, {2520}, ({1, 2}0)).

In Example with n = 2 (see first row of Table[2]), there is only one f-sequence
whose TI(f) = 0 and A(f) = f = (1) and [[5 fi = 1. Thus, P(f) = (2°/2 - 1)) 1 =
1. We confirm the solitary c-sequence in Cy since |Z7'(f)| = 2! 20+1-2 1 = 1.
Also, there is only one f- and g-sequence with 3(f) = I(g) = 1, and thus P(g) =
2211/ — 1) =1, [(Z20%) " (g9)] = 2! 27" = 1. Since there are no equal sized splits
that are not cherries, J(f) ;= n—1—"1(f)=1(f) =2—-1—-0—1 = 0, and thus
(Z T (Dl=2"1=1.

Example 4.8 (3 Samples). When there are 3 samples, we have 3 b-sequences, 3
c-sequences, 1 d-sequence, 1 g-sequence and 1 f-sequence. In Table [3] we tabulate
the state-space, (backward) transition diagram, sequences and the corresponding
probabilities at each of the six n-coalescent resolutions in U’.

There is only one f-sequence whose T(f) = 1, A(f) = f = (1,1) and [[°_, f; =
1. Thus, P(f) = (2'/(3 = 1)!) 1 = 1 and |.Z '(f)] = 3! 2'"73 1 = 3. Again,
there is only one f- and g-sequence with one cherry, i.e. J(f) = J(g) = 1, and
Jf)=n—1="1f)=1(f)=3—-1—1—1=0. Thus, P(g) =237/ - 1) =1,
(Z209) (g)| =312 =3 and |Z'(f)| =21 =1.
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n  ranked tree shape d-sequence g-sequence f-sequence 77 3 f
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3 2 d=10 2 g=101 f=[110 11 0 (1,1
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. 400 100 0001
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000 000 4000
) 400 100 0001
) 0 o222 . (o111 ~ o200

4 ,—“‘I:I_FL\ “=loo2| “=loo| Tl2100] 201 02D
000 000 4000

Table 2: The d-, g- and f-sequences when n is 2, 3, and 4 are shown along with
the corresponding ranked tree shape and the four shape statistics, namely, J = 3(f),

T="1(f), 3=3(f) and f = A(f).

Example 4.9 (4 Samples). In the case of four samples, there are 18 b-sequences,
18 c-sequences, 2 d-sequence, 2 g-sequence and 2 f-sequence. We provide the d-,
g- and f-sequences in Table 2 Out of the 18 c-sequences in Cy, it is possible to
apply and find that 12 c-sequences map to f> and 6 map to f". Note that the
ranked tree shapes corresponding to all the c-sequences % *1( 1) is the completely
unbalanced g-sequence ¢™ and that corresponding to all the c-sequences .Z (") is
the completely balanced g-sequence ¢”. Finally, the shape statistic triple for the two
f-sequences are:

AT = (12,00 and - (3(F4). T, 3(Y) = (2,0.1) -

Let us examine the two f-sequences closely. For f* with T(f") = 0, A(f*) = f* =
(1,2,1) and [, f* = 2 we obtain P(f") = (2°/(4 — 1)!) 2 = 1/3, |Z (") =
4! 29171 9 = 6 and and ]2'_1(]“” = 2712 = 1. Similarly, for f» with T(f>) = 2,
A = = (1,1,1) and [[r, f> = 1, we obtain P(f>) = (22/(4 — 1)) 1 = 2/3,
LZN () =41 224 1 =12 and |F ()] =201 =1.

Let us examine the two g-sequences closely. For ¢" with 1(¢") = 2, P(¢")
21712 /(4 — 1)l = 1/3 and |(209) ' (¢")| = 41272 = 6 and for ¢™ with I(¢*) =
P(g™) =2""11/(4— 1) =2/3 and |(Z0¥9) (¢ = 41271 = 12.

1,

Example 4.10 (5 Samples). In the case of five samples, there are 180 b-sequences,
180 c-sequences, 5 d-sequence, 5 g-sequence and 4 f-sequence. As shown in Ta-
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T (1'¢'e) =u=(6),2¢ = (f)ac

1 ((t'0f0) ‘(01D “(0‘0‘e)) =F =(P), £ = (52 F = ()2 F = (1)) F

T (oD (t‘0)(0‘0)) =6= (P35

T ((0'e)(8°0)(00)) =P = ((£DG = ((1)D& = ((H) DG
g/1 ({{e'2'1h) L) e 'ed } {{e} e} {1} }) = (g = (9P 5!
g/1 ({{e'z 11} Lt (e 1} e} e} {1} ) = (g2 = (0B
€/t ({H{ee 1t} {H{ey e} {Her {er {1} D) = (o = (DS
e/1 ({pleeary Lt pleer } g lel (ofedr (o1 ) = ()9 ed
€/1 {plete 1y Lgled le 1} Ligled (pled ({1 ) = ()9 (o @ (5eh [T s 1 [ (e e 0
€/1 ({pleeary L ler ol Liglet (ofer (ol ) = (e

(eouanbas) g soouanbeg wreiderq uonisuei], 7y 9oedg 9jeIg

Table 3: When n = 3 we tabulate the state spaces, (backward) transition diagrams,

the sequences and their probabilities at six resolutions of the n-coalescent.
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ble 4] we denote the 5 g-sequences as g2, g°, g%, g%, ¢g° and the five d-sequences as
d?,dP,d°,d% d® along with their corresponding f-sequences as f2, f°, f?, f¢. Note
that ¢¢ and ¢ as well as d° and d* map to the same f-sequence f®. Finally, the
shape statistic triples for the four f-sequences are:

(0,70, 30) = (13,0, 0T 307) = (2,1,1),
(J(fd)a _](fd)7j(fcd)> = (2’ 270)7 (J<fe)v _[(fe)vj(fe)) = (27 2’0) .

For the four f-sequences: f2, f°, f® and f¢, and the five g-sequences: g2, ¢°, ¢,
g% and ¢°, we apply their shape statistics:

(=3 )= ) =) =

p
A(g®) =3(g%) = (¢*) = A(g°) =2

5 5
[[i=]1/i=1v=1 [[F=]]/Ff=1121=2
=2

=2 =2 1=2

to obtain the probabilities and cardinalities, based on , , and ,

as follows:

P(f) = (2/(65-1)) 1=P(f*) = (2*/E-1) 2 = 1/3

P(f)=02/6-1D))2=P(f)=2*/6-1))1 = 1/6
|£71(fa)’ — 5! 23+175 1= |271<fod)| — 5! 22+175 2 = 60
|£—1(fb)‘ — 5l 9lH+1-5 9 _ |2_1(fe)| — 51924151 _ 3

P(g®) =215 -1)! = 1/3

=2"1"2/(5 - 1) = 1/6

209) (g®)| =527 = 60

I( g°)
(209) (") =1(209) ' (¢°)| =5!27% = 30
(209)7 (g") =1(229) ' (¢°)| =5!27% = 30
Z () =12 () =271 = 1
Z (P =272 = 1
Z () =272 = 2.

Applications of and to the g-sequences of Examples , , and
above are consistent with those of Tajima’s topological relationships [28), Figures

1-3].
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3 =3(f) and f = A(f). Note that the third and forth row have the same f-sequence.

Table 4: The d-, g- and f-sequences when n = 5 are shown along with the corre-

sponding ranked tree shape and the four shape statistics, namely, J

~
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4.3 Shape Statistics where f-sequences are sufficient

Next we will show that any f-sequence f realized under the unvintaged and sized
n-coalescent captures a considerable amount of information about the ranked tree
shapes in the equivalence class of c-sequences .Z ~*(f) or in (%'~ (f)). For instance,
various tree shape statistics are further summaries of the f-sequence. We will make
the former sentence precise by showing that several tree-shape statistics in the litera-
ture are functions of a sequence of n—1 ordered pairs obtained from f-sequences. For
a given c-sequence ¢ := (¢, Cp_1,-..,C1), the corresponding shape statistic sequence
or §-sequence is § := (8, Sp—1,...,81), where §; := (8,1, 5;2). The i-th ordered pair
(5i1, 8:2) of the 5-sequence is the size of the set ¢;_; ; that just coalesced and the size
of the smaller of the two sets that just coalesced at the end of the i-th coalescent
epoch. Here, we map the s-sequences directly from the set of f-sequences. The s-
sequence or the sequential Aldous shape statistic [2] S(f) = §: F, — S, is obtained
from an f-sequence f as follows:

§(fn7 fn—17 sy fl) =§:= (gnagn—la s 752)7
5= (B 8ca) = (e (1), min (7,2 s 010 -min 1),
1Al = {Jlfiy — fimyl €N:je{L,2,....n} }. (58)

Therefore, f-sequences contain the information in s-sequences. Aldous [2] constructs
the s-sequence forward in time using a tree-splitting model. This is partly motivated
by a description of tree-shape imbalance via median-regression over a scatter-plot of
the ordered pairs (3;1, §;2)’s obtained from phylogenetic trees that were estimated
from DNA sequences of extant taxa [2]. Next we show that several classical scalar-
valued tree shape statistics are functions of § = S (f). First consider the following
family of scalar-valued tree shape statistics indexed by the non-empty elements of
the power set of {2,3,...,n}.

2
Qn ={Q:(3) = q/ =Y _5i111(5i1) : Sy — Qrp, T € 22510\ 1}

=n

Then, Q23,..2}(5) = q(2,3,.n} = Z?:n §;1 is the Sackin’s index which is the sum of
the number of leaves subtended by each internal node [28, 21]. Q21/2 = qqo3/2 is the
number of cherries, i.e., the number of internal nodes that subtend exactly 2 leaves
[18]. There are 2"~! — 3 other scalar-valued shape statistics in the family 9, for the
n-coalescent. Another scalar-valued statistic that needs more information than the
number of leaves subtended by the set of internal nodes is the Colless’ index [6].
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It is the sum of the absolute difference between the number of leaves subtended by
the two branches bifurcating from each internal node up to a constant factor. The
Colless’ index of an f-sequence f only depends on its Aldous shape statistic sequence
S(f) = 5 and is given by (n® —3n + 2)"' 37 (31 — 23;4). Thus, we have shown
that any f-sequence f captures a lot of information about the ranked tree shapes in
G(F'~'(f)). However, some information is lost about the ranked tree shapes in the
coarsening as one f-sequence may encode several distinct g-sequences — recall that

2 distinct g-sequences mapped to the same f-sequence in Example [4.10]

4.4 Shape Statistics where g-sequences are sufficient

In the last section, we showed that sampling distributions of f-sequences are sufficient
to obtain that of several tree shape statistics. However, there are statistics based
on ranked tree shapes for which the n-coalescent resolution of f-sequences is not
sufficient. In [8], the runs statistic was proposed for detecting lineage-specific bursts
within a population or between species.

f-sequence o5l Ty
1 1

000001 9 5
010100
03 0000 3 3 A
220000 4 5
4 1 0 0 0O 5
6 000 0O FT

Figure 5: Two ranked tree shapes on six leaves. Note that 7, the ranked tree shape
in the middle panel, has run statistic 4 while 7, on the right has run statistic 5.
However, both ranked tree shapes have the same f-sequence on the left.

The runs statistic is calculated recursively from a ranked tree shape 7. Note that
the ranking on a tree shape is simply a total order of the interior vertices of the tree
shape. By deleting the root of 7, we obtain two ranked tree shapes 7 and 7. The
ranked tree shape 7 is induced by these two ranked tree shapes 7 and 7, together
with a shuffle on the interior vertices of 71 and 75. A shuffle puts the n; interior
vertices in 71 and the ngy interior vertices in 75 in order, e.g. 112122 means that first
we have two bifurcations in 71, then a bifurcation in 75, followed by one bifurcation
in 7, then two bifurcations in 75. The number of runs of a shuffle is the number of
times we switch from i to j (i # j) plus one. Our shuffle 112122 has four runs. The
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number of runs of a ranked tree shape 7 is defined recursively,
R(7) = R(n1) + R(m2) + s(1) ,

where s(7) is the number of runs in the shuffle on the interior vertices of 7 and 7.
For details see [§].

As g-sequences can be mapped to ranked tree shapes via a bijection (Proposition
, the g-sequences are sufficient for determining the runs statistic. Runs statistic
cannot be obtained from f-sequences. For example, let us consider 71 and 7o, the
two ranked tree shapes in Figure [5] There are 4 runs in 7; whereas 7, has 5 runs.
However, both 7 and 75 have the same f-sequence.

5 Summary

We investigated the n-coalescent approximation of sample genealogical Markov
chains of the simplest Wright-Fisher model. We showed that Kingman’s n-coalescent
approximation can be applied to any genealogical Markov chain that has the death
chain as its lumped Markov chain. We described the combinatorial structures, for-
ward and backward transition probabilities, sequence-specific and state-specific prob-
abilities of the n-coalescent at six concrete genealogical resolutions. They include the
genealogical resolutions of a-sequences, where a € U’ = {b,¢,d, g, f, h}.

Tajima’s evolutionary relationships have been formalized into Tajima’s n-
coalescent or the vintaged and shaped n-coalescent. Its realizations are g-sequences
that are in bijection with ranked tree shapes over a state space that is contained in
{0,1}"!. Kingman’s unlabeled n-coalescent or the unvintaged and sized n-coalescent
has been given a complete Markov description to produce f-sequences over the sate
space of integer partitions of n. The augmentation of the set of all set partitions of
£ =1{1,2,...,n}, the state space of Kingman’s labeled n-coalescent or the unvin-
taged and labeled n-coalescent, by coalescent vintage tags, led to the state space
of the Kingman-Tajima n-coalescent or the vintaged and labeled n-coalescent. King-
man’s n-coalescent as well Tajima’s n-coalescent are lumped Markov processes of the
Kingman-Tajima n-coalescent. The b- and c-sequences that are realized sequentially
under the Kingman-Tajima and the Kingman’s labeled n-coalescents, respectively,
are in bijection with ranked, labeled trees. The vintaged and sized n-coalescent over
the state space of ordered integer partitions of n has d-sequences as its realizations.
Both d- and g-sequences are in bijection with ranked tree shapes. Our second coarsest
resolution of f-sequences preserves considerable information about the genealogies
although it is not in bijection with any of the familiar definitions of phylogenetic
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trees. The f-sequences are sufficient for site frequency spectrum and its linear com-
binations as shown in [23] 22] as well as for several tree shape statistics as shown
here. Finally, the coarsest resolution is the pure death chain with only one h-sequence
(n,n—1,...,2,1).

Using the theory of lumped Markov chains we formalized several Markov lumpings
between U’ = {b, ¢, d, g, f, h}, the six n-coalescent resolutions we pursued here. There
is a partial order on U’ induced by &', the set of Markov lumpings between the six
resolutions. We formalized this structure by ®qy ¢, the lumped n-coalescents graph,
and noted its implications for computational efficiency during likelihood evaluations
in n-coalescent experiments. For likelihood evaluations during inference, we want the
state space of the hidden genealogical Markov chains to be as small as possible. For
instance, if the likelihood of our statistics requires integration at the resolution of
ranked, labeled trees, we use c-sequences. If it requires integration over ranked tree
shapes, we use g-sequences, and if it only requires integration over block sizes, we use
f-sequences. The lumped n-coalescents graph allows us to consistently move between
different n-coalescent resolutions as needed.

The lumped n-coalescents graph &gy ¢ is a formal and constructive embodi-
ment of the unified multi-resolution n-coalescent. The lumped Markov chain projec-
tions of the underlying sample genealogical process through the Kingman-Tajima
n-coalescent at the maximal vertex in Gqy & simultaneously at all other vertices of
Sqy @ gives us our unified multi-resolution n-coalescent. The basic properties of the
n-coalescent, including (i) the robustness to variations in the underlying discrete
population genetic models and (ii) the consistent embedding of the n-coalescent in
the (n 4 1)-coalescent to obtain the coalescent, naturally apply to the unified multi-
resolution coalescent. One can also obtain a unified multi-resolution coalescent of
other more general coalescent processes.

Kemeney & Snell [12] p. 124] observe the following about a lumped process:

It is also often the case in applications that we are only interested in
questions which relate to this coarser analysis of the possibilities. Thus
it is important to be able to determine whether the new process can be
treated by Markov chain methods.

It is exactly this observation about a lumped Markov process in the coalescent context
that led to this paper and we have taken the necessary applied probabilistic steps
towards realizing the potential for computationally efficient and statistically sufficient
inference from population genetic statistics of today’s massive genomic data.
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